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Step Response of Parallel RLC Circuit

Namaskar, In the last class we were discussing about the Step Response of Series RLC Circuit.
In this class we will continue a discussion on Series RLC Circuit and we will also see the
condition when your RLC are connected in parallel and then you provide the step response to

that circuit. So, let us recap what we were discussing in the last class.
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RECAP: STEP RESPONSE OF A SERIES RLC CIRCUIT

Consider the series RLC circuit shown in the Figure.
Applying KVL around the loop fort > 0,
di

Lo+ Ri+v =V, (€))
- — V. (o ¥
But T-
; _ pdv >
i=cs ()

Substituting for { in Eq. (1) and rearranging terms,

d'v | Rdv v _ Ve ”
whiatie~ic. @

In the last class we discussed about the step response of a Series RLC Circuit and we discussed

that at time t is equal to O when the switch is closed, the equation for the particular circuit is

di . .
LE+ Ri+v=V,, where the Vs is the voltage source. Now when we rearrange then we got the
second order differential equation.,

d%v Rdv v V

- _ N

dZ  Ldt LC LC
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The characteristic equation for the series RLC circuit is not affected by the presence of the dc source,

The solution to “ITV + ’ﬁ %:i + ,l' = ’V—I has two components: the natural response v,,(t) and the forced
e L a ¥ .C cents LA

response v, (t); that is,
v(t) = vp(t) + vy (t) (4)

The natural response is the solution when we set V, = 0 in above differential equation,
)

The natural response v, for the overdamped, underdamped, and critically damped cases are:
v(t) = AjeNt i Ayt (Overdamped) (5a)
v(t) = (Ay+Ayt)e ™™ (Critically damped) (5b)

v(t) = e (A coswgt + Aysinwgt) (Underdamped) (5¢)

And then we discuss that the solution of the equation which we collected based on the mesh
analysis of Series RLC Circuit has 2 components. 1 is natural response and another is forced
response and we saw that the total response is the sum of force response as well as natural
response. To get the natural response we set Vs equal to 0 and we found the 3 conditions like
overdamped, critically damped and underdamped situation and we got the 3 voltage value

under this 3 condition.
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The forced response is the steady state or final value of v(t).
The final value of the capacitor voltage is the same as the source voltage V. Hence

vp(t) = v(w) = V; (6)

Thus, the complete solutions for the overdamped, underdamped, and critically damped cases are:

v(t) =V + /l}c"" + et (Overdamped) (7a)
u(t) =V, + (A + Azt)e™™ (Critically damped) (7b)
L) =V, + e (Ajcoswyt + Aysinwyt) (Underdamped) (7¢)

And then we discussed that the force response is nothing but the steady state value across the
capacitor that is nothing but the voltage Vs and finally we got the 3 conditions that is

overdamped case, critically damped case and underdamped case and what we were discussing



in the last class is that, we have got this 3 equations in terms of 2 unknowns those are Al and
A2 which we can the value of this Al and A2 can be found with the help of seeing the initial
and final conditions, like initial voltage or voltage across capacitor, initial current through

inductor and similarly the final values so on. So what we will do?
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EXAMPLE:

For the circuit in Figure, find v(t) and ((¢) fort > Oandfor R = 50).

Mol Alescander, Chartes K., and Marthew NO Sadds. fundamueeeh of dhxene orsts
MeGorow Hill Exbosation, 2000

When R =5, for t < 0 the switch is closed. The capacitor behaves like an open circuit while the

inductor acts like a short circuit. The initial current through the inductor is
24
i(0)==—==44
541

The initial voltage across the capacitor is the same as the voltage across the 1 — {1 resistor; that is,
v(0) =1xi(0) =4V

Fort > 0, the switch is opened, so that we have the 1 — (] resistor disconnected. Therefore the
series RLC circuit will now be connected to voltage source. The characteristic roots are determined

as follows -

- Z Wy == =2
2L 2m 00 = JTE T Vo2

We will try to understand the fact with the help of an example, so what we will do? We will

take this example. In this example the switch is open at time t is equal to 0 and the resistance
R which is given in the figure is 5 ohm, so what happens the switch is initially closed and when
it is opened the circuit is converted into Series RLC Circuit. So, now let us try to find out the

value of current i at any time t and value of voltage at any time t.



If you see this particular figure when this switch is initially closed for time t < 0, what happens?
This particular circuit will give inductor as a short circuit because it is switch is connected for
very long period and the capacitor will be open circuit because it will be charge to certain value
and it will act as an open circuit. So, what is left in the circuit is only these 2 resistances.

So based on these 2 resistances we can find what will be the value of voltage across capacitor
attime tis equal to 0 and what will be the value of current which is flowing through the inductor

at time t is equal to 0.

So, that would be our starting point. Now given in the question as a 5 ohm, now switch is
closed at time is equal to 0, so particularly at that time that is at time t is equal to O we need to
first find out the value of current flowing through the inductor so what we will get since we
can see from the figure that only these 2 resistances are in the circuit and current flowing

through the inductor is nothing but current flowing through the resistances.

So what we get is that 24 volt is the voltage source and value of R is 5, value of 1 ohm resistance
is added in series with 5 ohm resistance so total resistance of the circuit is 6 ohm and which is
applied across 24 volt. The initial current that is current at time t is equal to 0 is 4 ampere. Now
initial voltage across the capacitor would be same as the voltage across 1 ohm resistor.

So, you can see from the figure, we need to find out the value of the voltage across the 1 ohm
resistor. Since, we know that the current which is flowing in the circuit is 4 ampere which we
just calculated. So the voltage across the capacitor will be 1 ohm multiply by 4 ampere that is
4 volt, so we get the initial voltage across capacitor is nothing but 4 volt, now when time t
greater than 0 the switch is open that means the 1 ohm resistor is now disconnected so when
you the switch at time t is equal to O this particular register will be disconnected from the

circuit.

Now in the circuit we will have only R of 5 ohm, 1 henry inductor and 0.5 farad capacitor. So
we see the typical case of Series RLC Circuit, now in this case what we have to do we have to
first find out the characteristic roots because it is series RLC circuit we discussed what will be
the value of the characteristic roots. So let us find out the value of a, o =R /2L and we get the

value of alpha as 2.5.

o, =1/+/LC and its value is 2, now you see that a. > ®, it means that we have the overdamped

condition.
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o =—at |a*—wi=-1-4

Since a > w, , we have the overdamped natural response. The total resp is therefore

v(t) = v + (Ae™" + Aze™)

where v, is the forced or steady-state response. It is the final value of the capacitor voltage. From

Figure we get v, = 24 V.Thus,
e )

J

v(t) = 24 + (Aye~" + Aze~%)

Find A, and A, using the initial conditions.

v(0) = 4 = 24 + A, + A,

=20 =A, +A,
il 2

So, in this case the overdamped means your value of the characteristic roots would be -1 and

-4 which you can find from the formula that is o, , = —o /o’ —,* .

So, since it is an overdamped natural response the value of voltage across capacitor at any time

t can be given as v(t) =v, +(Ae "+ Ae™). Now, v, is the forced or steady state response.

So, if you see from the figure which is the modified circuit when the switch is opened so the

Vs the final value that is value of v, is nothing but Vs because when the capacitor is charged

to its value the current will be 0.

So at steady state the value of v, would be 24 volt, so we can now write that

v(t) =24+ (Ae" +Ae™). Now next task is to find out the value of Al and A2 now from

initial condition that is v at time is equal to O we know that the value of voltage was 4 volt
which we just calculated so if we put t is equal to 0 in this equation we get

v(0)=4=24+A+A,
-20=A +A,

So this is what we get from voltage across the capacitor at time t is equal to 0.
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The current through the inductor cannot change abruptly and is the same current flows through the
capacitoratt = 0* because the inductor and capacitor are now in series.

Hence,

Befare we use this condition, we need to take the derivative of v, so,

dv o -
= —Ae = apge™

Atr=0,

I 0\
%: 16 = —Ay — 44, <)

far=-at a* —m.‘;: -1,—4

Since a > w, , we have the overdamped natural response. The total response is therefore
v(t) = vy + (A" + Ae7Y)

where v, is the forced or steady-state response. It is the final value of the capacitor voltage. From
Figure we get v, = 24 V. Thus,
v(t) = 24‘ + (Aye~" + Aze=*") R I H
Find A, and A, using the initial con:;n;\s ' .
V) =4=24+4A + A

~20=A, +A,

Next we know that the current through inductor cannot change abruptly and it is the same
current flows through at time t is equal to 0 plus means even when we open the switch the
current across the current through the inductor cannot change abruptly, since it is the series

circuit so the current which is flowing through inductor at time t is equal to O will continue to

: . dv : :
flow through the capacitor also, so we can say i, =C d_to =4, which we calculated previously.

dv . . : . . .
So, —2 at time t is equal to 0 is nothing but 16, so this you can calculate from the equation.

. : . : dv . . .
Now before using this condition that is the d_to at time t is equal to 0. We have to first take the

derivate of v. So we know that this is the value of v at time t. So, let us take the derivative of



this. When we take the derivate we get the value of % =-Ae"' —4Ae™, now you will put t
is equal to 0 so you get another equation 16 =—A —4A,.

So, now you have 2 equations for Al and A2 first you got from here and second you got from

here, so you can use these 2 equations and find out the value of Al and A2.
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From the two equations For A, and A,,

A, = =64/3and A, = 4/3.
Using A, and A4, we get,
() =24 +3(-16e™" +e )V

Since the inductor and capacitor are in series for ¢ > 0, the inductor current is the same as the
capacitor current. Hence,

i=c®
de
i) =5(4e —e~¥)A

Note that ((0) = 4 A, as expected.

So when you get the value of A1 and A2 you can put the values in the value for voltage at any

time t and you get the expression for voltage at any time t, as shown in the equation. Now,
since the inductor and capacitor are in series the inductor current is the same as the capacitor
current, so what we can say? We can say inductor current i can be given as C dv by dt, so when
you differentiate this and multiply by C that is the capacitor you will get the value of current i
at any time t also. Now if you put the value of t as 0 you will get the same expression which
we derive for current i at any time at time t is equal to 0 which is our expected result. So, in
this way you can calculate the value of unknowns that is A1 and A2 with the help of initial

values that is inductor current and capacitor voltage.
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STEP RESPONSE OF A PARALLEL RLC CIRCUIT

Consider the parallel RLC circuit shown in Fig. 6. We want to find i due to a sudden application of a
dc current. Applying KCL at the top node for ¢ > 0,'

[ “dv _ i
E"'_’.*LFI",’*_ (1) l

A r'"_}(‘ RS L cC==

But =
v= Lo (2)

L

Substituting for vin Eq. (1) and dividing by LC, we get

a*i rdt, & _ U >
witreate~e ©

Now, let us move on to the second case that is step response for a parallel RLC circuit. Now in

this case suppose the parallel RLC circuit is shown is in this figure here, what we are doing?
We are initially keeping the switch closed at time t is equal to 0 we are opening up the switch
so that we get the parallel RLC circuit at time t less than 0 the current source will be short

circuit so when we open it then it will be converted into Parallel RLC Circuit.

Now, at time t is equal to greater than 0, let’s apply KCL at the top node, so what will happen?
The value of current | s will be divided into 3 circuit elements that is R, L and C so what would
be the value of current flowing through resistance R that is V by R, V is nothing but voltage at
any t across the capacitor plus i that is the initial we assume that is current i which is flowing
through the inductor at any time t plus the capacitor current, capacitor current can be given as

C dv by dt and the sum of this 3 currents will be equal to the value of source current that is Is.

di o .
Now, we know that v = La . We put the value of v in this equation and when we rearrange to

2. - -
d—;+iﬂ+L: £ So this is what you get from the parallel
dt® RCdt LC LC

get the final equation as

combination of the circuit.
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The complete solution to Eq. (3) consists of the natural response /,(t) and the forced response /, ;
that is,

(1) = () + L, (1) (4)
The natural response is the same as what we had in previous section. The forced response is }h_v
steady state or final valuero! i. The final value of the current through the inducton: is the same as

the source current /, . Thus,

) =1+ Aje™t + Aze™* (Overdamped) (5a)
o () = I, + (A +At)e™ ™ (Critically damped) (5b)

) =1, + e” ™ (A coswyt + Azsinw,t) (Underdamped) (5¢)

STEP RESPONSE OF A PARALLEL RLC CIRCUIT

Consider the parallel RLC circuit shown in Fig. 6. We want to find { due to a sudden application of a
dc current. Applying KCL at the top node fort > 0,

v ; .GP_ 1
7¢+_'_+(‘W"’1 1) [ [l +
I, J 0,>z RE /53 c==

i ]

v=Ls )] I

“de

But

Substituting for vin Eq. (1) and dividing by LC, we get

da*i 1odi i Iy

wteate~e O

Now, the complete solution will be consisting a natural response as well as forced response.
So, you can write the total current i is nothing but forced response and natural response of the
current. Now natural response of the current is same as we got in previous section when we

discuss source free parallel RLC circuit, so we can write those equations, so what we got? That
natural response in case of overdamped is, Ae” +Ae™, where o, and o, are the

characteristics roots of the governing equation.

And in case of critically damped the natural response was Ae™™ + Ae™ = Ae™, a was the

damping coefficient and in case of underdamped we got e (A coso,t+ A, sinw,t) where,



o, was the damping frequency . Now these 3 we got when we discussed about the source free

response that is natural response of the circuit.

Now forced response is the steady state or the final value of i. So if you see the circuit when
the switch is open for very long period this inductor well be short circuit, so whole current
that is Is will flow through the inductor and you can say that the final value of current which
is flowing through inductor is same as source current that is Is. So, you will add the value of Is

in place of the if(t) that is the force response.

So you will get the total value of current is nothing but Is plus natural response of the circuit in
case of overdamped, again Is plus critically damped response of the circuit when source is not
available and plus in case of underdamped we get Is plus the natural response of underdamped

circuit.

So, these 3 we get based on the various conditions with respect to your damping the
coefficients and the natural frequency of the circuit, so that is o and ®,. So under various
condition you will get these 3 values for current. In case of overdamped your o > ®,, in case

of critically damped o = ®, and in case of underdamped o < ®, .

So, now in this set of current equations you know that the A1 and A2 are the 2 things which
are unknown, so how we can find? We can again use the initial values of current and voltage
that is current flowing through the inductor and voltage across the capacitor to find out the
value of Al and A2. Now how we will do?

(Refer Slide Time: 17:51)

EXAMPLE:

In the circuit shown in Figure, find i(t) fort > 0.

P
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Let us take 1 example so that the things are more clear, here if you see the circuit the 4 ampere
current source is connected across the inductor so at time t less than O when the switch is
opened, the current is flowing only through the inductor so you can say that at time t less than
0 the circuit is divided into 2 parts. One part is where the current source is available second
part were voltage source is available, so at time t less than 0 when the switch is open the current

will be flowing through the 20 henry inductor.

It means that you can simply say current i at time is equal to O is nothing but 4 ampere. This
you can get easily from the circuit, now you see that the voltage which is connected across the

second part of the circuit is 30u(—t) volt. So, what does it mean? It means that the time t less

than 0 the value of voltage is 30 volt, at time t greater than O these value became 0 volt, means

when the switch is closed this voltage source is short circuit.

So, this is something which you have to keep in mind because here the unit is step function is

u(-t) it means that the value of unit step function is like this were you have a value at time t

is equal to, less than t is equal to O but it is O, when t greater than 0. So with these 2 things let

us proceed to solve the circuit.

(Refer Slide Time: 19:52)

Fort < 0, the switch is open, and the circuit is partiti d into two sub-circuits, The

4 — A current flows through the inductor, so that
i(0) = 44
1 ]

Voltage 30u(~t) = 30 whent < Oand 0 whent > 0.

So the voltage source Is app[ledjp the circuit only when t<0.

Att =07, The capaci;or acts like an open circuit and the voltage across it is the same as the voitage
acggim_evzo-j) resistor connected in pgralle( wnt‘hﬁl_t. By voltage division, the initial capacitor voltage

is

20420

20 -~
v(0) = (30) =15V "\~
Sy ==




EXAMPLE:

In the circuit shown in Figure, find ((¢) fort > 0.

1 nﬁ% -IN':“ /L
I =

i
|
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For t less than O this switch is open, so we found that the initial current which is flowing through

inductor is 4 ampere. Now u(-t) is equal to 30 when t less than 0 and 0 when t greater than 0.

So, the voltage source is applied to the circuit only when t less than 0. Now at t is equal to 0
minus that means just before the switch is closed the capacitor acts like a open circuit and

voltage across it is the same as the voltage across 20 ohm resistor connected in parallel with it.

So if you see this segment of the circuit the voltage because the switch is open for very long
period this will the capacitor will act as an open circuit, so the voltage across capacitor will be
same as the voltage across 20 ohm resistance. Now, at time t less than O the value of voltage
source is 30 volt and these 2 are in series because the current will flow through this direction.

So, what will be the value of voltage across 20 ohm resistor which is in parallel with capacitor.

You can simply use the voltage division and you will come to know that the value of this
voltage at time t is equal to O is nothing but 15 volt. This is our initial voltage across the
capacitor when the switch is closed. So, we got 2 initial conditions current which is flowing

through the inductor at time t is equal to 0 and voltage across capacitor at time t is equal to 0.
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For t > 0, the switch is closed, and we have a parallel RLC circuit with a current source. The
voltage source is off or short-circuited for t > 0.
The two 20 — () resistors are now in parallel. They are combined to give R = 20|20 = 10.

The characteristic roots are determined as follows:

1 1
-_—— = =25
7 = RC " ZXI0XBRI0T o2

1 1
Wy = === =2,
97 VI Vioxexio*

w0

&2 =—at |at—wf =-625+ V390625 - 6.25=—6.25 + 57282
: J

EXAMPLE:
In the circuit shown in Figure, find i(¢) fort > 0.
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Now for time t greater than 0 what will happen the switch is now closed and we have Parallel
RLC Circuit with a current source now voltage source is off because for time t greater than 0
this will be 0 so it means that it will be short circuit. So, now 20 ohm and this 20 ohm both
would be in parallel, so what we can say that the value of effective R which is across the circuit

will be 10 ohm because 20 ohm and 20 ohm are in parallel now. This will be short circuited.

So, now we have a case of parallel RLC circuits, so we have inductor, we have capacitor and
we will have another equivalent resistance of 10 ohm which is again in parallel. So, what we
can do now? We can apply the equations which we got in case of Parallel RLC Circuit, so
characteristic roots we can simply determine with the help of the values which we calculated

previously.



So a is nothing but 1/ 2RC, so if you put the value of R and C, R is 10, C is 8 milli farad so it
will became 8 into 10 to the power 3 and we get the value of a as 6.25. Similarly, o, =1/+/LC

and you get itas 2.5. Here, you will see that o > o, that means that this is a case of overdamped

circuit. We can say, the value of the roots, ie., o,,=-a*\a’-o,” and we get 2

characteristic roots.
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Since @ > wy, we have the overdamped case. Hence,
iy =1, + A:“,—H'ITHI + A_q.-"’ r.:u:
where [; = 4 s the final value of i(t). We now use the initial conditions to determine A1 and A2.
Att= 0..
) =4=4+A,+4,> 0 =-A
Taking the derivative of i(f) ;

2 = —11.978 A, 17 — 0,521 Ay ¢~052U

sothatatt=0,

() -
%: =11978 A, = 0521 4

EXAMPLE:

In the circuit shown in Figure, find i(¢) fort > 0.
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We can write the value of current i(t) that is nothing but equal to the force response that is

I, (t) and here the value of i, (t) is I, which we just calculated in the case of parallel RLC

circuit plus the natural response, i.e., Ae” +Ae™" . Here I is equal to 4 this is what we can



see from the figure when the circuit is the switch is closed for very long period the capacitor

will be acting as a open circuit and the whole current will flow through 20 henry inductor.

So, it means that the 1, is 4 ampere in the circuit, so this is what we got that |, is equal to 4

ampere. Now if you put the value of t is equal to O in the above equation you know that i at

time t is equal to O is 4 which you just calculated so you get A, =—A , now if you take the

I . di . . : . .
derivative of the above equation ot you will get this expression at time t is equal to 0,

diO) _ _11.978A —0.521A, .
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But at time ¢ = 0 (just after closing the switch)

@O _ ooy o 4i(0) _ 15 _ 15 _ "
LSP=w0)=15 =R=T=2= 075

Now
0.75 = (11978 - 0.5218)4, = A, = 00655
Thus, A, = -0.0655 and A, = 0.0655. Inserting A, and A, gives the complete solution as

(() = 4 + 0.0655(e~05218¢ — g=11978t) 4

Since a > w,, we have the overdamped case. Hence,

i(8) = I, + Ay 11978t 4 4. g-0521c

where [, = 4 s the final value of i(t). We now use the initial conditions to determine A1 and A2.

Att=0,
W) =4 =4+ A, + 4,2 A, = —4,

Taking the derivative of i(f)

5 =—11978 2,¢" 1175 _ 0,521 2, =052

sothatatt=0,
aioy _
=

S = 119784, -05214;, £




Now, you know that the voltage which is across the capacitor cannot change abruptly, so it will
remain as 15 volt and since capacitor is in parallel with inductor the same voltage will be
applied across the inductor also, so you can simply write the voltage across the inductor is

nothing but L% =0.75.

Now you put the value in this equation so you get the value of A2 you can use the expression
which we calculated when we were putting the value of time t is equal to 0 and we were finding
out the equation Al plus relation if between Al and A2 when i is at time t is equal to 0 equal

to 4 ampere.

So now we got 2 equations and we can solved it and we can get the value of A2 and similarly
we can get the value of A1. So now we have Al and A2 we can simply say the value of current
i(t) is nothing but 4 plus you can put the value of the expressions, value of the components so

you get this particular equation.

So, this is the final expression of current in terms of t, so with this you can calculate the value
of Al and A2 when you have parallel RLC circuit. so with this we can close our today’s session,
so in this session we discussed the step response for Series RLC Circuit as well as the Parallel
RLC Circuit and now we will proceed forward to solve this first order second order equations
in more easier format, because in this type of equations till know what we discussed was based
on the differential equations those were first order and second order differential equations.

It is sometimes difficult to solve, so we will use another technic called laplace transform and
we will try to understand first the laplace transform and then we will apply the technic to solve
this first order and second order equations and first order and second order circuits again. Thank

you.



