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Namaskar, so in the last class we were discussing about the series RLC circuit and its response
when the source is not available, so, we will continue our journey from there in this week also

and let us see when you apply step input then what will happen.
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RECAP: SOURCE-FREE SERIES RLC CIRCUIT

The circuit shown in figure is being excited by the energy Initially stored in the capacitor and inductor.

Applying KVL around the loop, R 1
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So let us first understand what we discussed in the last class, we discuss about the source free

series RLC circuit and when we were discussing we mentioned that the characteristic equation
which we have or we get from Kirchhoff’s voltage law is of second order in nature, that why
it is called second order circuit. Now if you see this figure the energy is initially stored in

inductor as well as capacitor, so the capacitor is initially charged with voltage V, and inductor

IS having some initial current as 1, Since this two elements are storing the energy that is why

the circuit is having some current flowing, now we stabilized that the equation using KVL we
di Rdi 1

will get is second order equation that is — +——+—=
dt® Ldt LC

Now we assumed that the current is Ae™, now if you put the value in the above equation and

we solve it we found that there are 2 roots possible for the equation and we saw that o, and



o, and we assumed that o =R /2L and ®, =1/~+/LC . When we simplified, we got &, and o,

as shown in the slides.
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From the values of @, and o;, we can say that there are three types of solutions:
1. if & > w,, we have the overdomped case. e (v Uf‘r i
2. If o = wy, we have the critically damped case.

mo=—a— o —wi

3. If & = w,, we have the underdomped case.
Where, a = i and wmy = -.1—
Overdamped Case (a > w,) 2L JELE
a > wy occurs when £ > 4!./}(1. When this happens, both roots &y and ; are negative and
real. The response is -
iy

()= Ay ™1t + Ayet [§E5)

)
which decays and approaches zero as ¢ increases as
shown in Figure

Now based on the values of o, and o, we found that there are 3 types of solution available for
the equation, that is first case when o > o, it means the circuit is overdamped, when o =,

we have critically damped case, and when o < , we have under damped case.
Now when we say that it is over damped and o > », the condition which we got was

4L o
C> R Now based on that condition the current value what we found was Ae™ + Ae”.

On plotting the curve that is the variation of current i with respect to time we saw that the
curve will look like this which will start from 0 and eventually it will settle down at some

point because it is a source free then it will come back to 0 as time t tends to infinity.
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Critically Damped Case (& = w,) i

Inthis case, @ = wy f.e. C = 4L/R? s0,

()=(A1t + Az)e ™®

Underdamped Case (a < w,)

nn
Inthiscase,a < wyl.e.C < AL/R s0, : -
i(t) = e "% (B, cos wyt e/ + B, sinwyt ¢/@4")

. e 4L
Now second case what we discussed was o = o, where the condition is C = R? and we found

that current in that case is i at time tis equal to Ae™ + Ae™ = Ae™ and when we plot this
the value of current i with respect to time t we saw that the characteristic of the current is as

shown in the figure and we saw that at time t is equal to 1/a the current will be at its maximum

. . . 4L
value. Now the third case what we discussed was o < ®,, in that case the C < g and we saw

the current equation which we got was having exponential term as well as sin and cosine terms,
so when we plot the variation of the current i with respect to time we saw that it was it was
exponentially decaying as well as it was oscillatory that is because of the sinusoidal component

available and the time period was 2I1/®, and it was exponentially decaying because of the

exponential component available, so this is what we discuss in the last class.
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Few Properties of a series RLC network:

< The damping effect is due to the presence of resistance R. The damping factor a determines the

rate at which the response Is damped.

< IR = 0,thena f: 0, and we have an LC circuit with % as the undamped natural frequency.
- vie

Since a = w, in thisicase, the resp is not only but also oscillatory. The circuit is said
to be Jossless, because the dissipating or damping element (R) is absent.

< By adjusting the value of R, the response may be made undamped, overdamped, critically
damped, or underdamped.

< Oscillatory response is possible due to the presence of the two types of storage elements. Having
both L and C allows the flow of energy back and forth between the two elements.

< The damped oscillation shown by the underdamped response of the circuit is known as ringing.

Now let us see what are the various properties of series RLC network, now we can say that

damping effect is due to the presence of resistance R because the damping factor o depends
upon resistance R, so we can tune the value of R on and get the various kind of damping effect,

when the condition is a is equal to 0 means R is equal to 0, it means that we have a pure LC
circuit and in that case we will have only o, =1/~/LC . This is nothing but your undamped

natural frequency. In that case that response is only oscillatory and the circuit is said to be
lossless and because of no dissipating component the energy will keep on oscillating.

By adjusting the value of R the response can be made undamped, overdamped or critically
damped or may be under damped, so the R is the important component in the series RLC circuit,
oscillatory response is possible due to the presence of two types of the storage elements, so
here we have inductor as well as capacitor which act as a storage element, so having both L
and C allow the flow of energy back in forth because of that we get the oscillatory response.
Now the damped oscillation show by the underdamped response of the circuit is also known as

ringing.
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«» The critically damped case is the bordefllne between the underdamped and ovqrdampcd cases and
decays the lasteg‘

“* With the same initial conditions, the overdamped case has the longest settling time, because it takes
the longest time to dls;ipa}ighg igiﬂsﬁl(}gdﬁcﬁngrgy‘

< If we want the fastest response without o'scillaliop or ringing, the critically damped circuruiis the

right choice

Now the critically damped case is the border line between the underdamped and overdamped
cases and decays the fastest, so if you have a system which is critically damped it means it will
decay the fastest, with the same initial conditions the overdamped case has the longest settling
time, because it takes the longest time to dissipate the initially store energy in the storage
elements, now if you want the fastest response without oscillation or ringing, what we need to
do? We have to make the system critically damped circuit, so in that case we will get the fastest
response without any oscillations.
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THE SOURCE-FREE PARALLEL RLC CIRCUIT

Consider a parallel RLC circuit shown in Figure,

Assume initial inductor current /, and initial capacitor voltage V, then,

W00)=ly=7f" v(ddt  (1a)
v(0) =V (1b)

Applying KCL at the top node gives - I} 1 ‘

o
R'L

v 1[* dv 2 . AL :l/u v |
- y Y = () v > - o
f., v(t)de + ( =i (2) ]

\ ‘l
"

Now let us talk about the source free parallel RLC circuit, so what will happen in this case you
will have R,L and C all this component in parallel, so what you need to do, you have to first



figure out what is the initial condition. Let us assume that initial current flowing through the
inductor is I, and initial capacitor voltage is V,. Hence, current at time is equal to O is
represented using equation (1a). Integration ranges between minus infinity to 0 because this is
the time where the system is at rest initially, so what is the current flowing at time is equal to
0 will continue to flow in the circuit at time before t equal to O, similarly for time t is equal to

0 we are assuming that capacitor is initially charged with voltage V, .

Now what will happen, if you assume this two initial conditions and the circuit is in parallel,
then the best thing is that you can apply Kirchhoff current law at the node where all the 3
elements are connected. Now sum of the resistor, inductor, and capacitor currents will be 0 at

this node as given in equation (2).
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Taking the derivative with respect to t and dividing by C results in

dzv+ ltlv+ 1 . 3
e  rea Tict = ?

We can obtain the characteristic equation by replacing the first derivative by o and the second

derivative by‘ﬂl{ The characteristic equation is obtained as :

e e >
7 +ﬁ"+l,7_”f (4)

The roots of the characteristic equation are

or

S (.’m:)-
ga=-at a? - w§ (5)

THE SOURCE-FREE PARALLEL RLC CIRCUIT

Consider a parallel RLC circuit shown in Figure.

Assume Initial inductor current /, and initial capacitor voltage V, then,

10) =1Ig =77 v(t)de (1)
v(0) =V (1b)

Applying KCL at the top node gives - “ l

| | =S

v 1[f dv < 3 ) .‘:ll‘, . 1
o =] | D e = () “ S - 0
R+I.J:, v(t)de +C =T ( (2) ]




Now differentiating equation (2) and dividing by C we get equation (3). Now we can obtain

the characteristic equation by replacing the first derivative by o and the second derivative by

1 1 . . . .
G’ you get ¢° +R—G+L— =0. Since it is a second order equation you will get two roots of

this equation, what would be the roots? The roots would be o, and o, , let us assume the values
are the characteristic equations, roots are o, and o,. The value of o, and o, is obtained as

given in equation (5), so you will get simply two roots.
1 , 1 . . .
Now let us assume that O‘:ﬁ and o, =1c Using this the roots can be written as,

o, =—at.a’ -0, . Now if you see this roots, this are similar to what we got when we were

analyzing the series RLC circuit.
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Where

S Y
Wo= 7z o (6)
)

1
/"_:-;Tf‘

Again, there are three possible solutions, depending on whether a > w, , @ * w,, or a < w,

Overdamped Case (a > w,)

From above Equation, « > wywhenL > 4R’C.The roots of the characteristic equation
e’ =

are real and negative. The response is

w(t) = Aye™' + Aye! (7)
Critically Dnmbed Cas:(:: = w,)

Fora = wgy L = 4R ’C; The roots are real and equal so the response is -

L v(t) = (A +4,t)e =" (8)

J

Based on the values of e and ®, you can again have the three possible solutions. If you compare

with the series RLC circuit in this case also you will get three possible solutions. First condition

IS a>m,, second is o = ®, and third is a < o, .

Now when o > ®, you call it as overdamped case, so what will happen if you put the conditions
if you replace a and ®, with this value which you assumed previously, you will get the

condition L > 4R*C the circuit will be overdamped. In that case the roots of the characteristic
equations are real and negative, this is similar to what we got in case of series RLC circuit also,
so similarly the response which you will get in this case is as given in equation (7). This
response would be similar to what we got in case of series RLC circuit.

Now in case of critically damped case where o = o, the system will be critically damped when

L = 4R’C, so in that case also the roots are real and equal, S0 you can say the response is given

by equation (8), so this is again similar to what we got in case of series RLC circuit.
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Underdamped Case (a < w,)

When a < w,, L < 4R*C. In this case the roots are complex and can be expressed as

Oy ==a+ jwy )

Wy = m{; - a* (10)

o v(t) = L‘_":(fhﬂ)}:m,,[ + A:\‘mmdl‘) ’,%" (11)

where

The response is

f ¥ Vi

-
\ A
| \/

Now the third case is underdamped case when a < o, that means the value of L <4R*C, so

in this case the roots would be complex and can be expressed as in equation (9), where
o, =+/m,” —a’. So you can compare both of the cases like series RLC and parallel RLC

circuits, you will come to know that the roots are same, the only change would be the condition
because here the elements are in parallel. This is why the here relation between L ,R and C
would be different in both of the cases, but finally the response would be similar to what we
got in case of series RLC circuit. In this case the expression is given by (11) will give you the

exponentially decaying response together with the oscillatory response.

So in both of the cases like in case of series RLC circuit, we were comparing the current i with
respect to time, in this case since it is a parallel RLC circuit we are interested in finding out the
voltage with respect to time, so here you will again get the oscillatory response with
exponentially decaying, so exponentially decaying because of this term oscillatory response

would be because of this term.
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STEP RESPONSE OF A SERIES RLC CIRCUIT

Consider the series RLC circuit shown in the Figure.
Applying KVL around the loop fort > 0,

R 1

o =0, }—"Nw—f ) G
L=+Ri+v=V, (1)

. ’ ( '

# < T

i=C—3) (2)

(3)

Now let us talk about the case when we apply a step input to a series RLC circuit. By closing

the switch at time t is equal to O there would be a current flowing in the mesh, let us say this is

i. Now what you need to do you have to write the mesh equation for this circuit? We will try

to simplify the loop or mesh equation which we get from the KVL, so when you apply KVL at

time t greater than 0 the moment when you close the switch you will get,

Lﬂ+Ri+v:VS
dt

Now you know that, i =C % . Using this in the mesh equation you will get the equation in the

second order as,

dii Rdi v V

_ S

st ——+——=
dt® Ldt LC LC
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The characteristic equation for the series RLC circuit is not affected by the presence of the dc source.

A v, Rdi v,
The solution to '—"—:' + ’-% + ’i‘ = ﬁ has two comp s: the natural resp v,(t) and the forced
¢ . @ 7 i -

=~ R 7
response v, (t); thatis, <

v(t) = vy () + v (1) (4)

The natural response is the solution when we set V, = 0 in above differential equation,

The natural response v, for the overdamped, underdamped, and critically damped cases are:
W= AN F45e Bt (Gvadamped)” (53)
) v(t) = (Ay+Ayt)e %% (Critically dil[llp!'(l_) (5b)
{ v(t) ~ e "i(/‘l,rasw,,l + Aystnwyt) (Umlc-nhnn;wdﬁ) (5¢)

Now when you compare the characteristic equation, the characteristic equation will not be
affected by the presence of the DC source. You can see the solution of this equation can be
divided into two parts. It will have two components; one is natural response and other is forced
response. So, this will be like what we discussed in case of series RL or series RC circuits. In
case when we apply the step input to those circuits, so similarly here also we can divide the

total response of the circuit into two parts, one is natural response and other is force response.

Now you can see that the total response can be written as the forced response plus natural
response as in equation (4). Now to find the natural response, you need to set the value Vs
equal to 0. So when you put the Vs equal to 0 in this equation (4), so you will get only the left
side component and this would be equal to 0 and this is same equation which we get when we
analyze the series RLC circuit without any external source, so based on the previous discussion
in case of source free RLC circuit we can write simply the natural response of the circuit and
we can also say that there are three conditions which are underdamped, overdamped and

critically damped cases. These are described using equations (5a), (5b), and (5c).
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g
The forced response is the steady state or final value of (v(c}.
The final value of the capacitor voltage is the same as the Source voltage V.. Hence

vr(t) = v(w) = V< (6)
Thus, the comp uti for the over ped, under ped, and critically damped cases are:
v(t) =V, + Age™f + Ae™* (Overdamped) (7a)
1 v(t) =V, + (Ay + Axt)e™™ (Critically damped) (7b)
s Sy
“v(t) =V + e (A coswyt + Azsinwgt) (Underdamped) (7¢)

STEP RESPONSE OF A SERIES RLC CIRCUIT

Consider the series RLC circuit shown in the Figure.
Applying KVL around the loop fort > 0,

di WW—T1
LE L Ri+v =V, ) 5
e Z
) ‘ " . ¥
But il T,
PR ) 3 WEE
t= i i (2)

d v Ve -
zte~e @

Now to find the force response you need to find out what would be the steady state or final
value of voltage t, so that is t means the time which tends to infinity, the final value of capacitor
voltage will be the same voltage that is the source voltage, if you see the figure when you keep
on this particular switch on for a very long period what will happen, in that case your inductor
will act as a short circuit, so the total voltage would be applied across the capacitor will be
equal to the source voltage, because after the capacitor is charged to its full value your current

i will also be 0, so you will get finally the capacitor voltage equal to Vs.

So the same value we will use and we will say that the forced response is nothing but the source
voltage, so this we have got, so what we can write now the complete solution for the
overdamped, underdamped and critically damped cases can be written as given in equations
(7a), (7b), and (7c).



Now what is left is the value of parameters Al and A2, so this values we can calculate with the
help of initial conditions which we assumed at time t is equal to 0, we have initial voltage and
initial current which is flowing through inductor. So, we can use that value and find out the
value of those constants which are unknown in this three equations, so with this we can close
our today’s session where we discussed about the step response of a series RLC circuit. We
will continue our discussion in the next class where we will discuss about the step response in

case of parallel RLC circuit, thank you.



