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Lecture 20 Reciprocity and Compensation Theorem

Namaskar. So, in today's lecture will discuss about 2 theorems, those are reciprocity theorem

and compensation theorem. So, let us start with the reciprocity theorem.
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RECIPROCITY THEOREM

* An important aspect of reciprocity theorem is that it does nqt‘hokr! for all v}otwprks.
* Therefore, its restrictions should be remembered.

*  Using reciprocity wrongly may lead to nr“iomly erroneous results.

*  This lecture will explain what the re;tprodty theorem is, and give examples to make its meaning clear.

* Reciprocity theorem states that if an emf £ in one branch of a reciprocal network produces a current
1 in another branch, then if the emf £ is moved from the first to the second branch, it will cause the
same current in the first branch, where the emf has been replaced by a short circuit. 7

So, what does reciprocity theorem says basically. It is a very important aspect of reciprocity

theorem that it does not hold for all network. So, we have to be very careful when we deal with
the reciprocity theorem and we have to keep remembering the restrictions which are imposed
on the reciprocity theorem because if you do not follow then the reciprocity theorem you will

use wrongly and that may lead to a serious erroneous result in the circuit.

So, in this lecture we will explain what do you mean by reciprocity theorem. And we will also
take 1 example to make the things clear. Now, let us see what do you mean by reciprocity
theorem the theorem says that if an emf E, emf is nothing but electro motive force E in 1 branch
of reciprocal network produces a current that is I in another branch, then, if the emf is moved
from first to the second branch, it will cause the same current in the first branch where emf has

been replaced by a short circuit.
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* The theorem can be explained with the help of the circuit diagram shown below.

* The network where reciprocity theorem is applied should be linear.
* The circuit should not have any time-varying elements.

So, let us understand this definition with one circuit. Suppose, we have originally a circuit as

shown in this figure, where a voltage source E is present between node a and b and it is causing
a current | to flow in the resistance and along the node a and b. So, when voltage source is
energized, the circuit will be energized, the current will flow in this particular branch. So, we
are saying that suppose this current is 1. So, what reciprocity theorem says that if you replace
or if you exchange the locations of this current and voltage source, E, then the other values are

not going to change in the circuit.

So, what does it mean? It means that we are replacing the value of E. So, how you will replace
you will just switch the locations of both of the, the parameters 1 is E that is voltage source and
second is current flowing in this particular branch. So, if you place the voltage source at current
location, you have to make sure that the polarity of voltage source would be in such a way that
it will give power to the circuit in the same direction as the previous direction of the current

was.

So, that is why if you see here, it between cd the polarity of E is of minus is on the top and plus
is on the bottom. So, this will make sure that the current which is flowing from the source
would be in the same direction as if it was there even the original circuit was energized. Now,
next is that, when you will place the current in that branch where voltage source was connected.
So, what you have to do you have to simply short circuit the nodes a and b because now voltage

source is not available.



So, this would be short circuited and the same current will flow in the branch keeping other
parameters same. So, that means that you can exchange the locations of voltage source and the
current. Now, important thing is that the reciprocity theorem can be applied only when the

circuit is linear and there is no any time wearing element.
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* In other words, the reciprocity theorem can be stated as — when the places of voltage source and

current in any network are ln(er(h;nged the amount or magnitude of voltage and current flowing in the
circuit remains the same. - -
* However, the polarity of the voltage source should be identical with the direction of the branch current
in each position,
* The reciprocity theorem is applicable only to single source networks. «<— |

* ltis therefore, not a theorem applied to solve multi-source networks. )

Now, in other words, you can also say that reciprocity theorem can be interpreted as when the

places of voltage source and current in any network are interchanged the amount of magnitude

of voltage and current flowing in the circuit remains same.

Now, as we discuss that polarity of voltage source should be identical with the direction of
branch current in each position. So, important factor to keep in mind is that the reciprocity
theorem is applicable only to a single source network. So, if there is a network were multiple
sources are connected you cannot utilize the reciprocity theorem over there. So, this is the
limitation which we have to always keep in mind otherwise, we will use reciprocity theorem

wrongly.
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EXAMPLE:

Prove reciprocity theorem for the circuit shown below.
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Wa find the value of equivalent resistance and the source current for the circuit.

To find the resistance. R, = ((2 + 4)||6) + 12 = 150

Now, let us understand this aspect with the help of an example. So, that you are clearer about

the particular theorem. Let us see a particular circuit which is shown in this figure, we have a
voltage source E that is 45 volt giving current as I to the circuit and the 4 resistance as you
will see in the circuit are shown. Now, we have to prove that if you exchange the locations of

| and E the values of current I is not going to change.

So, what we will do will first find out what would be the value of I in this particular
arrangement. So, we will first try to find out the equivalent resistance of the circuit. So, the

equivalent resistance the circuit would be
Reg = ((2+4)||6) + 12 = 150

So, now, we have got 15 ohm as a total equivalent resistance of the circuit. So, you can find

out the value of current I.
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EXAMPLE:

Prove reciprocity theorem for the circuit shown below.

Wa find the value of equivalent resistance and the source current for the circuit.

To find the resistance. R, = ((2 + 4)||6) + 12 = 150

The source current I, is then evaluated as,

By using current division rule,

346
12

= 1.5A

To prove reciprocity theorem we interchange E and | as shown in the next figure.

So, the current I would be

.= — =
$ 15

3A

Now, you can use current division rule, because here the current is being divided into 2 parts.
So, the current flowing in this would be the value of resistances divided by the sum of the

resistances. So, you will see here

3%6
I = = 1.54



Now, to prove the reciprocity theorem, what we will do we will interchange the locations of E

and .
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* Since / Is pointing downwards in the given problem, the positive terminal is placed downward when we

interchange them.

* To find the resistance, R, = (12]|6) + 2 + 4 = 1041 =

So, what would happen in that case, the circuit will be modified as shown in this figure, where

you will see the direction of ease downward. So, the minus sign is on the top, plus sign would
be on the bottom and I current would be flowing in this direction which is same as the direction
of 1 was in the previous figure and the location where the voltage source was connected we
have short circuited and we assume that the current | which is same as it was in the previous

case is flowing in the short circuit leg segment of the circuit.

So, now, we have to prove this value of I again would be 1.5 ampere when the circuit is
modified as per reciprocity theorem. So, now again if you see what would be the value of

equivalent resistance,

Req = (12]16) + 2 + 4 = 100
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.

Since / Is pointing downwards in the given problem, the positive terminal is placed downward when we

interchange them

To find the resistance, R, = (12||6) + 2 + 4 = 1041 -

The source current /, is then evaluated as,

By using current division rule,

Since in both cases / is equal, therefore, reciprocity theorem is proved

EXAMPLE:

Prove reciprocity theorem for the circuit shown below.
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Wa find the value of equivalent resistance and the source current for the circuit.

To find the resistance, R, = ((2 +4)||6) + 12 = 150




Now, in this case what value of I that is source current you have got 45 is the value of voltage
source and the resistance which you have got seen by the source from this site that is equivalent
resistance of the circuit. So, when you calculate the value of source current it will become 4.5
ampere. Now, by current division rule, you can again find out what would be the value of

current | as,

1_4.5*6_15A
1246

So, we can see now, in both of the cases the current I is same. So, that means that we can say
that the reciprocity theorem is justified in this particular circuit. So, the circuit which is
modified and we place the voltage source in such a way that it is the current coming out of the
voltage sources in the same direction and we short circuit the current | these segments where
the voltage source was connected and we found that the value of I is same as it was there in the

previous case. So, this justifies that the reciprocity theorem is applicable in this particular case.
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COMPENSATION THEOREM

*+ Compensation theorem is also one of the important theorems in network analysis, which finds it's
lication mostly in calcul the ivity of electrical circuits.

+ Compensation Theorem: ﬂwcakuhﬁmd:u;tdunpu.inaclmmnn\;yb'wrhdmpy
replacing the added resistance AR by the series combination of a voltage source /(AR) and resistance
AR, while at the same time replacing all sources in a circuit by their equivalent im;dm:.s
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Now, let us talk about another theorem, which is called as a compensation theorem.

Compensation theorem is also 1 of the important theorems in the network analysis, which finds
its application mostly in calculating the sensitivity of the electrical circuit. Sensitivity means,
when you change the value of voltage a little bit, say, AV, how much the current will change

in that particular segment, where you are trying to find out the sensitivity.

So, that will give you the value of sensitivity of that particular circuit element or the particular

segment in which you are trying to find out now, particularly, what does compensation theorem



means, now, the calculation of current change Al in a circuit may be carried out by replacing
the added resistance AR by a series combination of voltage source that is a combination of
original current I * AR and resistance AR while at the same time replacing all sources in the

circuit by their equivalent impedances.

What does it mean? Suppose, you have a network and the 2 terminals of the network are having
the load connected that is the value of load is R,. So, what you can do you can replace the
whole circuit as a Thevenin equivalent that that is what we discuss when we discuss the
Thevenin theorem. So, linear 2 terminal network can be replaced by its Thevenin equivalent.

So, here we have created Thevenin equivalent of the network.

Now, suppose, if there is a change in value of load R; by AR. So, what will happen in that case,
the value of, the updated value of the resistance that is R; + AR will cause a change in the load
current. So, now, earlier it was the load current I, it has become I, . So, I, — I, is nothing but
equal to AI. So, if you want to see the impact of only A1, you can equally represent the circuit
as the new voltage source we see which opposes the direction of the flow of the current and the

value of V.= I(AR) which would be connected in series with R, + AR.

So, now, the value of current flowing Al would be the value of V. which you will see in the
voltage source would be IAR. So, now, you again see the compensation theorem the calculation
of current AI. So, when you will place the arrangement like this, you can easily find out the
value of Al. So, value of A1 would be

_ —V
" Ryn + R, +AR

Al

So, this would be the value you can simply calculate with the help of the updated circuit. So,
by using the compensation theorem you can directly see what would be the impact of Al.
because of the change in resistance AR and this is what the compensation theorem says. So, it
says that calculation of current change A1 in this circuit may be carried out by replacing the
added resistance 4R, that is the added resistance 4R by a series combination of voltage source
IAR.

So, this is a voltage source IAR and resistance AR. So, the resistance will be intact the original
resistance R; . So, R; + AR will be the updated resistance while at the same time replacing all

sources in the circuit by their equally impedances. So, that means, that the original Thevenin



voltage we are replacing with the short circuit, if we have a current source then it will be open
circuited while keeping all resistance value in the circuit. So, equivalent resistance value of the
circuit is Rpp. So, that is kept in the circuit and with this the arrangement you can easily find
out the value of Al which is flowing into the circuit because of the value of the resistance

changes from R, to R, + AR. So, this is what compensation theorem says.
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* In compensation theorem, the source voltage /(AR) opposes the original current.

* In simple words compensation theorem can be stated as — the resistance of any network can be reglaced
by a voltage source, having the same voltage as the voltage drop across the resistance which is replaced.
*  This can be further explained using the below example.

* Letus assume a load R; be connected to a DC source network.

a

b

Now, let us understand and justify our understanding what we have discussed till now, the

compensation theorem will give you the value of voltage source IAR that is nothing but the
value V. which we have seen and the look the orientation would be in such a way that it will

oppose the original current.

So, alternatively we can also say that the resistance of any network can be replaced by a voltage
source having the same voltage as the voltage drop across the resistance which is replaced. So,
if you see the change in resistance is AR voltage drop across 4R is nothing but IAR. So, that is
why it is replaced with the equivalent voltage source V.. So, let us now try to understand and

derive whether the updated circuit which we have just calculated justifies the claim or not.

So, let us assume that the load R; is connected to a dc source network that is, we have a source
here and load R;, is connected to that. So, when we discuss the Thevenin's theorem we discuss
that this particular circuit can be replaced by its equivalent voltage in series with Thevenin
resistance. So, this circuit can be can be replaced by the equivalent circuit as shown in the

figure and the load R;, is connected across the terminal ab.
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* Thevenin's equivalent gives V-, as the Thevenin's voltage and Ry, as the Thevenin's resistance as shown

in the figure.

* Here,

Virn

Ly

* Let the load resistance R; be now changed to R, + AR.
* Since the rest of the circuit remains unchanged, the Thevenin’s equivalent network remains the same as

shown in _the following figure.

Now, if you are calculating the value of I, would be

Vrh

[ =—2
L™ Ry, +R,

So, this is we have got. Ry, is nothing but Thevenin's resistance. Now, let us see, if we change
the value of load resistance from R; to R, + AR, then what will happen. Since the rest of the
circuit remains unchanged, the Thevenin's equivalent network will remain same as shown in

the next slide.
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*  Here,

P Vrn
Y7 Ren + (R, + AR)

* The above circuit can be redrawn by replacing the voltage source with its internal resis@nce as shown in

the next figure.

So, what happens now, the other parameters of the circuits are same. So, there is no change in
the Thevenin equivalent, Thevenin equivalent will remain same, the only change would be the
load resistance that is now R; + AR. Current now, flowing through the updated load resistors

is now I,. So, what will happen, what would be the value of I, now,

Vo

I =
L Ry + (R, + AR)

Now, we apply the compensation theorem and we replace the voltage source with its internal

resistance and put 1 another voltage source that is V..
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* Let the change of current be A/,
* Then Al =1~
= ,

+ Substituting the value of " and 1,in the above equation we get,

Al= Vin __Vin
‘Rr,, + (R, + AR) Rpy + R,

_ Ven(Ryn+Ry, = Ryn+Ry, + AR))
(Ryp+(Ry + AR))(Ryp+R,)




* In compensation theorem, the source voltage /( All)tppposes the original current.

* In simple words compensation theorem can be stated as — the resistance of any network can be replaced
by a voltage source, having the same voltage as the voltage drop across the resistance which is replaced.

* This can be further explained using the below example.

* Let us assume a load R; be connected to a DC source network.

te— a Ry a
Pl — - YV —
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* Here,

1= Vrn
" " Ren+ (R, + AR)

* The above circuit can be redrawn by replacing the voltage source with its internal resistance as shown in

the next figure.

So, now, as per compensation theorem our circuit would be like this, where we are short
circuiting the voltage source which is there in the network in this case it was V. So, we have
short circuited the voltage source Vth. Now, we have connected the voltage source V. the value
of V. = IAR.

So, here the magnitude would be like this, but, since it is in the opposite direction it will become
negative. So, that we will see when we will finally derive the condition. So, now, let us assume
that the value of A1 is the change. So, Al = I} — I, 1] is the value of the updated current when

AR was added and [;, is the original current.

Now, substituting the value of I] and I, in the above equation we get 41.



Vrn Vo

Al = -
Rrn+ (R, + AR)  Rpp + R,

Now, we simplify, so, we just take the product of both the denominator and use the, you place
this at here and this at this particular location and simplify.
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*  Let the change of current be M]
+ Then Al =[' =1
L L &
*  Substituting the value of .{' and [ in the above equation we get,

VT.’! VTH

Al = -
Ry + (Ry + AR) Rpp + Ry

_ Vrn(Bin+Ry, — (Rei+, + AR))
(Ren+(Ry + AR)M(Rrp+RL)

* Here,

;'=V#
Y " Ren+ (Ry + AR)

* The above circuit can be redrawn by replacing the voltage source with its internal resistance as shown in

the next figure.




* The above equation can then be rewritten as,

Vin AR
Al ————  ——— R
Rrn + R, Rpn + R, +AR ™ .a
—— — Al
ot AR .
~ “ Rpp+R,+AR Ri+AR
+ ButV, =—IAR é)v, =]
= RLEIS _—_ et
* Hence, v .
” -V !'; ‘; 7 AL = 'l}(:'
" Ryn+ R, +AR { s ot Rt brof

* Hence, compensation theorem tells that with the changor °,-'v,b_";‘_c,h, resistance, branch currents change
and the change is equivalent to an ideal compensating voltage sourge in series with the branch opposing

the original current, all other sources in the network being replaced by their internal resistances.

_ Vrn __Vm
Ry + (R, + AR) Ry + R,

Al

_ Ven(Rrp + R, — (Rrp, + R, + AR))
(Rrn + (R, + AR))(Rrn, + Ry)

Ve AR
— *
Rrn + R, Rpn + R, + AR

AR
E S
Ropn + R, + AR

=

Now, what you know V. = [, AR.

Hence,

—Ve

Al =
Ryn + R, + AR

So, with this we calculated that what would be the value of A1 when there is a change in value
of AR.

So, this you can see directly from this circuit and this is what we have derived while taking the
value of change of current that is I} —I;. So, this justifies that, when you follow the
compensation theorem, you can directly replace the voltage source, directly placed voltage
source in series with the at the resistance where the change in resistance happened in this case
it was 4R. So, the value of placed to voltage source would be equal to the original current

multiplied by the updated the change in resistance that is AR and at the same time, we have to



keep all the other voltage sources in the network of that means that we will short circuit the

voltage source which are there in the circuit.

So, without going into the derivation, you can simply use the change in the circuit that is the
change in 4R and you can replace directly with the updated voltage source and find out the
change in current because of change in resistance AR. So, what you can say the compensation
theorem can basically summarized as follows that with the change of the branch resistance,
branch current changes and the changes equivalent to an ideal compensating voltage source
that is in series with the branch opposing the original current and all other sources in the

network being replaced by their internal resistance.

So, that means, that the internal resistance of the network is nothing but Ry;,. So, other sources
are replaced by only the internal resistance. So, this you can justify that the compensation
theorem can be directly applied for a linear circuit by replacing updated voltage source in series
with the resistance where the change of A is happening and find out the value directly the

change in the value of current directly with the help of updated circuit.

So, with this we close our today's session. So, in this particular session, we discussed about 2
theorems. So, in the next week, we will start with some new topic on the course that is our

basic electrical circuit. Thank you.



