what is duality.

Basic Electric Circuits
Professor Ankush Sharma
Department of Electrical Engineering
Indian Institute of Technology, Kanpur
Module 3: Network Theorem 1

Lecture 03: Duality

Namaskar, so in today’s lecture we will discuss about another concept called duality. Duality
is applicable for various engineering application but in this particular course we will

particularly discuss about duality in relationship with the electrical circuits, so let us understand
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+ The concept of duality applies to many engineering concepts. . ‘V'., )\}'
* In this section, we shall define duality In terms of the circult equations, b A T faad
* Two circuits are "duals” If the mesh equations that characterize one of them have the same mathematical
fwm?sid\e nodal equations that characterize the other.
*+ They are said to be exact duals If each mesh equation of one circult s numerically td_epslgvl_wlth the

corresponding nodal equation of the other:

* Duality refers to any of the properties exhibited by dual circuits.

So, when two circuits are dual that means the mesh equation that characterize one of them have
the same mathematical form as the nodal equation characterize the other one, what does that
mean? It means that if you write the mesh equation for one circuit and write the nodal equation

for another circuit, the mathematical form of both of the equations would be same. If you

recollect, what is the current across the capacitance?
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Similarly, what is the voltage across an inductor?
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So if you see these two equations both looks similar in mathematical terms because both have
one term before the derivative that is d by dt of v and d by dt of current i, so from mathematical
point of view this two are having the same mathematical form. That is why these are dual so
what happens in that case, you can say that current through the capacitor would be dual of
voltage across inductor, capacitance would be dual of inductance and similarly voltage across
capacitor would be dual of current flowing through the inductance, so in this way you can say

that the various elements and the various electrical variables of the circuit are dual.

Now these are exact dual, each mesh equation of one circuit is numerically identical with the
corresponding nodal equation of the other, in that case we can say that both of the circuits are
exactly dual, so what does duality means, duality refers to any of the properties exhibited by

the dual circuit.
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*  Let us use the definition to construct an exact dual circuit by writing the two mesh equations for the
' B

circuit shown below.
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Now let us understand this concept with respect to one case study, so let us see one circuit
which is shown in the figure, what we can do we can write first two mesh equations, so recollect
of what we discussed in case of mesh analysis although we did it for mainly the DC circuit but
same is applicable for the circuit where the source is not DC, in this case it is sinusoidal but the
principle will be the same as in case of DC as well as AC, so what we will do in this case if
you take two circuits and we define mesh current like i; and i, in his case we can write the
mesh equation, how we can write?
4di, 4di
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Now in this particular mesh what we have assumed that there is initial voltage across this
capacitor which is given as v, and the value of v, = 10 volt, so how you will write the mesh

equation, you will write the mesh equation for this second mesh as
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* We may now construct the two equations that describe the exact dual of our circuit.
*  We wish these to be nodal equations, and thus begin by replacing the mesh currents with nodal voltages.

*  We obtain

Adv, 4dy,
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* Let us use the definition to construct an exact dual circuit by writing the two mesh equations for the
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circuit shown below.
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Now what we have to do, we have to construct two equations that describe the exact dual of
our circuit. So, since the pervious equation were mesh equations so dual of mesh equations are
nothing but node equation, so what we have to do now we have to write the nodal equations,

so what we can do, we can just replace the mesh current with the nodal voltage and we can



write it, so in this case i, is the mesh current, so we can simply replace i; with v; and i, with

v, and we can write the exact dual of these two equations.
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So now we have got the two equations for nodes, now if you see these two nodal equations you

can easily verify that there are essentially two nodes.



(Refer Slide Time: 08:55)

Next we need to determine the circult represented by the above nodal equations -

« Let us first draw a line to represent the reference node, and then we may establish two nodes at which
the positive rj:lcqucs for vlr and v2 are located.
* Equation (3) Indicates that a current source of 2 cos 6t A is connected between node 1 and the

reference node, oriented to provide a current entering node 1.

+ This equation also shows thata 3 S ¢ ¢ appears b node 1 and the reference node.

= From Eq. (4), we first consider the non mutual terms, Le., those terms which do not appear in Eq. (3)

* This shows thatan 8 H Inductor and a 5 S conductance are connected between node 2 and reference.

* We may now construct the two equations that describe the exact dual of our circuit.

* We wish these to be nodal equations. and thus begin by replacing the mesh currents with nodal voltages.
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So, what do we do? We will first analyze these two equations and try to find out what does it
mean, so when we see this two equations we come to know that there are two nodes, so what
we will do first we will draw a line to represent the reference node because the reference node
is anyway required and then we establish two nodes at which the positive reference for v; and

v, are located.

So what we are doing, we are creating one reference node that is anyway required and then
since we are using i,, i, the dual of them would be v; and v,. Now the current source of
2 cos 6t ampere is connected between node 1 and reference node because this is nodal equation

and this representing the current value which is anyway representing for only for node 1 it



means that this current source is connected with the reference node and the nodel, so what we
can write we can create one current source with equal value because voltage is 2 cos 6t, current
will also be having the same magnitude that is 2 cos 6t but in this case this is now current

source and this will be connected between node 1 and the reference node.

Now how will define the orientation, if you see the voltage this voltage is giving the positive
current that is the current in the same direction which we have assumed i, if this is the case
then corresponding dual current source would be nothing but the giving current to the node, so
it means that the current source having direction going inside the node v;. In this way we will
say the current would be entering node 1. Now if you see the equation it has another component
3v,, what is 3, 3 is nothing but conductance because this represents the current value in node
equation so this will become current and 3 would be conductance, so 3 Siemens conductance
would appear between node 1 and the reference node because in this case it is connected only
in mesh 1, so 3 S conductance would essentially be connected with reference and node 1 only.

Now let us come to the next equation. Let us concentrate on those terms which are not common
to both of the nodes, so this two are nothing but the value of currents and these are nothing but
8 henry inductor and 5 Siemens conductance which is connected to only node 2, why it is now
the inductor because if you see the voltage across inductor it is L di by dt, so i would be nothing
but 1 upon L integral v, dt, since this is the voltage term so if you compare both of them the
value of inductance would be 8 and v, is nothing but voltage at node 2 so this will now become
the inductance and this will be again the conductance as we saw in the equation 3, so this two
are only connected to node 2 so this would be coming in parallel, 5 Siemens conductance and
8 henry inductance. So we got 1, 2, 3 and 4 elements of the circuit.
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* The two similar terms, left In equations (3) and (4), represent a 4 F capacitor present mutually at nodes
1and 2.

* The circuit s completed by connecting this capacitor between the two nodes.

* The constant term on the right side of equation (4) s the value of the Inductor current at ¢ 0: In
other words, [, (0) 105 =

* The dual circuit is then as shown In the figure below.
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*  We may now construct the two equations that describe the exact dual of our circuit.
*  We wish these to be nodal equations, and thus begin by replacing the mesh currents with nodal voltages.

*  We obtain >
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Next we need to determine the circuit represented by the above nodal equations -
*  Let us first draw a line to represent the reference node, and then we may establish two nodes at which

the positive references for v1 and v2 are located.

Equation (3) Indicates that a current source of 2 cos 6t A Is connected between node 1 and the
reference node, oriented to provide a current entering node 1.

+ This equation also shows thata 3 S ¢

e appears b node 1 and the reference node.
* From Eq. (4), we first consider the non mutual terms, Le., those terms which do not appear in Eq. (3)

* This shows thatan 8 H inductor and a 5 S conductance are connected between node 2 and reference.
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So, now coming to the element which is common in both equations and what it will represent,
it will represent 4 farad capacitor, how? If you see this, this is nothing but the value of the
current which is connecting two nodes, so if this is the value of current it signifies what, if you
correlate with capacitor current i, is nothing but C dv by dt, so if you compare this two this
will be something called i1 this will be i2 and i1 minus i2 means the values which are connected
between two nodes, so finally what we got is the capacitor which is connected between voltage

vl and v2.

So we connect the capacitor also now, having value of 4 farad, finally what is left, we left with
the equation 4 value that is inductor current at t is equal to 0, because here if you see the value
of minus 10 is coming and since this is the equation for node and this is representing the current
value so what is left is that we will say that the dual of that is the capacitor was the voltage
across the capacitor was minus 10 volt, so in case of dual this would be current through the
inductor, so we will assume that this is again the initial case because for capacitor also we
assume that voltage across the capacitor is at initial time t is equal to 0, so here also you can
say that the value is inductor current at t is equal to 0 and value is 10 ampere, so we will
represent the initial current i; at time t is equal to 0, now how you will, find out the orientation,
again if you see this circuit voltage v is opposite of the mesh current direction i2 so that means
now in this case the current would not go inside the non-reference node v2 but it will come out

of the non-reference node v2, so that is why the direction of current —i; is in this direction.

Now this is the circuit we came out while analyzing the mesh and nodal equations, so this
sometimes is very difficult when you have more nodes and more meshes, then what you can
do.
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* Dual circuits may be obtained more readily than by this method, for that the equations also need not to
be written.

* In order to construct the dual of a given circuit, we think of the circuit in terms of its mesh equations.

*  With each mesh, we must assoclate a non reference node and, additionally. a reference node.

* On a diagram of the given circuit we therefore place a node lntMcer;u.-r of each mesh and supply the
reference node as a line near the diagram or a loop enclosing the diagram.

+ Each element that appears jointly in two meshes Is a mutual element. It must be replaced by an element

that supplies the dual term in the two corresponding nodal equations. This dual el is connected

- —o—g§ -

directly between the two non reference nodes.

You can use one analogy which we will discuss that you can obtain this particular circuits more
readily by writing the equation and you need not to write the equation why because you will
construct the dual circuit by inspection, how will do that, now with each mesh we must
associate one non reference node and additionally a reference node, so what will happen in this
case there are two meshes which are there in this circuit, so for each mesh let us assume there
is one node in both of the meshes and there is one difference node also, so let say the voltage
isvland v2.

So, by inspection also you can say that there would be two non-reference nodes because there
are two meshes being constructed plus you need to additionally have one reference node, now
on the diagram we place node at the center of each mesh and supply the reference node as a
line near the diagram or the loop enclosing the diagram, so you can say like simple node or you
can create a line for nodes, because it is easier for you to connect so you can represent reference
in any form like long line having nodes at each note having same potential, now each element
that appears jointly in two meshes each a mutual element, so it must be replaced by an element

that supplies the dual term in the two corresponding nodal equation.

So, what will happen here this is the element which is connected between two meshes, so the
dual of this would be what? The dual of this is the capacitance so what you can write here you
can say that dual of this is capacitor so since it is connected between two mesh in the nodal
case it will be connected between two nodes, so you can simply add these two nodes through

one capacitor.
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+ The nature of the dual element itself is easily determined.

+ The mathematical form of the eq will be the same only If inductance is replaced by ¢

ance by Inductance, conductance by resistance. and resisance by conductas

* Thus, the 4 H inductor which is common to meshes | and 2 in the circuit of the figure appears asa 4 F

cap - d directly b nodes | and 2 in the dual circuit.

Now what next? The mathematical form of the equation will be same only if the inductance is
replaced by the capacitance, capacitance by inductance, conductance by resistance, resistance
by conductance, it means that this are the duals of each other, so what you will do this you have
already identified that this will be the capacitance so you will make a capacitor, now the 3 ohm
resistance 8 farad capacitor and 5 ohm resistance are only in their respective meshes, it means
that in dual term they will represent only respective they will be connected only with respect
to their nodes.

So, what will happen you can just connect resistance to the reference node and this value would
be this will not be resistance this would be conductance having value of 5 moh or 5 Siemens,
similarly for this capacitor what you can say, you can say that the dual of this capacitance is
inductance, value would be 8 henry and it will be connected between the reference node and
the non-reference node v2, similarly for this resistance what you can say, you can say the dual

of this is a conductance having a vale 3 moh.

Now finally what is left, the left value is the voltage source, so in this case it will be nothing
but the current source now what would be the direction because direction of voltage is in such
a way that it is giving positive current so the current will also be in such a way that it is going
inside the node, so the direction would be like this.
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* lts exact dual Is constructed on the circuit diagram Itself by merely drawing the dual of each given

element between the two nodes that are Inside the two meshes and are to the given el

* A reference node that surrounds the given circuit may be helpful.

-
<
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< 0

So in this way you can simply represent the values of the equivalent, dual network, so what we
have discuss you can simply see from here that this are the values which we have seen and now

this are connected to the reference node.
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* Elements that appear only in one mesh must have duals that appear between the corresponding node

and the reference node.

* The voltage source 2 cos 6t V appears only in mesh 1, In figure, and its dual Is a current source 2 cos 6t
A.Therefore, it Is connected only to node 1 and the reference node.

* As voltage source is clockwise-sensed, the current source must be into-the-non reference-node-sensed.

*  Finally, provision must be made for the dual of the initial voltage present across the 8 F capacitor in the

§F

given circult. in

So now let us summarize what we have done the elements that appear only in one mesh must

have dual that appear between the corresponding node and reference node only.

Now voltage 2 cos 6t we appear only in mesh 1 so it’s dual would be current source and the
value would be 2 cos 6t therefore it is connected only to node 1 and the reference node. Now
the clockwise voltage source which we have seen that means the voltage is giving the current

which is flowing in a clockwise, so the dual would be current should be going inside the non-



reference node and provision must be made for the dual of the initial voltage present across 8
farad capacitor, so in this case what will happen the 8 farad capacitor voltage would be

represented as 10 ampere current through the inductor which is the dual of the capacitor,
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+ From duality principle, the dual of initial voltage across capacitor is an initial current through the inductor

in the dual circult.

* The numerical values are same, and correct sign of the Initial current may be determined most readily by
considering the Initial voltage in the given circuit and the initial current In the dual circuit as sources,

*  Thus, if v Is treated as a source, it would appear as —v, on the right side of the mesh equation.

* In the dual circuit, treating the current {; as a source inl/gne ~{;_on the right side of the nodal equation.

* Since each has the same sign when treated as a source, then, if v.(0) = 10V, {; (0) must be 10A.

3N 8F

* Its exact dual is constructed on the circuit diagram Itself by merely drawing the dual of each given

element between the two nodes that are Inside the two meshes and are to the given el

* A reference node that surrounds the given circuit may be helpful.

So initial voltage across the capacitor is an initial current through inductor in the dual circuit.
Now what would be the value, here the value is —v, because it is opposite to the direction of
the current, so the current would be —i;, or alternatively you can say current of 10 ampere but
it is coming it is coming out of non-reference node, so in this way the direction of the current
would be this, because this would be against what we have taken the assumption in the case of
mesh analysis because voltage across capacitor is opposing the flow of mesh current so that is

why the dual value of the dual current value would be the direction of that dual current through



that inductor would be coming out of the node, so this way by analogy also you can simply

represent the dual of the particular circuit.
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* An additional example of the construction of a dual circuit Is shown in the figure below.

* Since no particular element values are specified, these two circults are duals, but not necessarily exact
duals.

* The original circult may be recovered from the dual by placing a node in the center of each of the five

meshes of the figure on the right an% proceeding as before.
v

Now let us take one example so that you can further understand what we discus till now, let us
say that we have a circuit given in the figure where we have resistance, inductance are
connected in series and we have one capacitance, one resistance and one capacitance here
between this two nodes, so what are various mesh currents? So you say that there are 3 meshes
that is i1 may be i2 and i3, so rather than writing the mesh equation and correspondingly finding
out the nodal equation what we will simply do we will simply use the analogy, we will say

what is the dual of which particular circuit element and then we will draw the dual circuit.

So in this case for this inductor the dual is capacitor so we have first what we will do, we will
first identify the nodes, so there would be 3 nodes because there are 3 meshes and plus 1
reference node between this current mesh current il is flowing in the inductance in this
direction while current i2 is flowing from the upper mesh in this direction, so it means that
these are the current flowing through this inductor would be i1 minus i2 so that means that in
nodal term when you replace this inductor with capacitor the capacitor should be connected

between node v1 and v2.

So, in this way we have connected node the capacitor between node v1 and v2, similarly for
this resistance also the current is i1 minus i2 that means that this resistance the dual of this
resistance that is conductance would also be connected between node 1 and node 2, so we have
connected this conductance in parallel with capacitance in this particular node. Now if you see

this two inductors and resistors both are connected between node 2 and node3, why? Because



we are assuming current i3 in this direction while current i2 would be in this direction, so this
will show that the inductor dual that is capacitor again would be connected between node 2 and

node3.

Similarly, for resistance dual that is conductance will also be connected between node 2 and
node 3, now next what we have left with is the capacitance value that is between this side to
this side of the circuit, which current is flowing here? If you see this is having only current i2,
no any current is flowing it means that the dual of capacitance that is inductance would be
connected between node 2 and reference node only, so that is why this is connected between

node 2 and reference node.

So we have covered all the elements of this segment, finally we are left with this resistance
where only node the mesh current i3 is flowing, so it means that this would be connected the
dual of this would be connected between node 3 and reference only, so the conductance of this
dual would be connected between node 3 and reference node, now we have left with the voltage
source, so voltage source is giving the positive current to this mesh so that means that the dual

of this would be a current source which would be coming inside the node.

So that is why the dual of this is represented as current source with current in this direction
because if it is giving current in a clockwise direction to the mesh that means that the
corresponding dual current source will have current flowing inside the node so using the circuit
and corresponding the dual so each and individual element we can draw the dual circuit, now
rearrange the what circuit would look like as shown in this figure, where you will see that
capacitance and conductance these two are in parallel source, so you have this is v1, this is v2
this is v3 that means nodel, node2 and node3 the capacitance and conductance are connected

in parallel between v1 and v2, so this is represented in this way.

Now between v2 and v3 again you have one capacitance and one conductance so you have
represented in this way, now the element which is inductance is connected between node 2 and
reference, so you have got this conductance and then you have another inductor which is
connected between v1 and v3, so this is the inductance which you have got which is between
node 1 and node 3 and finally between node 3 and reference you have one conductance and the
current source which is connected between reference and node 1, so this circuit you can
rearrange and represent it nicely so that you do not have ambiguity in representing the dual
circuit, so basically what happen that this circuit has become the dual of the circuit so the



important thing you need to figure out from this circuit is that most of the circuit elements

which are in series are now converted into parallel.
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* A list of various dual pairs are tabulated in the below table.

* Power is not Included in the table as it has no dual.

Resistance R Conductance G _
Inductance L Capacitance C__
Voltage v Current §
Voltage source Current source
Node Mesh_

Series path Parallel path
()p;"n cireuit Short circuit
KVL KCL

So what we can say what are the various dual parameters resistance are would be converted
into conductance, inductance L would be converted into capacitance, voltage V would be
converted into current I, voltage source would be current source in source of its dual circuit,
node would be the mesh in the dual circuit, series path would be parallel path which we have
just discussed, open circuit would become short circuit, K\VL would be KCL in case of its dual
so this is what we started initially with we started with mesh equations those are nothing but
KVL and then we created dual with the help of KCL that this are nothing but the node equations
and the accordingly we found the dual of the circuit. So now with this discussion on the dual
circuit let us close the session of today’s lecture, so in this lecture we discuss about what is the
dual circuit, what is duality, in the next lecture we will start with various network theorems like

Thevenin’s theorem, Norton’s theorem and so on, thank you.



