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Namashkar, so, in today’s session we will discuss the modeling of electrical system. Basically,
this particular aspect you have already understood because we have discussed throughout our
course. So, we will recap that what is the modeling of electrical system and then we will compare
the electrical system with the mechanical system and we will try to identify what are the analogies
in the mechanical system with respect to the electrical system. So, let us start the discussion of

today’s lecture.
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Modeling of Passive Electrical Elements

Figure below shows the basic passive electrical elements; resistors, inductors, and capacitors
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So, as we have already seen that modeling of passive electrical elements, we have discussed

resistors, inductors and capacitors. So, resistors are you can say that the voltage drop across R is

er(t) = i(t)R. Similarly, for the inductor voltage drop across L that is e, (t) = L % and for the

capacitor we have seen the current i basically in terms of the voltage across capacitor, so, e.(t) =

f ? dt. So, this is what we have already discussed.
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Resistors: Ohm's law states that the voltage drop, ex(t), across a resistor R is proportional to

the current {(t) going through the resistor

og(t) = ()R

Inductors: The voltage drop, e, (t), across an inductor L is proportional to the time rate of

change of current {(t) going through the inductor. Thus,

e () = L9

de

Now, let us see what the governing equations and the laws are we have discussed till now. So, far

resistors, we discussed that the Ohms law basically defines the voltage drop across the resistors
and it says that the voltage drop that is e;(t) across a resistor is proportional to the current i
flowing through the resistor and as we just discussed the drop across resistance is given by current

i(t)R.

In case of inductors, we just now discussed that the voltage drop that is e, (t) across the inductor
L is proportional to time rate of change of current flowing through the inductor. So, we say e, (t) =

L 29,
dt
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Capacitor: The voltage drop, e.(t), across a capacitor € Is proportional to the integral of

current ((t) going through the capacitor with respect to time. Therefore,
i(t)
e.(t) (( dt

Modelling of Electrical Networks :

The classical way of writing equations of electric networks is based on the loop method or the

node method, both of which are formulated from the two laws of Kirchhoff, which state:

Current Law or Node Method: The algebraic summation of all currents entering a node is zero
Voltage Law or Loop Method: The algebraic sum of all voltage drops around a complete closed

loop is zero

For capacitor we discussed in terms of current we saw that the i is nothing but

cd .
djc so if you take

the voltage, if you want to represent the voltage in terms of current and capacitance what you can

write the voltage drop e.(t) across the capacitor C is proportional to the integral of current going

through the capacitor with respect to time. So, we e.(t) = f%dt.

Now, for modeling of electrical networks, we use the classical way of writing the equation of
electrical network and it was based on the two methods one was loop method and second was
nodal approach and these two approaches are formulated from the Kirchhoff’s law. So, what we
discussed? We discussed that the nodal method that is basically based on Kirchhoff’s current law
and says that the algebraic sum of all currents entering a particular node is zero. For Kirchhoff’s
voltage law, we also say that it is loop method in which the algebraic sum of all voltage drops
around a complete close loop is zero. So, these were the two major laws which we used in finding

out the governing equations for the electrical circuits.
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EXAMPLE

Let us consider the RLC network shown in Figure below.
Using the voltage law
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Now, let us take one example and we will see how the knowledge which we have just gathered
related to electrical circuit how we can transform it into the model of the electrical circuit. So, let
us consider the RLC circuit which is given in the figure. Now, when you use the voltage law so et
is the applied voltage, we have resistance R in series with inductance L and the voltage across
capacitance is e, and current flowing through the circuit is i(t). So, what we can write the applied

voltage e(t) = eg + e, + e, .
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di(t)
. e(r) te.(t) + L + Ri(t)
e dt

Using current in C

de,(t) &
C it
dt
Taking a derivative of first Equation with respect to time, we get the equation of the RLC network as

d*i(t) di(t) i(t) de(t)
T TR SR P




dl(t)

Now, the value of applied voltage e(t) = +e.(t) + L——+ Ri(t) . Now, we also know that the

current which is flowing through the circuit is C —— C(t) i(t) . So, if you take the derivative of this

dz l(t) dl(t) i© _ de® S0,

+ c dat

equatlon with respect to time what we can write, we can write L——= + R ——

this is equation which you get when you combine both of the equations.
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From previous equations
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- di(t)
L e(t) = te.(t) + L + Ri(t)
de *

Using current in €
de,(t)
c

T i(t)

Taking a derivative of first Equation with respect to time, we get the equation of the RLC network as

d*i(t) di(t) i(t) de(t)
“der at ' C dt




EXAMPLE

Let us consider the RLC network shown in Figure below.

Using the voltage law

+0
b

e(t) KT e.(t)
i

e(t) =ep + e + e,

Now, the equations which we have got this main equation which we got from the Kirchhoff’s
voltage law and then this is the value of current which is flowing through the capacitor. So, we
will use these two equations to model the electrical circuit using signal flow graph and the block

diagram. So, let us see how we draw the signal flow graph of the series RLC circuit we just saw.

dl(t) dl(t)

So, we have two equations, so, firstis thatis e(t) = +e.(t) + L——+ Ri(t) . So, let us take —

out, so, we take this on the left then we rearrange the equation, so, what we can write we can write

% = le(t) - lec(t) - %i(t). So, this is the first equation we get and second we already have
that is € === deC(t) =i(t).

Now, we have got these two equations. First we have to specify the nodes, so, as we know that
generally we consider the voltage across capacitor and current flowing inductor as the two
important state variable or the differential equations. If you write then you write in terms of the e,
and i, so, we take these two as a node. So, the output which is required from the circuit is e., S0 e,
we consider as an output also and then the other variable which we have is current i, so, we have

got these two nodes. Then third one is the input, input is e(t) so we apply at the node et also.
Now, to show this particular equation what we need, we need —= ( ) . S0, we add another node that
d;—(tt) and d%). Now you have got all the nodes which are required to represent the signal flow

graph. Now, from this equation you can see that —= (t) = %e(t) — %ec(t) - g i(t).



So, what you have got now, you have got the equation connected to this particular node. Now since
you know that integral of you get i, so, you add the 1/s as a gain to represent theflow. Now,

when you have i you need to specify the initial condition also because you have this particular
aspect we discussed when we were talking about the signal flow graph then how to add the

integrated block.

dl( )

So, when we integrate the —— we specify the initial condition. So, initial condition we consider it

as i(0)/s. So, that also we add. Now, next is how i is connected to e, if you take this equation i

is connected to —— C(t) with the help of gain, so, if you write this as —— deC(t) i(t). So, you connect
this with =<2 deC(t) with the galn =
So now, you have connected this. Now, finally what you have to connect is 2¢O \yith e.(t). So,

again as we saw in case of £ and i(t) the same we can apply here, so we use integrator —— C(t)

when we pass through integrator that is 1/s we get the value of e.(t) and plus the initial condition

so the value of e.(0)/s will be the initial condition which we add.

So, in this way with the help of these two equations, we can draw the signal flow graph of the
electrical circuit which we just saw. Now, at the same time you can transform this signal flow
graph into block diagram. So, if you see the block diagram, you use the Laplace transform of the
input, so you get es then gain is 1/L this is the summation block. So, in this you get input from
1/L as a gain from e., so E.(s) will be now connected to this block with 1/L as a gain and here
you get negative as a part of summation, so instead of sum it will be subtracted from the total
value. Similarly, for the value of current i which you get here.

So, you get R/L as a gain and then you again subtract from this. So, when you see this particular
segment the value which you get from here is actually the value of &8 , S0 you can simply write

sI(s) here. Now, when you transform this through 1/s as a block you get the value of I(s) here.
Now, I(s), here you will add the initial condition that is i(0)/s and then you pass on through

1/Cs, so you get the value of the e, and plus you add the initial condition that is e./s.



When you sum up both of them you will get the value of E.(s). So, in this way using this you can
transform the series RLC circuit which we discussed into mathematical model of the circuit. So,
this block diagram will represent the series RLC circuit. Now, next is to basically we have
represented in the form of transfer function. So, the alternate way can be that, we represent the
same into state variable methods.
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¥ A practical approach is to assign the current in the inductor L, ILL, and the voltage across the

capacitor €, e.(t) , as the state variables.

¥ The reason I(T!Iu\ choice is because the state variables are directly related to the energy
storage element of a system

¥ The inductor stores kinetic energy, and the capacitor stores electric potential energy. By
assigning ((t) and e.(t) as state variables, we have a complete description of the past history

(via the initial states) and the present and future states of the network

<

The state equations for the network are written by first equating the current in € and the

voltage across L in terms of the state variables and the applied voltage eft).

So, let us understand how we can represent that series RLC circuit into state variables. So, the

practical approach for us would be to assign the current in the inductor that is i(t) and voltage
across capacitor that is e.(t) as the state variables. Now, why we are choosing this because the
state variables are directly related to energy storage element of the system and in that L and C are
considered to be the energy storage elements.

Now, the inductor stores the kinetic energy and capacitor stores the potential energy that is
electrical potential energy. So, by assigning i and i(t) and e.(t) at any time t as the state variable,
we can have the complete description of the past history that is the initial states of the system and
the present and future states of the RLC network. Now, the state equations for the network are
written by first equating the current in C and voltage across L in terms of state variable and the
applied voltage.
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In vector-matrix form, the equations of the system are expressed as

vV r I
de.(t) o 1 5
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The state variables are

x:(t) |e~'m
x,(t) it)
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From previous equations

di(t) 1 1 R de(t)
o(t re (t (t C ()
R AT AL dt
i(0) e.(0)
P s i(0) e.(0)

So, using the previous equations, which we just saw in this case, we can recollect and we can write

dec(t)

in terms of the state variables, so we can write that —

= i/C. So, this you can easily get from
this equation and we do not have any forcing function in that equation. So, the components of A

matrix will be 0 and 1/C, in this case.

di(t)

For second equation that is the value of —

%e(t) — %ec(t) —%i(t). So, we can compile it.
So, against e.(t) we write — % and against i(t) we write — % So, in this way we get matrix A plus

B matrix you get 0 in the as a first element in B and then next one is 1/L, because in the second



equation we have the forcing function present, so that is anyway the input, so you get B also as
i

1.

L

So, now the state variables in this case are basically,

Lol=[i

Then you can simplify this equation as,

1
)| T o1, []
Lkﬂ:l—l Nk o] e®
L L

So, in this way you can see that, with the help of the equations which you write for the series RLC

circuit using Kirchhoff VVoltage Law can be easily transformed into state equation.
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The transfer functions of the system are obtained by applying the gain formula to the SFG or block

diagram of the system when all the initial states are set to zero.

E.(s) ()8~ 1
E(s) 1+ (R/L)s™' +(1/LC)s™ 1+ RCs + LCs?

1
I(s) (s~ Cs
E(s) 14 (R/L)s™ 4 (1/LC)s™* 1+ RCs + LCs?

Now, when you are having all that information in hand, you can now write the transfer function of
this system. Now, since we have here 2 variables, so, we will, we can write the transfer function

in terms of e, that is the voltage across capacitor and i that is current flowing through the circuit.



So, with the help of signal flow graph and or may be the block diagram which we just saw, we can

compile this information, we can write ic(—(;)) that is the transfer function.

So, when you write and simplify you get transfer function as,

E(s) s _ 1
E(s) 1+ (R/L)s"1+ (1/LC)s 2 1+ RCs+ LCs?

I(s) (%)S_l B Cs
E(s) 1+ (R/L)s~1+ (1/LC)s™2 1+ RCs + LCs?
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EXAMPLE :

Consider the RC circuit shown In Fig. below. Find the differential equation and Laplace transtorm

of the system

*
| - |
. %
c."mD eem € egt)

Using the voltage law

e, () = ep(t) + ec(t)

Now, let us take quickly the example, that if you have the RC circuit in the figure, we need to find

out the differential equation and then the Laplace Transform of the system. So, what we can do?

Basically, we need to find out the transfer function of the system finally. So, using Kirchhoff
Voltage Law, you can write the input e;,, (t) = eg(t) + ec(t).
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Where,
ey = IR

and the voltage across the capacitor ec(t) is

t - d
ec(t) ’_,Ill'

But from Figure

1
y 0o(t) = = ’ {dt = ee(t)

If we differentiate above equation with respect to time, we ge

{  deg(t)
¢ P! or Céy ¥ e

EXAMPLE :

Consider the RC circult shown in Fig. below. Find the differential equation and Laplace transtorm

of the system

Using the voltage law

e, () = ep(t) + ec(t)

So, e = IR and e.(t) = %f idt or if you see this figure, e, (t) = %f idt = ec(t) that is output
deo(t)

Now, if you differentiate the above equation with respect to time, you can simply write % ==

or you can write in short form as Cé, = i.
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This implies that

o € (t) = RCéy(t) + ey(t)

In Laplace domain, we get the system transfer function a

Ey(s) £ %
E(s) RCs+1

So, now we have got 1 equation, then we put this into the Kirchhoff VVoltage Law equation that is
ein(t) = RCéy(t) + ey (t). So, here what you can write in terms of Laplace, you can write, Ein S
equal to RCs e naught s plus e naught S. So, with the help of this in Laplace domain we can get

easily the transfer function. Transfer function is

Eo(s) 1
En(s) RCs+1

So, with the help of the conventional equations related to Kirchhoff Voltage Law or Kirchhoff
Current Law, you can convert your circuit into the Laplace domain and then find out the transfer

function of the system.
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Mechanical-Electrical Analogles : Mechanical systems can be studied through their electrical

analogous, which may be more easily constructed than models of the corresponding mechanical
systems, There are two electrical analogies for mechanical systems: The Force-Voltage Analogy

and The Force Current Analogy.

P2 222222
Force Voltage Analogy \ S
1 2K
The mathematical equations of translational 8 )
mechanical system are compared with mesh |
equations of the electrical system. Consider the M
mechanical system shown in the figure I
F X

Now, let us talk about the analogies. So, first we will discuss about the mechanical, electrical
analogies. So, the mechanical system can be studied through their electrical analogous, which may
be more easily structured constructed than the models of corresponding mechanical systems. So,
basically, we will study 2 electrical analogies for mechanical systems. First one is force voltage
analogy and second is force current analogy. So, let us first understand the force voltage analogy.
If you see the mechanical system shown in the figure, we have one dashpot and one spring at which

you see the mass M connected and force F is applied which is giving the displacement x.

Now, this mathematical, this mechanical system, the basically this is translational mechanical
system, so we must first write the mathematical equation. So, when you write the mathematical
equation you will compare this with the mesh equation of the electrical system and then you can
stabilize the analogous quantities of mechanical and the electrical system. So, let us first write the

mathematical equation for the translational mechanical system, which you are seeing in the figure.
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The force balanced equation for this system is

F = Ey 4 Fy + F,

o ‘,tl"x "tl.x Kx
e T ik T

The electrical circult, in right, contains a resistor, an Inductor,

and a capacitor. All these electrical elements are connected in a

series. The input voltage applied to this circuit is V volts and the v

current flowing through the circuit is { Amps.

Mechanical-Electrical Analogles : Mechanical systems can be studied through their electrical
analogous, which may be more easily constructed than models of the corresponding mechanical
systems, There are two electrical analogies for mechanical systems: The Force-Voltage Analogy

and The Force Current Analogy.
Force Voltage Analogy

The mathematical equations of translational

mechanical stem are compared with mesh

equations of the electrical system. Consider the

mechanical system shown in the figure




Mesh equation for this arcuit is

di 1
Vo Riv Lo idt
dre €

aq

Substitute | = “lin above equation

dg d*q q
+L ‘
de de

d*q dq q
de? de (

2
So, what you can write, so, you have F = F,, + F, + Fy. F,, is say equal to M%, this is because
of the mass, then Fj, is B% because of the viscous friction and then F,, = Kx because of the
presence of spring. So, you can write force,
F—Md2x+de+K
- dt? ac

Now, let us consider a series RLC circuit where you apply voltage V and current is flowing as i.

So, the electrical system which you see we will write the equation for that,

V—R'+Ldi+1f'dt
TR T

Let us substitute i = % in the above equation. So, what you can write now,

So, this equation we have now got, so if you rearrange you take higher order term first, so you can
write,



So, now you have the mathematical equation related to electrical system and mathematical
equation related to mechanical system.

(Refer Slide Time: 25:22)

If we compare the Equation related to mechanical system and Equation related to electrical

circuit, we will get the analogous quantities of the transliational mechanical system and
electrical system as shown in the table below.
M A\d*x ~dx s 7). n diq “,A',dq : i

¢

E -Mw‘“', »‘Ir{“ +(Kx > Tae: e

Translational Mechanical system Electrical System

Force (F) Voltage (V)

Mass (M) Inductance (L)

Frictional Coefficlent (B) Resistance (R)

Spring Constant (K) Reciprocal of Capacitance (1/€)
Displacement (x) Charge (q)

Velocity (v) » Current (1)

Similarly, there is a torque voltage analogy for rotational mechanical systems

Now, let us compare both of them, so, if you compare the equations related to mechanical and the

electrical circuit, we will get the analogous quantities of the translational mechanical system and
electrical system. So, if you compare both of the equations, you can easily find out that F that is
force in case of translational mechanical system is analogous to voltage V in the electrical system,

mass M is analogous to inductance, frictional coefficient that is B is analogous to resistance R.

Spring constant K is analogous to reciprocal of capacitance that is 1/C, displacement that is x, you
see will be analogous to charge q and then if you differentiate x that is dx/dt, you will get velocity
v and when you differentiate g that is dq/dt you will get current i, so velocity v is analogous to
current i. So, this example shows that how the different quantities of mechanical system are
analogous to the electrical system. Let us take the rotational system also. So, where you instead of

force you compare torque with the voltage.
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Torque Voltage Analogy

In this analogy, the mathematical equations of rotational mechanical system are compared

with mesh equations of the electrical system.

Rotational mechanical system is described in the below mentioned figure

Y ————% \.- ~
CO—r
s — TGO
The torque balanced equation is
t d*e de
T=Ty+Ty+Tx =] T +B v ko
dt?

So, the analogy which you get, in case of torque voltage, you first consider one rotational system,
where g is the inertia of rotating body. Torque T is the applied torque, B is viscous friction and it
is giving the displacement of angle 8. Now, what you can write torque

d?6 do

T=T]+TB+TK=]F+BE+ICQ

So, now you get the equation related to rotational mechanical system. Now, you will compare this

again with the series RLC circuit equation.
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By comparing previous equation and Equation related to electrical circuit, we will get the

analogous quantities of rotational mechanical system and electrical system

d*o -"‘lu % D,
) } } - +
de? dt de* d
The following table shows these analogous quantities

Rotational Mechanical System Electrical System

Torque (T) Voltage (V)
Moment of Inertia (/) Inductance (L)

Rotational friction coefficiont (B) Resistance (R)
Torsional spring constant (K) Reciprocal of Capacitance (1/C)

Angular Displacement () Charge (q)

Angular Velocity (w) Current (1)

So, what we got from series RLC circuit, we got

d’q _dq q
V=L-——+4+R—+—
dtZJr dt+C

Now, if you compare both of them, what you can say, that torque T is analogous to voltage V,
moment of inertia that is J is analogous to inductance L, rotational friction coefficient that is B is

nothing but analogous to resistance R.

Torsional spring constant that is K, you can say that it is analogous to reciprocal of capacitance C,
angular displacement @ is analogous to charge g and then again if you take the derivative of 6, you
get angular velocity w that is equal to d6/dt which is analogous to dq/dt that is nothing but the
current i. So, we have seen the translational as well as rotational mechanical system and we

described the analogies with respect to the electrical system in today’s discussion.

We will continue our discussion tomorrow where, we will discuss about the further mechanical
relationship. So, in this we discussed force voltage analogy, tomorrow we will discuss force current

analogy and then we will wind up our course. Thank you.



