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So welcome to the second lecture on sinusoid and phasors. So before going into this
particular topic let me give you one good historical event example. Basically, this is
related to a war that happened in late 19" century. So, this war was not where fought
with the weapons but it was a war of words. What were those words? Those words were
AC and DC. So, at that time lot of debates were going on that was around 1890 period,
which is superior whether DC is superior or AC is superior. Eventually AC won. Why?
Because AC was able to transfer the power over longer distances, losses were less, and
it was easier to generate for a higher voltage. So that is why finally in around 1895
people accepted AC as a preferred voltage source. So now let us try to understand why

the AC is important in our circuit analysis and why we want to study AC.
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So let us first understand sinusoid. In this particular lecture will try to understand the
basic concepts which are required to analyze those circuits which are connected with
some time varying sinusoidal voltage or current source. This sinusoidal time varying

excitation means that is excitation given by a sinusoid.

Now the question would be, what is a sinusoid? Sinusoid is a signal that has the form
of sine or cosine functions. Now sinusoidal current is usually referred to as alternating
current. Whenever you say that this is alternating current that means that you are talking
about sinusoidal current that would essentially be either in the form of sine or cosine
function. Such current reverses at every regular time interval. That means it will
alternatively become positive and negative. So, the circuit driven by these sinusoidal

current or the voltage source are called AC circuits.
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Now why are we interested in sinusoids? Firstly, the characteristic is sinusoidal it is
alternatively going positive and negative. Sinusoidal signal is very easy to generate and
transmit and right now almost all across the world the voltage, which is generated is
AC and it is being supplied to various loads that may be residential, industrial or

commercial.

So, since AC is very prominent and it is highly utilized across the globe we need to

understand the AC circuits, which are connected through AC current or voltage source.

Now another important aspect is that using Fourier analysis we can transform any
practical periodic signal into sum of sinusoids, and these sinusoids are very easy to
handle mathematically, because the derivatives, that is, derivative of sin is cos,
derivative of cos is sin. So, it means that the derivative and integral itself would be

sinusoids. Therefore, the sinusoids are very important for our circuit analysis.
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Now let us consider one sinusoid and try to find out what are the various components
of the sinusoids. So how do we represent the sinusoid, we represent sinusoid like v(t) =
V'msin wt. Now t is the time variation, Vm is the amplitude of the signal and then you
have another component sin wt which tells us that this particular signal is varying
alternatively from positive to negative, as shown in the figure. So now if you see there

are two figures given in the slide.

In the first figure the variation of the signal is with respect to wt. Now here what is w?
w Is called as angular frequency, which is measured is radiance per second. Now what
are we doing in this figure? We are trying to find out the amplitude of voltage signal

with respect to angle, because this is wt; that is nothing but angle.

In the second figure what are we trying to do? We are trying to find out the voltage
amplitude with respect to time. So, if you see both of the figures they are going to be
alternatively positive and negative. So here you see the signal is positive and here it is

negative, and again it is repeating after the angle of 2m.

Similarly, if you see the time variation you will see that the signal is repeating again
after the time T. So, what is T? T is called the time period of the sinusoid and after

every time period the sinusoid is repeating itself.



(Refer Slide Time: 07:09)

+ From che prewous fgures & Gm be cbserved tat &7 = 1 Tharelors, T can be expremied s
ATadte’y
¢ The lict that B vl repmas tsell shar [ seconds cn be demorstrated s blows
T AT Vot 11 Vowmadr s Snfu) o Vol 4 3) Vo v ),

-~

. qurhnmmmx:‘I‘-zdanuv.'m:iruumhw
v Aperiode sl G, un, be defned ar 2 fencoon thet satben/ (1) = [(1 4 aT) for 3l 1 and 38

rrageny * : i

So what we can get from these two figures? If you compare both of the figures we see
that the wT = 2m. So, what can we say? We can say wT = 2m and it can be shown that

the time period T = 21/ w.

How can you say that it is repeating after every time period capital T? Let us try to find
out. If the our original signal is v(t), then v(t + T) is,
v(t+T)=Vmsinw(t+T)= Vmsinw(t+ 2n/w)

So now the output is Vm ssin(wt + 2m) , because if you take w inside the first term
become wt and second term become 27. Now what is the value of sin(wt + 2m) ? It

again becomes wt. So finally, what do we get? We get Vm sin wt = v(t).

In this way we can say that if we add T in the function it will eventually become the
original signal. It means the signal is repeating after every time period that is T. So, we
can say that v has the same value at t + T as it does at t, and that is why it is periodic.
So, in general we can say that if any function f(t) = f(t + nT), that is the time period

multiplied by any integer value then the signal is periodic.
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Now as we have seen that T is nothing but time period and using this we can say that
function is periodic function. Now let us try to find out another quantity, which is called
cyclic frequency. In general terms we do not say cyclic frequency, we simply say as
frequency. So, what is frequency f, f is nothing but the value of 1/T, that is time period.
Now if you put this value in the previous equation, which we derived thatis T = 27/ w,
what do we get? We get w = 2rf. So, this is basically the relationship between angular
frequency that is measured in radiance per second and your cyclic frequency that is

measured in hertz.



(Refer Slide Time: 11:06)

* A mone prersl mxpresoon kor D srwsosd 8 pen by | -
i) < ot 4 8)
MC:ﬂ;a.ompmnar\mar-d;s
» T nroduce te s of phase. congider two unusoids gressed 35 v (! =V, sia{ut) and
wdr) =V sinfet + 0) an Bhamited in e figure below

Another generic term in the literature you commonly see is @ which gives v(t) =
Vmsin(wt + @). So we add another term @, which is nothing but the phase of that
particular wave form. What does it mean? If you see the figure and you see the voltage

v2(t), its wave form is not starting from 0, it is starting from somewhere before 0.

So, if you put value of t equal to 0, you will get some value Vm sin(®). It means that
at time t equal to 0 this signal has some value. So that is why it is having some positive

value at time t equal to 0. So this means that it is starting before the 0 value.

So now if you compare with another signal, which is v1(t), then v1(t) is nothing but
our original signal, which we considered previously that is v1(t) is equal to
Vmsin(wt). If we plot both of them, so this will become v1(t) is nothing but VVm sin
omega t, which starts from origin while v2(t) = Vm sin(wt + @), which starts before
origin. So, we can say that the angle @ is giving some leading component to the voltage

v2(t) and that is called our phase angle.
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So what we can observe v2(t) is leading v1(t) by angle @ or we can say v1(t) lags
v2(t) by @. Now if angle @ is not equal to 0 that means voltage v1 and v2 are out of
phase or if we make @ is equal to O then voltage v1 and voltage v2 both wave form will
coincide and they will reach at their maxima and minima at the same time. So, this
phase difference will define that how two waveforms are out of phase with each other.
Now sinusoid can be represented either in sin or cosine form and it can be transformed

from one form to another form using trigonometric identities.
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So before going into the details let’s see few of the trigonometric identities, which you
will keep on using while you work on sinusoids as well as phasor. So let us the first
one, what is first one? First one is sin A plus B. So we will consider sin(4 + B). You
have sin(A + B) = sin A cosB + cosA sin B. Now instead of sin(4 + B) if you are
asked to find sin(A — B), what do you have to do? You have to replace plus with

minus. That is sin(A — B) = sinA cosB — cosA sin B.

Now for cos(A + B), you have cos A cosB — sinA sin B. So opposite to that if you

are asked to find out the value of cos(4 — B), you have cos A cosB + sinA sin B.

Now using these you can find out few values, which are important in our sinusoid as
well as phasor calculation. What are these values? One is sin omega t plus 180 degree.
What is the value of sin(wt + 180), which is equal to — sin wt. Similarly, if you are
asked to find out the value of sin(wt — 180), still the output will remain same; that is

— sin wt.

Now, what is cos(wt + 180)? That is again minus of — cos wt. So here also if you are

asked to find out cos(wt — 180) again the output will remain same, i.e., — cos wt.

Similarly, if you are asked to find out the value of sin(wt + 90) what would be the

output? It would be cos wt. Now instead of plus if we say that find out the value of



sin(wt — 90), now this will become minus of — cos wt, right. So, if it is minus then

your output will be —cos wt.

Now for cos(wt + 90) this will become —sinwt. Similarly, cos(wt —90) will
become sin wt. So, what you can do, you can verify these values by putting values in

this particular original formula.

So, what you can do, you can put wt, you can replace A with wt and B with 180 degree
or 90 degree, whatever the case would be and you will find out these expressions. And
these are very important because you will keep on using them when you try to find out
the value of sinusoids, like if you want to change sinusoids from sin to cosine or if you

want to find out value of phasor, which we will discuss in next few slides.
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Now let us take few examples so that you can better understand the concept of sinusoid.
Let us take the example of one sinusoid that is v(t) = 12 cos(50t + 10°). Now you
can easily compare this with Vmcos(wt + @). So, when you compare the two
expressions you will come to know that Vm is nothing but 12 volts, because V is
measured in volts, then what is the phase angle, phase angle would be 10 degree
positive. Now angular frequency that is w, you will get 50 radians per second. So, time
period would be 2m/w, that will become 0.1257 second and frequency will be opposite

to the time period that is you will get 7.958 hertz.
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Now if you are asked to calculate the phase angle between two voltage signals that is
v; = —10 cos(50t + 50) and v, = 12sin(50t — 10). Now in order to compare these
two both them either have to be sin or cosine. So, what we are doing, we are trying to
find out the phase angle by converting sin into cosine. And we have to convert the
minus sign into the positive sign with the help of some trigonometric operations we just

saw in the previous slide.

So, we can say, v; = —10 cos(50t + 50) can be converted as 10 cos(50t + 50 —
180) because cos(wt — 180) will become — cos wt as well as cos(wt + 180) will

also become — cos wt. So, in this case there are two possible options.

One is v, is equal to 10 cos(50t + 50 — 180), as well as 10 cos(50t + 50 + 180),
because whether it is plus or minus your output would be minus of cos of that angle.
So, we are taking both of the cases and we will justify that in both of the cases we will
get the same output.

Now v, is 12 sin(50t — 10) that means 12 cos(50t — 10 — 90), that we are trying to
find out the value of sin wt in terms of cos so what we can say sin wt is nothing but

cos(wt — 90), right. This is what we saw in the previous slide. Now if you use this



value this particular expression will become 12 cos(50t — 10 — 90). So, in this way

you are converting the second voltage signal from sin to cosine.
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So v; we got, is 10 cos(50t — 130) because the value was +50-180, so it will finally
become -130. It can also be +230. So, these are the two signals, which we have
computed. Now v, you can simply write 12 cos(50t — 100) because that is -10-90, so
it will become -100. You can change this value as -130 + 30. So that you can easily

compare both of them.

Similarly, you can also write 50t -100 as 50t-100+360, 360 degree is nothing but 2,
being a periodic signal, you will eventually get the same signal. So, we are taking that
particular establishment into the consideration and we are adding 360 degree and finally
we get 12 cos(50t + 260).

So now if you compare these two you will come to know that v, leads v, by 30. So,
angle of v, minus angle of v; will be 30 degree. Similarly, for these two cases if you
compare both of them again you will come to know the angle of v, minus v, is equal
to 30 degree. So whether it was plus 180 degree or minus 180 degree in case of v; we

found the same answers.



Similar exercise can be done with the help of converting cos into sin and them

comparing with the voltage v,, so that is something, which you can do it as an exercise.
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Now let us come to another concept called phasor, because sinusoids are easily
expressed in terms of phasor, which are more convenient to work with than the sin and
cosine functions. So how will we define phasor? Phasor is a complex number that
represents the amplitude and phase of sinusoid. So, if you are asked to define the

complex number what you will write? You will write complex number z = x + jy.

So, j is the operator, which have the value v —1, which says that when it is attached to
one particular value then this particular value will become imaginary. So, this is

basically the rectangular form of the complex number z.

The same z can also be expressed in polar coordinates or in exponential form, that is, z
can be simply expressed as r~@ that is nothing but re/%. Now what is e/ that is called

Euler formulation, e/ = (cos @ + j sin @).

This Euler formula is very important for phasor definition, so we will use it most
frequently in our various phasor calculations. Hence, z = 20 = re/® = r(cos @ +

jsin@). So, if you decompose it will again will become x + jy where X is nothing but



r cos @ and y is nothing but r sin @. So in this form r is considered to be the magnitude

of z and @ is the phase of the complex number z.
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Now e/® = (cos @ + j sin @), cos @ can be represented as real terms of e/? and sin @
can be represented as imaginary term of e/?. So, each representation is normally chosen
according to the ease of use, that is either you will use the rectangular form of the
complex number or the polar form that is exponential form of the complex number

representation.

Now, if you want to add or subtract the two complex numbers it is better to go with
rectangular form or if you want to do the multiplication and division it’s better to go in
the polar form. So, it is possible to convert the phasor from one form to other form. If
you are given the rectangular form, that is, x + jy, thenr = m and phase angle
of the complex number would be @ = tan™!y/x. Similarly, if you want to convert

polar into rectangular then x = rcos@,y = rsin®
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Now how you will represent sinusoid in the phasor form, because this is very important
task in circuit analysis. cos @ is nothing but real of /%, sin @ is equal to the imaginary
of e/?, so we will use them for a given sinusoid that is v(t) = Vm cos(wt + @) and

convert them into phasor form.

So, what will happen if you write v(t) = Vm cos(wt + @), you know that cos @ is
equal to the real of e/?. We can write the same expression as Re (},e/(“t+®). So, this

will become Re(1;,e/%e/%t).

So, we write this expression as Re(Ve/®t). what is capital V? V is nothing but V,,e/® =
V2. So that is nothing but the phasor representation of the sinusoid. So, in short form
we write as V,,2@, so in this way V which you see in the slide is the phasor

representation of sinusoid.

What you can say phasor is a complex representation of your magnitude and phase of
a sinusoid. So important thing to see here is that although e/“* is an important term but
we do not explicitly mention it because in phasor notation we always see this particular

term as a time varying component, so we drop this particular component for simplicity



but while you do the phasor notation you should always keep in mind that this term will

always be present and the frequency of phasor will be w.

(Refer Slide Time: 30:08)

. EuuMM»xM-ﬁ!—uMnm\&_;;t

. Mmhhiﬁmh}fahnﬁﬁg}ww

. M-unhmuw.-.mwm-u-umwam-u
o By aappreing the thne fackoe; v Wrinalorm the soueokd rom the Hene dommain 10 éht phusor dosain
o Thie vandlormanion & samemarted 2x

Now the to get the phasor corresponding to sinusoid, we first express the sinusoid in
the cosine form. So, this is also very important point because whenever you want to
present sinusoid in phasor terms it has to be first converted into cosine form. Why
cosine form? Because this is the real part of the Euler expression. This will ensure that
sinusoid can be written as a real part of the complex number when time factor is

removed whatever is left is the phasor corresponding to that sinusoid.

So, in short what we can say that the signal V,,, cos(wt + @) which is written in time
domain can be converted into phasor domain with taking V,, and angle @. So simply

you can see V = 1},,£@ to convert sinusoid into phasor domain.
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Now if you represent graphically, then if you take two phasors like, V = V,,,2@ and I =
I, — 6, s0 how you will represent graphically, you will take real axis, imaginary axis,
you plot ¥, V has angle @ with respect to real axis and current I is —8 with respect to

real axis. So here the voltage V phasor is leading while the current I is lagging.

Now if you see with respect to time both would be rotating with respect to the stationary
plane, that is the real and imaginary axis plane, because we dropped e/t term but
eventually the both of the phasor would be rotating in the frame and having the constant
angular frequency. They are always constant with respect to each other but rotating in

a absolute term.

So, for simplicity we do not represent omega for the phasor because that is seems to be

understood and we simply represent voltage and current as a phasor.
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Now if you compare for both of the domains like time domain and phasor domain,
Vm cos(wt + @) can be written as Vm«@. Vm sin(wt + @) Vm«(® — 90°), why 90
degree is coming, because this is in sin terms so you have to convert them into cosine

term and then you will get Vmz(@ — 90°).

Similarly, Im cos(wt + 8) would be Im~6 while Im sin(wt + 8) would be Im2(6 —
90°) because sin you need to convert into cosine and before converting into phasor

domain.
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Now before closing let’s take a couple of examples, if you are asked to transform the
sinusoid i = 6 cos(50t — 10°) to a phasor, what you will do? You will simply compare
it with the standard sinusoid then you will come to know that in phasor term you have
to just represent as the amplitude and the phase angle. So, what will happen in this case,
amplitude is 6, phase angle is minus 10 degree, so we will write 62 — 10 ampere as a

phasor representation of the given sinusoid.
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Now if you are asked to find out the phasor value of —4 sin(30t + 40°), first what you
have to do, you have to convert it into a standard cosine in term. So that is
Vm cos(wt + @). Now using trigonometric identity, you know that — sin @ = cos(@ +
90°), you will use this formula here and you will convert this into cosine terms and
then it will become 4 cos(30t + 40° + 90°). So now that you will write in phasor

terms, the phasor terms the value of this sinusoid is 42130 degree volt.

(Refer Slide Time: 35:08)

EXAMPLE

-

raniorm & phasor | = <3 + 1A 10 2 srsced’

The sbowe phanor it epremed i rectngulie Srm ind reods 10 be Comwerted 05 polr
form 59 tanslorm & 20 3 srveced

T comttoporloml, =TT s ¥ =5 6=t == 120007

Trwslormeng the 300w phator o tme domain, we pet.

+ 1I4577A

Now if you are asked to transform a phasor into a sinusoid what you will do, you have
to first see what is the (rectangular) since this is given in rectangular form you can

simply convert it into Euler form or polar form. So, what will happen the magnitude I,,,
that will become /x2 + y2. So, X, y these two terms are given, so I,,, will become 5,
then angle theta is nothing but y/x. So, this will become tan‘lg that comes out to be

126.87°.

Therefore, you can simply write in phasor form, current I = 52126.87°. Now it is very
easy to transfer the phasor into a sinusoid. You have to just simply put this value in
place of amplitude and this as a phase angle. So finally, what will become i =
5cos(wt + 126.87°)A.

So, with this we close our today’s session. Thank you very much.



