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Lecture 35: Network Stability and Network Synthesis

Namaskar! In the last class, we started discussion on the topic called Network Stability. And we
will continue our discussion today about the network stability and also, we will discuss about the

network synthesis.
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RECAP: NETWORK STABILITY

A circuit Is stable if its impulse response h(t) is bounded (i.e., h(t) converges to a finite value) as

t -+ o; it Is unstable if h(t) grows without bound as ¢t - <. In mathematical terms, a circuit is
stable when -
.lllI\|h(l)| = finite
N(s)

If H(s) = ,T(T. is the Laplace transform of the impulse response h(t), H(s) must meet following

requirements in order a circuit to be stable ~
1. The degree of N(s ) must be less than the degree of D(s)

2. Allthe poles of H(s) (i.e., all the roots of D(s) = 0) must have negative real parts

In the last class we discussed about the network stability, so what we discussed that, the circuit is

stable if its impulse response h(t) is bounded as time t — oo. That means the impulse response

will converge to a finite value when time t — oo.

It will be unstable if h(t) grows without bound ast — oo. We also discussed that in mathematical
term, we can write it as tlim |h(t)| = finite. Now if H(s) is the Laplace Transform of h(t), we
discussed that it can be represented as H(s) = % in the Laplace Transform domain. The impulse

response h(t), H(s) that is the Laplace Transform of the impulse response must meet the following

requirement in order for the circuit to be stable.



What was those requirements, one requirement, which we discuss was the degree of N(s) must
be less than the degree of D(s), that is degree of numerator expression should be less than the
degree of expression in denominator. Next requirement is that all poles of H(s) must have negative

real parts, all poles means, all roots of the denominator expression must have negative real part.
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# A circuit made up of passive elements (R, L,and C) and independent sources cannot be

unstable, because that would imply that some branch currents or voltages would grow
indefinitely with sources set to zero.
» Passive elements cannot generate such indefinite growth. Passive circuits either are stable or

have poles with zero real parts.

» To verify the above aspect, consider the series RLC circuit in

Figure. The transfer function is given by

Vo 1/sC 1/LC |/
H(s) =-2= e A
Vi R+sL+1/sC

s% 4 \7[1 + 1/LC

Now we also discussed that, the circuits which are made up of passive elements that is R, L, C

elements and independent sources will not be unstable because if we say that these can be unstable
that means that there would be some branch currents or voltages which would grow indefinitely
with sources set to zero, which generally is not the case, when we analyze the R, L, C circuits. So,
let us verify our saying that the passive elements and independent sources, elements network will
not be unstable.

Let us see the example that is what we also discussed in the previous lecture, that if it is a series

R, L, C circuit, we can say that,

SR 1
L LC
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Here, D(s) = s* + sR/L + 1/LC = 0isthe same as the characteristic equation obtained for

the series RLC circuit. The circuit has poles at
Prz=—a+JaZ =g’ (7)

where

= =
“w “ =T

For R,L,C > 0, the two poles always lie in the left half of the s plane, implying that the circuit is
always stable.
However, when R = 0,a@ = 0 and the circuit becomes oscillatory. Although ideally this is possible,

it does not really happen practically, because R is never zero.

And we also discussed that the denominator component that is the denominator expression that is

s?+ % + i = 0 is already we have discussed when we were discussing about the series R, L, C

circuit. So, this would be the characteristic equation which we have already discussed in the past.

We can say that the poles of the denominator expression will have the roots of the denominator

. . _ 7 > . _ R
expression will have value p;, = —a £+ /a? — wy?. And we also established that « " and

i. Now if you see that the R, L, C is greater than 0, when, if this is the condition the 2 poles

will always write in the left half of the plane. So that means that, in the network which contains R,

(1)0:

L and C component will not be unstable because the pole which we get from the given transfer
function of circuit will have always negative real part. The critical condition which we discussed
was that when R is equal to 0 the damping coefficient would be 0. In that case the circuit will

become oscillatory.
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¥ Active circuits or passive circuits with controlled sources can supply energy, and they can be

unstable,
¥ An oscillator is an example of a circuit designed to be unstable. An oscillator is designed such

that its transfer function is of the form

N(s) N(s)

H(s) = — - =
st+wh  (s+jwy)(s = jwgy)

So that its output is sinusoidal

Now there are certain circuits like active circuit and passive circuit which contains the controlled

sources which can supply energy and that is why they can be unstable. The oscillator is another
example of such circuit, which is designed to be unstable because it will not die out to some
constant value when the time t — co. So, when you design the oscillator the transfer function of

the oscillator can be given as,

N(s) N(s)
s2+w? (s+jwo)(s — jwy)

H(s) =

You will see that poles of this transfer functions are lying at the imaginary axis. The poles are
—jwy and jw,, SO When you have the poles lying on the imaginary axis that means that the circuit
is oscillatory. The output which you will get in this case is sinusoidal. So, when you have this kind

of situation then you will say that the circuit is oscillatory.
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EXAMPLE:

Determine the values of k for which the circuit in Figure is stable.

R
\/w A
<’ ol T D Ky

Now let us take one example so that we can understand the concept. We need to determine the
value of k for which the circuit which is given in figure is stable. So now here you see that you
have one energy storage component that is capautor |s the value of the capacitance in s domain

and we have 2 resistances we have one dependent voltage source which depends upon the current

flowing in the loop. So, we need to find out the value of k for which this figure will be stable.
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Solution:

Applying mesh analysis to the first-order circuit in Figure gives

V, (/-.'r)/ I AN ———AAA———

sC

We have to first use the mesh analysis and write the equation for these 2 loops.



V—<R+1)I L
L sC)'t sC

Iy

— or
sC

1
= —kl (R —)I
0 1+ +SC 2

o= (ke L)n+ (R L)
B sCc)t sC) 2

So now you have these 2 equations, if you represent them in matrix form, how you will write;
(5 %
[Vi] _ sC sC [11]
(kD) (rem))
sC sC
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Writing Eqs. in matrix form as

u (*+52) = I
i ' (+5) (""..:'?)lll"l

The determinant is

=(R+1) =X __L__3Rice2r-k
a= (R =) —= : L
The characteristic equation (A = 0) gives the single pole as

k—2R
N g e
; R4(

which is negative when k < 2R. Thus, we conclude the circuit Is stable when k < 2R and
unstable fork > 2R

So, when you compile the matrix you will see that if you want to find out the characteristic equation
of this circuit, governing characteristic equation then what you have to do? You must find out the
determinant of the matrix which we have just compiled. The value of the determinant is

A_(R+1)2 k 1 SRPC+2R—k
B sC sC s2C? sC



That would be nothing but characteristic equation then what will you get, you will get the value of
single pole because here this is the numerator component is only containing the degree of s as 1.
So, you will have only a single pole, so the value of pole,

k — 2R

P="Rrec

Now if you see, this value of pole P you will say that the pole would be negative when k < 2R.
We can say that the circuit will be stable when k < 2R otherwise for k > 2R the circuit would
be unstable. This you can verify, you can find out the value of k for which your circuit will be

stable.
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NETWORK SYNTHESIS

» Network synthesis is the process of obtaining an appropriate network for a given transfer function.

» Network synthesis is easier to carry out in the s domain than in the time domain.

In network analysis, we find the transfer function of a given network. While in
network synthesis, we reverse the approach: I.e. we are required to find a

suitable network for a given transfer function

# In synthesis, there may be many different answers or possibly no answers, because there
may be many circuits that can be used to represent the same transfer function.

# While in network analysis, there is only one answer.

Now let us talk about another concept called Network Synthesis, so what is Network Synthesis?

Network Synthesis is the process of obtaining an appropriate network for a given transfer function.
Now this Network Synthesis is just opposite to our Network Analysis, where we get the circuit,
and we try to find out the transfer function of the given circuit. Network Synthesis is easier to carry

out in the s domain than in the time domain.

When we differentiate between Network Synthesis and Network Analysis, we can say that in
Network Analysis we find the transfer function of a given network while, in case if Network

Synthesis we reverse the approach. That means we are required to find a suitable network for a



given transfer function. So, in case of Network Synthesis what we will do? We will get one transfer

function and from that we try to find out the suitable network which satisfy the transfer function.

Now in Network Synthesis there may be many different answers to or possibly no answers because
there may be many circuits that may be used to represent the same transfer function. We need to
find out the most suitable answer for given transfer function. While in Network Analysis the things
are opposite, there will be only one answer. Means for Network Analysis we will always get one
single transfer function but in case of Network Synthesis one transfer function can represent

multiple circuits.
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EXAMPLE: Given the transfer function

Vo(s) 10

H(s) = ~ e
O =v® " FFas+i0

v(0)

Realize the function using the circuit shown in

Figure.
(a) Select R = 5(), and find L and C.
(b) Select R = 11, and find L and C.

Solution:

The s-domain equivalent of the circuit shown in figure is shown in next slide.

Ret.: Alexander. Charfes K. and Matthew NO Sadiku. Fundamentals of electric crcults. McGraw-Hill Education, 2000,

Let us understand these concepts with the help of examples because that would be easier to

understand the Synthesis aspect of the circuit. Let us see that there is one transfer function given
as

RACH 10

H(s) = =
(s) Vi(s) s?+4+3s+10

Now let us say that this is the circuit where L and C are presented and C is in parallel with R and

Vo(s)

ratio )

is nothing but the ratio between voltage across resistance R divided by input voltage. So

now we have got this transfer function and we have the idea that this would-be circuit. What we

must do? Since we have 3 unknowns here R, L and C, we will fix one value R. Why we will fix



that value, we will see that when we will progress with the solution, that why we are fixing value
of R and finding out value of C. We will take 2 cases where R is 5 ohm and R is 1 ohm and we
will try to find out the value of L and C. Now first, what we must do? We must find out the s minus

domain equivalent of the circuit.

(Refer Slide Time: 15:06)

EXAMPLE: Given the transfer function

Vols 10
H(s) =2 _ —
Vi(s) s“+3s+10

v(1)

Realize the function using the circuit shown in

Figure.
(a) Select R = 5{), and find L and C.
(b) Select R = 1(), and find L and C.

Solution:

The s-domain equivalent of the circuit shown in figure is shown in next slide.

Rof.:Alexander. Charfes K..and Matthew NO Sadiku. Fundamentals of electric crcusts. McGraw-Hill Education, 2000

The parallel combination of R and C gives sL

1 R / R +
R||—= = —-35_ : + 25 ]
sC - sC

K

R+t 1+sRC Vi(s) = K
bl o 1 -

Using the voltage division principle,

- R/(1 +sRC)
0= ST+ R/(1+SRC) !

When you create the s minus domain equivalent of the circuit, it will look like as shown in the

figure. This is V;(s) that is input voltage, V;(s) is across the resistance R and then the Inductor will

. . 1 . . .
become sL and the capacitance will be = Now the capacitance and resistance are in parallel and



this voltage would be applied across both components because both are in parallel. So, we can find

out the equivalent impedance of this parallel combination of R||$. When we solve that we will

get equivalent impedance in s domain as P Now we can utilize the voltage division principle,

says this V,is also across the capacitance, so basically the parallel combination of capacitance and
resistance will have the voltage V,(s) across them. So, you can utilize the voltage division

principle and find out the value of V,, as,

v _ _ R/(+SRO)
® " SsL+R/(1+SsRC) "

Now the transfer function which we get is,

Vo R 1/LC

Vi:SZRLC-i-SL-i-R:SZ +%+1/LC
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Comparing this with the given transfer function H(s) reveals that

There are several values of R, L, and C that satisfy these requirements

So, specifying one element value, can help in determining others

(a) If we select R = 50), then

( — = 66.67mF,
R

So these are the two values which we will get when we compare the transfer function. Now as we
have only 2 equations and 3 unknowns we cannot find the solution, until unless we fix one quantity.
So that is what we have discussed in the last slide that we need to fix at least one so that we can
write, we can get the answer. So what we had in our question is its fix value as R equal to 50hm.

So when you put R equal to 5o0hm, the value of C you will get is 66.67millifarad and L is 1.5 henry.

(Refer Slide Time: 18.30)

(b) If we select R = 1(), then

1
C==—=0333F,
3R

1
L =—=03H
10C

Making R = 1{) can be regarded as normalizing the design.




EXAMPLE: Given the transfer function

Vo(s) 10
A Vi(s) s2+3s+10

v(1)

Realize the function using the circuit shown in

Figure.
(a) Select R = 5{), and find L and C.
(b) Select R = 1(), and find L and C.

Solution:

The s-domain equivalent of the circuit shown in figure is shown in next slide.

Ref.: Alaxander. Charies K. and Matthew NO Sadiku. Fundamentals of electric crcults. McGraw-Hill Education, 2000

Now when you have R is equal to 1 ohm then C will be 0.333 farad and L is equal to 0.3 henry,
now making R equal to 1 ohm generally is said that it is normalizing the design. Because you are
fixing R as 1 ohm means you are normalizing the design of the circuit. So with this you can find
out the value of unknowns that is L and C. But you have to fix at least one component, so in this
case we fixed the value of Resistance R.

(Refer Slide Time: 19:12)

EXAMPLE: Realize the transfer function using the circuit shown in Figure

¢ L
Val(s 4s 3
H(s) = n(‘)_; - s . |»—1ﬂT\j
Vi(s) s“+4s5+20 ' L
u (X

RZ v
(a) Select R = 21}, and find L and C. =

Solution:

The s-domain equivalent of the circuit shown in figure below -

AL
$C s

¢—H—mﬁ .
¥ (<

£

R 3 %)

\ =

Ret. :Almander. Charles K..and Matthew NO Sadiku. Fundamentals of electric circults, McGraw-Hill Education, 2000.

Now let us take another example, in this case we transfer function is given and we need to find out
the value of L and C again when the value of R is given that is 2 ohm. So first task which is required

is that convert the given circuit into s minus domain. So here you see that R, L and C, both all all



of 3are in series, that is equivalent s minus domain of the given circuit would be; C will be replaced
by 1/sC and in place of L we will write sL, V,(t) will become V,(s) s domain, R will remain same
and V;(t) will become V;(s). So, what we must do next, now we have to write the loop equation

and represent the voltage across R as part of Vi, so that we get the transfer function.
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| ‘

! ! 5C sl
7 — T
Yi .]’- +sL+R l =
v RSO
RsC \:> =
= TFICS T RSC |
R.
s
y *l\’ . 1
5 VY 4
Vols 45
Comparing with, S e T get—
R 1
- = 4 and - = 20
L 1(
Since, R =2} = L =0.5HandC = 0.1F

Vo R sl
= — — T
Vi \v]’~+-.l«l" I I it
70163 RZ V)
Rs( \> ?
TG RC |
R
TS
SR
[ FintabB] 3 5
Comparing with, —— = , we get -

R 1
- = 4 and — = 20
L L

Since, R =20 = L =05Hand C = 0.1F

When we write the loop equation and rearrange the voltage 1, is across R as in terms of V;, we can

write ? is nothing but R because voltage across R divided by all 3 series components. So, we can

write R + i + sL, when we rearrange you can simply write,



S
1
IC

=~ |~

s2+ s+

Now you have got this transfer functions less based on the unknowns which you have in the circuit.

The transfer function which is given to us is 4s upon s square plus 4s plus 20, so if you compare
both of them you can simply say that R by L is nothing but equal to 4 and 1 by LC is equal to 20.
So here again, you have 2 equations, but you have 3 unknowns. We fix the value of R as 2 ohm,
so when you fix, when you fix the value of R as 2 ohm. You can simply get the value of L as 0.5
henry and value of capacitance C as 0.1 farad. With this particular process, you can easily find out
the values of the unknowns. So, in this case the unknowns were C and L and we fix the value of

R. So, this is how you progress when you are asked to do the Network Synthesis.

With this we can, close our today’s session. In this session, we discussed about the Network
Synthesis in detail and also carried out our discussion on Network Stability. And particularly in
this week, we discussed about the application of Laplace Transform in various circuit analysis. We
close this week’s session with this note that we will discuss the 2 port network in next week. Thank

you.



