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THE SOURCE-FREE R-L CIRCUIT

* A series connection of a resistor and an inductor, as shown in the Figure below.

* The goal is to determine the circuit response, which is the current {(t) through the inductor.
* Select the inductor current as the response in order to take advantage of the idea that the

Inductor current cannot change Instantaneously.

At t = 0, the inductor has an initial current /,, or

i0)=1,. (1)

Namashkar so, in last class we discus about source free RC circuit response, in this class we
will discuss about the RL circuit, and we will particularly see, when the source in not available,
how the circuit will respond. So now, let us starts the second lecture of this week we will
discuss about the source free RL circuit now, if you see the RL circuit which we will consider
for today’s discussion is RL circuit you can say that L is connected in parallel or you can say

that the elements are connected in series in a loop.

So now, the goal of the particular circuit analysis is that we will try to find out the current
which would be flowing through the inductor. Here, we have selected inductor current as the
response because we know that, the current through inductor cannot change instantaneously.
So, like your RC circuit where capacitor voltage cannot change abruptly similarly, here the
inductor current cannot change instantaneously. Now, let us assume that at time t is equal to O,

the inductor has an initial current 1.
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with the corresponding energy stored in the inductor as

w(0)=211,% @)
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So, let us analyze the circuit. The energy which would be stored in the inductor initially is
w(0) = % LI,

Now, if apply KVL around this particular loop you will see that

vV, +Vy =0
di :
Where v, =L— and v, =iR
dt
So, we can simply write
Lﬂ+iR:O
dt
ﬂ+Ei =0
dt L

In this equation you can use the integration technique to solve it as we did in the case of RC

circuit. Hence you get,

Integrating, you get



Ini:—Et+InA
L

InL:—Bt
A L

So let us assume that constant is In A similar to what we assumed when we were analyzing
the RC circuit.
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The initial value that we assume | at time t is equal to O, is 1,

be written as

Rearranging terms and Integrating gives
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Taking the powers of e, we have
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This shows that the natural response of the R-L circuit is an i
exponential decay of the initial current Py - -

The current response Is shown in the Figure.

THE SOURCE-FREE R-L CIRCUIT

A series connection of a resistor and an inductor, as shown In the Figure below.

* The goal is to determine the circuit response, which is the current {(t) through the inductor.
* Select the inductor current as the response in order to take advantage of the idea that the

Inductor current cannot change Instantaneously.

At t = 0, the inductor has an initial current /,, or

i) =1, (1)

R R

i)=Ae L =le "

So, if you compare it with the RC circuit where we calculated v(t) =V,e /" here, the current

R
i(t)=1,e L' The function would be exponentially decaying so it will start with the initial value

R

that is | naught and then it will decay with the function el

. Hence, the above equation can



So, if you see particularly this figure you will see that at time t is equal to tau this will become
36.8 percent of its initial value now, what is tau, if you correlate with the RC circuit tau was
the time constant here also the tau is nothing but the time constant but the value of tau would
be if you compare this with the | naught e to the power minus t by tau, then you can simply,

say tau is nothing but L by R.
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L
So, from Equation i(t) = loe ™ & , we can say that the time constant for the R-L circuit is

The time constant r has the unit of seconds. Thus above equation may be written as

i) = 1,e~4/T 7)

The voltage across the resistor can be given as -

Vp(t) = IR = IoRe~t/T (8)
) S

So, we got t that is our time constant for RL circuit is nothing but L by R. so instead of writing

in terms of L and R the current | can be written as

t
it)=1e-
Hence, what would be the voltage across the resistor? VVoltage across the resistor, would be
Vo(t)=iR=1,Re™"
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The power dissipated in the resistor is
p = vy =12 Re=2/T (9)
The energy dissipated by the resistor is
t g 4 "
w,,u):f pdt ==Ll§(1—e¢T) (10)
0 -~
L on
Ast ~s o, wy(®) -z LI§
)\ 2
Which is the same as w, (0), |.e. the initial energy stored in the inductor

S0, the energy initially stored in the inductor is eventually dissipated in the resistor.




Rt
So, from Equation i(t) = loe ™ & , we can say that the time constant for the R-L circuit is

The time constant t has the unit of seconds, Thus above equation may be written as

i) = 1,e/T )

The voltage across the resistor can be given as -

Vp(t) = IR = IgRe~t/T (8)
J | -

Now, instantaneous power dissipated by the resistor will be p,

p(t) =v, *i=1,°Re™"

The energy absorbed by the resistor till time t is,

t 1 ot/
We () = [ pot =Ll (-e ™)

From this equation when, t times to infinity the
W, (00) =1/ 2L}

And this is what we assume that the initial value stored in the inductor, so that means that

whatever the initial energy was stored in the inductor, is eventually dissipated in the resistor.



(Refer Slide Time: 10:17)

*  Smaller the time constant, 1, of a circuit, faster the rate of decay of the response.

* Larger the time constant, slower the rate of decay of the response.

* At any rate, the response decays to less than 1 percent of its Initial value (i.e., reaches at
steady state) after 5t.

While Working with a Source - free R-L Cilcgit:

1. Find the initial current ((0) = I, through the inductor. "

2. The time constant v of the CI'C(J{L

3. When a circuit has a single inductor and several resistors and dependent sources, the
Thevenin equivalent can be found at the terminals of the inductor to form a simple R-L
circuit. Also, one can use Thevgnln’s theorem when several inductors can be ccmbinedrlo

form a single equivalent inductor.

Now, let see some important facts about the time constant, smaller the time constant of the

circuit faster would be rate of decay of the response. So, this is similar to what we saw in case
of RC circuit so similar to that in RL circuit also the small time constant means faster the rate

of decay of response.

Larger the time constant slower would be the rate of decay of response. Now, at any rate the
response decays to less than 1 percent of its initial value after 5 time constants so, the same we
saw in case of RC circuit also, when the time is 5 tau that is 5 times of the time constant the
value of voltage was left with less than 1 percent. So, here in case of RL circuit the response
will decay that means the value of current that is flowing through the inductor, will reach to
less than 1 percent of its original value, after 5 time constants.

Now, while working with the source free RL circuit, we have to keep 3 things in mind and we
have to solve the circuit accordingly. Firstly, we have to find the initial current which is flowing
through the inductor then, find the time constant tau of the circuit and then thirdly when the
circuit has a single inductor and there are several resistors connected or there may be some

dependent sources also the Thevenin equivalent would be a good option to analyze the circuit.

So, we will use Thevenin equivalent at the terminals of the inductor to form a simple RL circuit
or we can use Thevenin theorem when several inductors can be combine to form a single
equivalent inductor, so in summery we can say that if we have circuit where we have multiple
inductors and resistors we can utilize the Thevenin theorem to simplify the circuit. And find

out the response of the circuit.
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EXAMPLE:

Assuming that ((0) = 10 A, calculate i(t) and £, (t) in the circuit shown below,
4Q
A
i l ‘ Iy
0.5H % §2$2 3i
< )

Now, let us take one example so that we can clear the concept, let say we have one circuit as
shown in the figure, here one inductor of 0.5 H is carrying some current i and in parallel with

a 2 ohm resistance where the current i, is flowing an then we have 4 ohm in series with the

parallel combination of inductor and resistor and which is connected in series with one
dependent voltage source, whose current component that is if the voltage source value given in
the circuit is 3i the current component is depending upon the current flowing through the

inductor.

Now, initial value which is given here, is | at time t is equal to 0, is 10 ampere we need to find
out, the value of | at time t through the inductor. And find out the value of current I which is

flowing through the 2 ohm resistor.
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There are two ways to solve this problem.

» One way is to obtain the equivalent resistance at the inductor terminals,

# The other way is to start from scratch by using Kirchhoff’s voltage law.

Whichever approach is taken, it is always better to first obtain the inductor current.
M!THOD} : The equivalent resistance is the same as the Thevenin resistance at the inductor
terminals, Because of the dependent source, a voltage source is inserted with
Vo ; 1V at the inductor terminals a-b, as shown in the Figure in next slide.

(We can also insert a 1-A current source at the terminals.)

Now, here we have two ways to solve this problem, one way is that we can obtain the equivalent

resistance of the inductor terminal, or other way is that, we start from scratch using Kirchhoff

voltage law.

So, when we have to find out the equivalent resistance we can utilize over knowledge of
Thevenins theorem and simplify the circuit to find out the equivalent resistance second when
we have the dependent voltage source, we can also use the simply Kirchhoff voltage law and
simplify the circuit as we do in case of mesh analysis so, whatever the approach we will take

the value will remain same but, it is always better to obtain first the inductor current.

Now, in first method the equivalent resistance is the same as Thevenin resistance at the inductor
terminals now, since, we have a dependent voltage source available in the circuit, what we can
do, we can use one voltage source that we ley say that the value of that voltage source is 1 volt.
At the inductor terminal AB which is shown in the next slide.
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20 =20+ =0

h=ly==3 (a)

Oly = 26y =31, =0
]
=20y (b)
Substituting Eq (b) Into Eq. (a) gives

lty = =34, i, = =1, = 3A

Hence,

Ry = Rpy = vy/i,= 1/30
3 | ‘ :

So, what we have done we have remove the inductor from terminal AB and we added one
voltage source equal to 1 volt now, we have two meshes in the circuit, let say the current il and
i2 is flowing in this direction both are in the same direction so, let us try to write the KVL

equation for both of the meshes in this case, you can write,
2i,—2i,+1=0
Now, for second loop what we can write, we can write

6i, — 2i, — 3i, =0



So, here the value of dependent current source would be 3i,. So this we have got now when we

solve i, =5/6i,

Now, we have two equations in term of il and i2. If we solve, we get the value of i, = -3, now
i, is opposite to the direction of i, which is the value of current flowing through the 1 volt
voltage source so, the value of i, =—i,. So, we get i, =3ampere. Now, the R equivalent is

nothing but the Thevenin resistance and its value is v, /1, .

v, value is 1 volt, and i, we have just calculated as 3 ampere we get, 1 by 3 ohm as a Thevenin

resistance.
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The time constant is

1
-2
G= —i5
3

L1

- L8
E — -
Req 2
Thus, the current through the inductor is
v

! 2
) =1(0)eT=10e""" A, t>0

Now, what would be the value of time constant, time constant value will be L upon R equivalent

value of L is given as 0.5 henry so that was given in the question so, we will put that value and
the R equivalent we have just now calculated as 1 by 3 ohm so, value of tau will be 3 by 2

second, this value we will put in the original equation of current

t
i(t)=1(0)e -
So, i1(0) =10 is there and we put the value of tau in the equation we get, the current flowing

through the inductor, at any time t is

2t

i(t)=10e *
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METHOD 2 : Apply KVL to the circuit as shown in the Figure below. For loop 1,

10

AV

1diy 3 =

-.’:-Jl—+““' =) =0
h & )=0 (
—_— Al = 1y) = 1
dt il = )

For Loop 2, the current flowing through inductor, |.e. {;, decides the value of dependent sources

6l =21y =3y =0

Iy == (b)

Substituting Eq. (b) into Eq. (3) gives

diy 2
—t=iy =0
dt 3

Rearranging terms,

Since i, = {infigure, replace i, with { and integrate

i(6) 2
n——= -

(o) 3 05

Taking the powers of e, we finally obtain

2
i(t) = 1(0)e”T=10e="/A, t>0

which is the same as by Method 1




Now, if you see second method, we apply KVL to the circuit so, if you apply KVL you simply,
put the inductor back to the circuit then the circuit will again have two meshes let us take the
value of those currents as i1 and i2. The calculations are as shown in the above slides and we
get the same answer as in method 1. Hence, either you use the Kirchhoff voltage law directly
to the circuit or you will use Thevenin theorem you will get the same result so, now we have

got the value of i(t).
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The voltage across the inductor is

v=L2=205(10) (=3) e=*h =(=F) eV

Since the inductor and the 2 Q) resistor are in parallel,

iy(t) = i = -1.667¢~""/» A, L>0 0

AT

HZ Q i )

Next task is we need to find out the value of v which is nothing but the voltage across the

inductor. so voltage across the inductor is, L di by dt we can put the value of inductor L then,
the initial value of current | naught because di by dt is when you differentiate It you will get
the value of di by dt so, this will become, 0.5 into the value of | naught into the minus 2 by 3
term which is coming from here, into e to the power minus 2t by 3. So you will get value of

voltage V is nothing but minus 10 by 3 into e to the power minus 2t by 3 volts.

Now, since the inductor and the 2 ohm resistors are in parallel that means whatever is the

voltage coming across the inductor will be the same voltage which is coming across the 2 ohm

2t
. .V = o
resistor. So, we can calculate the value of current i, :5:1.667e 3.S0 in this you can use

either Thevenin equivalent or the mesh analysis method, using Kirchhoff voltage law and you
will get eventually the same answer so, we close our RL circuit session today from this point
in the next lecture we will discuss about the various sources specially those sources which are

required for the analysis of the circuit so, if you see the particular electrical circuit we apply



either voltage or current source so, when you apply voltage or current source those are suddenly

apply to the circuit.

So, we will get one step response of the source so, that is one important type of source which
we will study plus when we have the surges coming in the electrical circuit we get another type
of pulse in the circuit, that is called the pulse response so, that also we will see how we will
interpret that particular event with the help of mathematical function because these two are
required for analysis of our electrical circuit so we will see how we will represent both of them

in a mathematical term.

And then we will apply both of them into the various RC and RL circuits and see how they will

behave when we will apply either stepper impulse type of sources into the circuit, Thank You.



