Lec 32: Temporal Coupled Mode Theory: Fundamentals and Applications

Hello students, welcome to lecture 32 of the online course on Photonic Crystals
Fundamentals and Applications. Today's lecture will be on temporal couple mode theory.
We will discuss the fundamentals and some analysis. So here is the lecture outline. We will
have a brief introduction to the topic. We will discuss about the basics of temporal couple
mode theory.

Lecture Outline

= |ntroduction

*= Basics of Temporal Coupled Mode theory
= The filter transmission

= A 'Waveguide Bend

= Summary
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Then we'll take the example of a filter transmission, a waveguide band, and then
summarize our findings. So first, an overview of this topic. So why this coupled mode theory
is interesting, and then how this theory works.



Introduction
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So here we'll be discussing the concept of coupled mode theories, which are basically
essential for analyzing complex photonic systems including devices such as narrowband
filters, web guides. So as you can see, these are basically the passive devices which are very
important in any photonic integrated circuits. We will also draw parallels between the
couple mode theories in photonics and also the time dependent perturbation theory in
quantum mechanics. So, when you discuss the fundamentals of temporal couple mode
theory, in short we will be calling it as TCMT. There we will first make an abstract
formulation.

Overview

*  Introduction to Coupled-Mode Theories

Owerview: Discuss the concept of coupled-mode theories, which are essential for analyzing complex photonic systems,
including devices like narrowband filters, waveguidesetc.

Analogous Concepts: Draw parallels between coupled-mode theories In photonics and time-dependent perturbation theary
in quantum mechanics.

* Fundamentals of Temporal Coupled-Mode Theory (TCMT)

Abstract Formulation: Unlike other methads, temporal coupled-mode theary uses an abstract Tormulation rather than a
concrete physical model,

Expansion In Eigenmodes: TCMT often involvesan expansion in the exactly computed elgenmodes of idealined systems
[such as isolated waveguides and cavities).
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So here, unlike other methods, temporal couple mode theory will be using an abstract
formulation rather than a concrete physical model. So it will involve expansion in exactly
computed eigenmodes of idealized systems such as isolated waveguides and cavities. So
basically it will work on abstract models rather than the actual physical system. So the
concept of expansion of eigenmodes as used in temporal couple mode theory is a
fundamental approach that helps in understanding and predicting the behavior of complex
photonic systems. We'll also look into the mathematical expansion.

Overview

= Mathematical Expansion: In the context of TCMT, "expansionin eigenmodes” refers to expressing the electromagnetic
fields within the photonic system as a sum of the system’s eigenmodes. This is mathematically represented as:

E(r.t) = Z g (E)E, (r)

L]
where, E(r, t} is the electric field at positionr and time ¢, E,,(r) are the eigenmode field distributions, and a,(t)
are the time-dependent coefficients.

= Role of Eigenmodes: Each elgenmade acts as a building bleck. By knowing the elgenmodes, you can predict how the
system will behave when those modes are excited.

This is crucial for designing devices that rely on specific optical properties, like transmission peaks or minimal loss.

= Perturbation and Coupling: TCMT specifically locks at how these eigenmodes couple or interact due to such perturbations.

This coupling alters the coefficients a, (t ), which in turn affects the overall field distribution and the behavior of the
system,
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So here in the context of temporal couple mode theory, the expansion in eigenmodes will
refer to expressing the eigenmodes that is like the electromagnetic fields within a particular
photonic system as a sum of the system's eigenmodes. So if you want to present it
mathematically, this is how it will look like. you can write E (r, t) okay so electric field is
basically function of both position and time and you can write it as )., a,(t)E,(r). So here
okay as you can see this is the electric field e and t are basically the eigen mode field
distribution and a and t are basically the time dependent coefficients and here you can see
it is basically sum of different eigenmodes. So this is how basically you are expressing the
electric field at any position r and t as an expansion of the system eigenmodes. So what is
the role of the eigenmodes here? Each eigenmode basically acts as a building block.

So by knowing the eigenmodes, you can predict how the system will behave when those
modes will get excited. So this is also crucial for designing devices that rely on specific
optical properties, something like transmission peaks or minimal losses. The third
important point would be like perturbation and coupling. So, in real world applications, the
idealized eigenmodes are perturbed due to their interaction with other components or due



to features like bands, splits or some material inconsistencies that you will see in your
design. So temporal couple mode theory specifically looks at how these eigenmodes would
couple or interact in the presence of this kind of perturbations and the coupling will alter
this coefficients a and t which in turn will basically affect the overall field distribution and
hence the behavior of the system will also change.

So all these things you can analyze using the temporal couple mode theory. Now the
question is what are the practical applications as you have seen that this is basically an
abstract model other than actual direct modeling. So first thing is that you know we have to
understand how TCMT provides numerical results for specific geometrical configurations
ok. How it can take care of those geometry specific information and give you some useful
result and how it can help you in analyzing devices ok. That is where the application of
TCMT will come into picture while you are discussing broad range of devices.

Overview

*  Practical Application of TCMT
MNumerical Results: Highlight how TOMT provides numerical results for specific geometrical configurations of photonic systems,
Analyzing Devices: Discuss the applicationof TCMTin the analysis of a broad range of devices.

= Advantages of Using TCMT

Accuracy and Efficiency: Emphasize the advantagesof using TCMT, such as |ts efficlency and the accuracy of its predictions
for perturbed systems,
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Next what is the advantage of using this theory? First thing is the accuracy and the
efficiency as you understand you know we can emphasize on the advantages of using TCMT
is its efficiency and accuracy of its prediction of the part of systems. So, it can do it very
accurately and efficiently. So, what are the foundational components? So TCMT basically
treats the system as a collection of fundamental components. And these components are
analyzed by fundamental principles such as conservation of energy, And then we will
consider the building blocks. So there can be two types of modes that we all know.



Overview

* Foundational Components:

TCMT treats a system as a collection of fundamental components.

These componentsare analyzed using fundamental principles such as conservation of energy.
* Building Blocks:

Localized Maodes: Resonant cavities that trap and store energy.

Propagating Modes: Modes in waveguidesthat transport energy.
* Universal Description:

Provides a generic framework applicable to a broad class of photonicdevices.

Focuses on capturing the universal behaviorsof these devices.
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One is the localized modes. These are basically formed inside resonant cavities that trap and
store energy. The other type of mode is propagating mode. These are the modes in
waveguides that can transport energy. So these two are the building blocks.

And now this theory can also provide a generic framework which is applicable to a broad
class of photonic devices and that is why this kind of system is also giving us a universal
description. And it focuses on capturing the universal behavior of these devices. Next, how
do you do parameterization of the quantitative analysis? The theory is basically
parameterized by a limited number of unknowns which are crucial for modeling. First thing
is frequencies. So, we will be talking about the natural frequencies at which the resonant
modes oscillate.



Overview

* Parameterization for Quantitative Analysis:
Thee thieory is parameterized by a limited number of unknowns, crucial for modeling:

Frequencies: The natural frequencies at which the resonant modes oscillate.
Decay Rates: How quickly the energy in the resonant modes dissipates.,

These parameters are dependent on the specific peometry of the device.
s  Determination of Parameters:
Requires separate calculations to accurately determine the values of frequencies and decay rates,

These calculations are often complex and depend on detailed physical properties of the device,
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And then we will also concern about the decay rates that tells us how quickly the energy in
the resonant modes could dissipate. So these parameters are dependent on the specific
geometry of the device and this is where the device specific information gets into the
theoretical framework. How do you determine the parameters? This requires separate
calculation to accurately determine the values of frequencies and the decay rates. And these
calculations are usually complex and they depend on the detailed physical properties of the
system. So let us start the example of applying temporal coupled mode theory to a practical
example of narrowband filter.
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= The abstract diagram of the filter for the explanation ofthe TOM theory | shown in figure 2.

s The siructure of {lgl.;nl.- 1 is deseribed in te mpo ral cou P led-mode 1|"|-|_-ury as a resonant cavity connected to two :..Ingle-n1ud1:
waveguides [labelled 1 and 2), as depicted schematically in figure 2.
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So here you can see the structure of figure 1. is described in temporal couple mode theory
as a resonant cavity connected to two single mode waveguides which are leveled as
waveguide 1 and waveguide 2 okay. So, this is basically a filter okay. So, what is this filter?
This is a waveguide cavity waveguide filter in a rod crystal. So, as you can see here in the
inset ok this this dark spots are all rods ok.

So, this is a waveguide then you have a cavity then you have waveguide ok. So, this is a
waveguide cavity waveguide kind of filter and this is based on a rod crystal ok. And what
you see here, this is the transmission spectrum that shows around 100% transmission peak

at the cavity resonance frequency which comes out to be % equals 0.3803 that is exactly

this point. So, they have highlighted this part and actually drawn over here.

So if you only focus on this small section, the highlighted part, this is how the transmission
peak looks like. So you get a 100% peak over here, okay? And it has got a quality factor of
410, okay? So this is the inset that shows the enlarged peak. And the oscillations that you
see here at the low and the high frequencies, they correspond to the propagation which are

outside the band gap. And the sharp dip at% equals 0.308, it corresponds to the zero
slope guided band edge.

And that is where there is no transmission at all at this particular point. So, on the right
here you can see these are the electric field plots of the device. So, this is for the off

. wa
resonance case. So, here you are considering Py equals 0.3765.



So, this is typically here somewhere. So, here you can see the transmission is very low. So,
this is the input port, this is the output port. practically nothing comes out at the output
port. But if you see at the resonance that is the on resonance okay, so you look at the

parameter here % equals 0.3803 that is exactly where the peak is and you can see

beautifully everything getting transferred to the output port. So, this is the electric field
distribution telling you what is happening at off resonance and on resonance case. Now, if
this system, this is an exact system, this has to be modeled using temporal coupled mode
theory and this is the abstract diagram of the filter that actually helps us establishing this
temporal coupled mode theory.

So this abstract diagram is showing the essential features of the filters from this figure 1.
The first thing here is a single mode input waveguide that is waveguide 1 okay and it has got
the input and output field amplitude which is S; ;. and S;_ those this is input this is output
okay. Similarly you have the output waveguide that is waveguide 2 it has got input and
output field amplitudes given as S, and S,_. So, the plus ones are the inputs and the minus
ones are the outputs okay. And then you have a single resonant mode of field amplitude A
and frequency omega naught coupled to waveguides 1 and 2 and they have lifetimes of

7, and 7, . So, in this particular case okay 7, and 7, are equal okay and the s, are

2
normalized so that |Sgi| is basically representing the power in the waveguide ok. And A is
basically normalized so that modulus A square is basically giving you the energy in the
cavity. What is € ? £ is basically 1 or 2 ok. So, with that we can start analyzing the system

slowly. Let's first focus on the system dynamics.

= System Dynamics:

*  The resonant cavity has a specific resonant frequency,

denoted as g,

horamasnn

" |t decays with lifetimes 1; and 1, into each of the

waveguides. | '/—1 T
1 | ....._r.':.._."‘.'-\.-_.l

* By symmetry, T, = T, cruchal for achieving 100%

B am ma 2@

transmission on resonance, Fquency el

*  Assumptions of TOMT:

*  Assumes weak coupling between the cavity and the Warrsguice | Wosorance  Woveguided
waveguldes, meaning energy leaks slowly fram the cavity Hy,  — ..-‘-\I A ‘.r"'-.. —
Into the waveguides. B — —1

*  ‘Weak coupling can be engineered by surrounding the
cavity with multiple perieds of the photonic erystal to limit
EnErgy escape paths.
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So the resonant cavity has a specific resonant frequency, which is denoted by omega naught.
And what is understood that this cavity decays with lifetime 7; and 7, into each of the
waveguides and because the waveguides are symmetrical, you can also take 7, and 7, to be
symmetrical and that is crucial for achieving 100 percent transmission on resonance. Now,
there are certain assumptions you need to make before applying this temporal couple mode
theory.

So you have to assume weak coupling between the cavity and the waveguides, which means
that the energy leaks slowly from the cavity into the waveguides. And the weak coupling can
be engineered by surrounding the cavity with multiple periods of the photon crystal to limit
the energy escape path. So that briefly you have seen. So now we will go into the basics of
temporal couple mode theory. So we will now derive a set of equations describing the
coupling of the cavity to the waveguides in terms of the field amplitude in those
components.



Basics of Temporal Coupled Mode theory
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Fundamentals

*  Framework and Assumptions for Derivation:
*  ‘Weak Coupling: Central to the derlvation; assumes minimal energy transfer between components,
+ Linearity: System's response is proporticnal to its inputs.
+ Time-Invariance: The materials and geometry are constant over time
» Conservation of Energy: Total energy Inthe system remains constant.

s Time-Reversal invariance: Processes are symmetne in time.

* Field Representation in Components:
s Cavity Flelds: Denoted by a variable A, which determines the electrie and magnetic field amplitudes in the cavity. The
choice is made 50 that |.-1|1 represents the electromagnetic energy stored in the cavity.

*  Waveguide Fields: Expressed as the sum of incoming { s, Jand cutgoing {.s;_ :Iwawgu ide modes for waveguides labeled

5 2 R
{ = 1,2. The magnitudes Jfrrf are set to represent the power in theze modes,
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So here is the framework and the assumptions required for the derivation. First is weak
coupling. So this is central to the derivation because it assumes minimal energy transfer
between the components. We also consider linearity that means the system's response is
proportional to the inputs. Time invariance, the materials and the geometry are constant
over time.

Conservation of energy that means the total energy in the system remains constant. and
time reversal invariance that means the processes are symmetric in time. So, with that we
can make the field representation in components. The first field will be the cavity field
which can be denoted by a variable A that determines the electric and magnetic field



amplitudes in the cavity. So, you can The choice is made in such a way that modulus of a
square basically gives you the electromagnetic energy stored in the cavity.

Next important field is the waveguide field. These are basically expressed as the sum of the
incoming thatis s,, and the outgoing thatis S,_ waveguide modes for the waveguides

which are levelled as € equals 1 and 2. We have seen that previously. So the magnitudes
which are calculated as modulus SL plus minus whole square, they basically represent the
power in those modes. Third important parameter is the decay, decay of the cavity modes.

Fundamentals ' m

= Decay of Cavity Mode:

¢ Exponential Decay Assumption: The cavity mode decays exponentially over time with a lifetime 1, due to weak
coupling.

& Intuitive lustification: If decayis negligible over ane optical period, behavior approximates a lossless cavity with fieed
field patterns proportional to 4 and outgoing Poynting flux Re[E* = H| /2 proportionalto J4]%,

= Quantitative Requirement:
¢ Conditionfor T: 7 = 2 fukg, ensuring the mode's lifetime is much langer than one optical period

s Quality Factor (} : Defined as @ = wyt/2 = m, indicatingminimal energy loss.
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So we assume exponential decay. So the cavity modes basically decays exponentially over
time with a lifetime of tau due to weak coupling. And if the decay is negligible over one
optical period, the behavior approximates a lossless cavity with fixed field patterns
proportional to A and the outgoing pointing flux that is real of E conjugate times H, this is
the cross product of the two vectors by 2 will be proportional to modulus A square. So, to
remember that to begin with we are considering the cavity mode by itself with no incident
power coming from the waveguides. Then comes some important quantitative requirement.

First one is the condition for tau. Your tau should be 7 > i—n, that ensures the modes

0
lifetime is much longer than one optical period. okay and then the quality factor Q. So, here
you can define the quality factor Q = w,7/2 that is much greater than 7 and that indicates
minimal energy loss. There can be multiple decay mechanism. So, you have to estimate the

net lifetime. So if the cavity has got two decay mechanism with constants 7; and 7,, the net

I . 11,1
lifetime can be givenas- = —+ —.
T T1 TZ



Fundamentals

=  Multiple Decay Mechanisms:

& Net Lifetime Caleulation: IT the cavity has two decay mechanizsms with constants , and 1y, the net lifetime 15 1 /7 =
1/t + 1/75.

= Differential Equation for Amplitude A :

*  Equation Furm:% = —itwgd — _:

s Solution for A(E): A(F) = A{D)e T where A(D) s the Initial amplitude, gnd & """ T describes both oscillatory
and exponential decay behawiors.

ﬂ T Gawehiats I (ﬂNPT'EL M St | 0. osnepoales gral,. “Thotanics Crystals Molding the Flow of Light™, Srinceton Lisly, Press, 2008

From that, you can obtain the differential equation for amplitude A. So in the equation form,
o dA . . : : :
you can write it as d—/: will be — iwgA — é . So if you want to solve this, the solution for

A(t) will have this particular form. So you can write A(t) = A(0)e~?ot=t/T where A(0) is
basically the initial amplitude and e ~'®0!=t/7 hasically describes the oscillatory behavior So,
this is the oscillator behavior and this part actually tells you about the exponential decay
behavior.

So, now we will include the waveguides. So, when you have the waveguides, so there is an
input energy of SL plus that can couple into the cavity. or it can be reflected into SL minus or
both can happen, okay. So, the energy from the cavity must flow into SL minus. So, this is the
direction of the energy flow from waveguide, from cavity to waveguide, right. So, the most
general linear time invariant equations relating all these phenomena is given by this
coupling dynamics equation.



Fundamentals

* Inputene from s5p4 can couple intothe cavity, or it can be reflected into s._ {or both).
P TEY f+ 14

* Energy from the cavity must also flow into sg_.
W awesgride | AmEranee Worause 7
By — ;":'_""“" — F
— ..-H‘I IJI —

L

* The most general linear, time-invariant equations relatingthese is given by:

4

*  Coupling Dynamics and Equations:

s Differential Equation for Cavity Amplitude A

A A A .
[,l'_= —lgl = — ——+ @38 + (0355, e— Fguation 1
L Ty Ta

* Relation for Waveguide Modes:
sp— = fyspy + pyfl —————p Equation 2

wheref = 1,2,
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: o . : . . dA . A
So, you can write this differential equation for cavity amplitude A as pri —ilwyA — e
1

A . . . . .
- + a1514+ + @355 . So, this is equation 1 and if you try to establish the relation for
2

waveguide modes, so you can write s,_ is basically S,s,, + y,A.

A is the amplitude of the cavity mode, okay. So, here ¢ is again it can be 1 or 2. Now, we
have seen the two new parameters &, and y,. So, these are basically the coupling strengths.
So a, and y, represents the strength of cavity to waveguide coupling okay and S, is
basically the reflection coefficient at each waveguide okay. So now let us look into the

conservation of energy analysis.



Fundamentals

=  Parameter Interpretations:
s Coupling Strengths: i, and ¥, represent the strength of cavity to waveguide coupling.
» Reflection Coefficients: iy represents the reflection coefficient at each waveguide.

ovagicks | InEremnos Worssascin ¥

*  Conservation of Energy Analysis:
¢ Determining ¥y and ¥z ! i -
When 1, — o0 and s, = 534 = 0, the cavity decays solely through 7, giving:

dlAl: 2 " S z - - 2 .
e [ 51417 = |y]* = —p Equation 3
T Ty

2
Py = ||r_ and y; =
L

b
I

assuming weak coupfing, changesin ¥, due to T; and vice versa are considered as second-order effects and are neglected.
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So first determining y; and y, okay. So when 7, tends to infinity thatis the end you have
S14 and S, both 0, the cavity decays solely through 7; So, you can understand that there is
nothing input. So, these are the inputs from the waveguide to the cavity, they are 0, 7, is
infinity, that means that cavity is solely decaying through this 7;. So, in that case, you can

. . dlA®> _ 2 .
write that equation — % = |A|? and this can be represented as 1 over tau gamma 1
1
square modulus okay and then you have this modulus this a square. So, from this what you
can understand if you equate these two you can find out the relationship between the y;

and 74 .

2 . ’ 2 _
So, you can see that |y;|? = _ So, that way you can obtain y; = - and similarly you
1 1

. 2 .. . .
can write Yy, = ’T— . So thatis important equation number 3. And here we are assuming
2

weak coupling. that means changes in gamma 1 due to gamma 2 and vice versa are all
neglected.

So, gamma 1 is only changing because of 7; and there is change in y, only because of 7,, ok.
Now, we have to determine the constants &, and 8, that can be determined by the time
reversal symmetry. So, if you use the time reversal symmetry, that can be done by running
the original solution backward in time and conjugating. So, we can derive another valid
solution that looks like this, okay. So, here A(t) = A(0)e~i@ot+t/T,



Fundamentals

Woreginds | Bosonance Wiovaguics 2
& The constants ap and [, can be determined by tme-reviersal symimaetny, & %
!'I_ —_— ..-F"‘\! o r"'\‘. -— By
*  Use of Time-Reversal Symmetry: i —————

¢ Creating a Time-Reversed Solution: By running the original solution backward in time and conjugating, we can derlve
anothervalid solution:

« Formof the solution: A(t) = A{0)e "™t HE representing exponentially growing amplitude.

& Input fields: s, = ._.FZPf;A,assummg zero output fields (s, = 0],

*  Derivation of Reflection Coefficients () :

& Calculation of iy : From the abave time-reversed conditions, It leads to fy = —1 [from equation 2).
¢ [nterpretationof 100% Reflection: As 1y — oo, the relation s = —xg, implies total reflection.
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So, that is basically representing an exponentially growing amplitude. So, here the input
fields are s,, can be written as \/%A that assumes 0 output fields, that means s,_ equals
0. So, when I am using L, I am talking about both 1 and 2, both the waveguides. So, from that
you can derive the reflection coefficient . So, the calculation of 8, can be done using this
time reversed condition and it will give you from equation 2, if you go back and see
equation 2, yeah, this one, okay, it gives you that §, equals minus 1.

And how do you interpret 100 percent reflection? So, when you have 7, going to infinity
that means you know the relationship will be something like this between the two input and
the output becomes like this. So, s,_ = —s,, that means whatever is getting incident is
basically getting reflected that means total input. total reflection is taking place. Next, we
determine the coupling coefficient a, . So first, we consider the special case where you are
taking 7, to be infinity.



Fundamentals
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*  Determination of Coupling Coefficlents (ay)
» Special Case Analysis: Consider when ; — <o [disconnecting waveguide 2):

# |nthis setup, with no inputenergy (5, = 524 = [0}, the decay of the cavity mode provides a clear solutian,
» Expressionfor i, : Plugging A(t) into the equation 1 leads to o u"-f,;'r';.»! = 24 /7y, simplifyingto a, = ,..lrlé..:"rl.

« Generalization to All &y : Extending this, @y = \,"-2,."1'.,- = yy for both waveguides.
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That means you just move it away or disconnect your waveguide 2. So in this case with no
input energy, so you are considering that this input and this input both are 0. So the decay of
the cavity mode provides a clear solution. So, how do you find out the expression for a; ? So,
whenever [ am say «,, so there will be a; and a,. So, when you plug this A(t) into equation

. . 24
1, so you have seen equation before, you can see that it comes out to be a,/2/71/4 = —. So,
1

if you simplify this expression, you will get a; = /2/1;.

So if you generalize this expression for alpha L, it will be a, = \/% . Or you can say this is
same as Y, . So this is the generic expression for a, and gamma L for both the coefficients. So
finally, we have obtained the temporal coupled mode equations for the system that is shown
in the figure. So next we shall consider the two cases where this theory is applied to explain
the behavior of some waveguides.



Fundamentals
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A 2 i) 3 :
— = —lagd — E :i/?r ki Z |— Spy w—i Equation 4 i, — -l"'_"||I 4 l‘r‘—'q.. iy
. =1 = \l e iy — p —

2
Spo = —8p, t |—.r’! —p. Equation 5
Tr
¥

#* These equations are valid for any filter satisfying the assumptions; the details matter only in determining the values of w; and
Ty

® This approachis easily generalized to include more than two waveguides, radiative losses, and so on,
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So these are the two important equations. So, we have seen i —lwgA — Z{’T‘—l +
t

- \/g Sg4 - So, this is how you write the expression for % that tells you about the time
varying amplitude ok. And the relationship between the input and outputs of the
waveguides are given as this. So, s, = —s,, + \/:%A . So, these expressions are valid for
any filter satisfying the the assumptions that we have made okay and the details will matter

only in determining the values of omega naught and tau L.

So this approach is generalized to include more than two waveguides, radiative losses and
so on.



The filter transmission
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Now we will see how can we use this theory to find out the filter transmission. So the

previous two equations if you remember the coupled mode equation number 4 and 5, from

those you can obtain the transmission spectrum of any weakly coupled waveguide cavity,

waveguide kind of system. okay and if you set up the scenario the transmission spectrum
|s2—I

_12
can be defined like this T (w) will be ISZ—IZ .
1+

Analysis

= Glven the coupled-mode equations (4] and (5), the transmission spectrum of Warreguids | P Weveguide 7
any weakly-coupled wavegulde-cavity-waveguide system can be predicted, 5 T
iy, — -F'"\h A .r""\- g g,
8 — —_—
* Setting Up the Scenario:

o = 1 . - -
*  Transmission Spectrum Definition: T(w) = I;' :__, calculated when there is no input power from the right (5,4 = 0).
15,3
»  Frequency Conservation: In a linear system, if the input oscillates at frequency w, then all parts of the system also

5 = o 14 :
oscillate with & r""’.|E'-EIdII'|nEtDI._.I = —fdad;
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So, this is the input and this is the transmitted. So, this is the filtered output. So, this is what
you are bothered about. So, this you have to calculate when there is no input from the right
that means S2 plus will be 0. Regarding frequency conservation in a linear system, if the
input oscillates at frequency omega, then all parts of the system will also oscillate with e to

. : o dA .
the power minus i omega that means it will lead to s —iwA okay.

So, this is fine. Now, let us apply coupled mode equations. So, first adjustment that you
make in the expression is that you put s, equals 0. that will help us modify the equations.

Now, the equations will look like this —iwA = —iwyA — Ti ~4y \/TZSH ok. So, this
1

1 T2

becomes your equation 6 from that you can find out the relationship between the reflected

beam in the first waveguide thatis s;_ = —s;, + T—A and s,_ that is the final output will
1

be simply JTZA .
2

Analysis

* Application of Coupled-Mode Equations:

# Eguation Adjustments: Given 55, = 0, we modify the eguations as foll ows:
A A [
—ipd = —i | . 2
. teidl tang A P + \| g 54 e— Equation
¢ 5= =5yt |"I:1.—-—-|-Euatinn?
1 14 NN q

-
. \|T—)‘:"|. —p Equation B
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So, these are your equation 6, 7, 8 and that tells you the transmission characteristics. Now,

. s A . .
if you solve for the transmission spectrum you relate — . So, from equation 6, so from this

S14
2
. A . T :
equation you solve for — using the expression okay and you get A = ——————~ . This
S1+ w—w0+1(a+a)
is pretty simple maths, it is not a complicated one, you just try it on paper and from that you
can derive what is T that is the transmittance, okay. So, you substitute the solution for A that

you have found here into the formula for S2 minus of equation 8. So, you put it here, okay.



So, that will help you to get a relation expression of S2 minus and S1 plus and from that you
can have this one that is your transmittance you can simplify and you can get this particular
expression, okay. So, here also you can see that when you know omega equals omega
naught this guy blows up and it becomes very very large transmission, right.

Analysis

% Solving for the Transmission Spectrum:

«  Relating A to s, : From equation (6}, solve for A/, using the expression:

|r:E
=5
e JT 5
i i1 1Y
b=ty + I [—--I— —-)
Ty T2
v Deriving T'{a) ; Substitute the solution for A into the formula for 5;_ from equation 8], then calculate T'(w) as:
2 2 4
I 12 A T T2
Tiw) = Ii-: |> = ; |_| = 122 _ —
51 sy tm--mﬂ}'ﬁ-r(’ ‘ 1)
5] Ta,
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This becomes 0, okay and then you can do the maths and find out how it works. So, the
transmission formula is basically this one. So, you can put omega which is a variable and
when omega equals omega naught you will have the peak transmission. So, this is the
expression for transmission spectrum that is your equation 9. So, it actually gives you a
Lorentzian peak with a maximum at omega equals omega naught. So, however the reflection
formula from this kind of theory you can also find out what is the reflection or reflectance.



Analysis

* Transmission and Reflection Spectra:

¢ TransmisslonSpectrum Farmula;

. 4
L T:Tn
'f'[m]=:T' :1= ’”31 = » Equationd
s {N—ddu]2+(a+;;|

Identifies as a Lorentzian peak with a maximum atw = wy.

* Reflection Spectrum Formula:

Ri{a)
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[s1_|

[s1+]

So, R(w) will be simply

11y
5wl +(r_1 ~) .
= |51_!z= " l"z # Equation 10
I:'w—w._-,:l":+[:ﬁ +I—?:]
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2
5 - So, only difference is that here you are interested in the

power that is coming out of the waveguide 2, here you are basically interested in the power
in the case of reflection. you are interested in the power that is coming back to waveguide 1.
So, this is how the expressions are related. So, what are the conditions for perfect

transmission? As you can see, if | want that T at omega naught to be equals 1 means you

want 100 percent transmittance.

Analysis

= Conditions for Perfect Transmission:

¢ Tlwg) = loenlyifr, = 75, indicatingequal decay rates into the two waveguldes,

*  Af cog, reflection B (wy } is zero due to destructive interference between direct reflection and light decaying backwards

from the cavity.
= (uality Factor Representation:
s Cuality Factor @ Relation:

The total lifetime Is 1fr = 1 /7, + 11, =

Q

2)7y, and so:

+  Maodified Transmission Formula:

Tles) =

G — iy
ik
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ag T2 = 171 = 1/t = g S0

I
4Q*
' >

) +3g

Equation 11
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That means that can occur only when you will have t; = t, that means you should have
equal decay rate into the two waveguides. And at w,, the R(w,) should also be 0 and that
should come from the destructive interference between the direct reflection and light that is
decaying backwards from the cavity. Those two things should cancel out the reflection so
that you get 100 percent transmission. Now, how do you represent quality factor? Quality

factor The total quality factor is Q and the total lifetime here is represented as - which is

nothing but 1/7; + 1/7, and we have seen that for perfect transmission you want t; and
T, to be equal.

2
So, you can write = and hence, you can represent Q = % . So, that actually allows you to
1

o1 L 1 : .

write —, which is also equal to —to be Z—Q" . So, why you are looking here? Because it is
1 2

sometimes useful to write the transmission spectrum in terms of the quality factor instead

of using tau. So if you do that in that case your equation 9 the transmission formula will
1
4Q?
(M)ﬁ; '
wo 4-Q2

change in terms of quality factor and it will look like this T (w) =

So, that way also you can. So, these are same things just that you know tau and Q are related
and that way the formula also now appears in the in terms of Q quality factor. Now if we
were to plot that equation 11 that we have seen in the figure like this that is possible by
plug-in in the omega naught and the Q as determined. So, it would nearly give you a very
indistinguishable from what has been computed here, okay. So that is how you will see that
the theory pretty much works well for temporal couple mode theory predicting the
waveguide, cavity, waveguide kind of filters. So what is the main design criteria for narrow
end filter? The first thing is the system should be symmetric, waveguide, cavity, waveguide
configuration.



Analysis

*  Design Criteria for Narrow-Band Filter:
*  The system should be;
1. Symmetric waveguide-cavity-waveguide configuration,

2. Single-mode.
3. Free from other loss mechanisms ke radiation or absarption,

*  Role of Photonic Crystal: il Ml M
Ideal for minimizing losses as it prohibits radiative moedes beyondits bandgap, Az |“.q.::r-l.::,-..r._: s

thus enhancing the performance of the systerm as a narrow-band filter.
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The waveguides must be single mode, so is the cavity, and it should be free from other loss
mechanisms such as radiation or absorption. Now, what is the role of the photonic crystal
here? Ideal for minimizing losses as it will prohibit the radiative modes beyond its band gap.
Thus, it will enhance the performance of the system as a narrowband filter. So to
summarize, we have basically derived the sufficient conditions for us to achieve a
narrowband filter with 100% transmission. So that is the goal of using temporal couple
mode theory to develop a narrowband 100% transmission filter based on photonic crystal.



A Waveguide Bend
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Next, we'll move on to designing a waveguide bend. The applicability of temporal couple
mode theory to the photonic crystal filter has been clear now. So, similar ideas can help us
to understand the situations that seems very different at first. So, another such example
would be you know how do you depict a sharp 90 degree bend okay in our missing rod
waveguide. So, here you can see that figure 3 here shows a sharp 90 degree band made of
missing rows of rods.

So, that is a right angle band. for a waveguide, okay. And here you can see this has been
modeled using that temporal couple mode theory where you have waveguide 1, you have a
resonator cavity and then you have waveguide 2 giving you that 90 degree band. Okay, so
what are the assumptions here you have considered in like T1 tau 1 equals tau 2 by
symmetry and that's 100% transmission, which is although a low Q. Okay, because you
want it to be broad.

Okay, and you are actually able to achieve it. So this is how. the theory and the experimental
ones overlap and gives you pretty good match right so the dots here the red dots here
basically tells you the experimental transmission for a 90 degree bend okay and itis
basically made in a square lattice where You have used alumina rods which have
permittivity of 8.9 and the latest period is basically a 1.27 millimeter. So, what are the
effects of bending in a ordinary dielectric waveguides? We have discussed this earlier as
well.



Analysis

e
Tromsmession

75 B BS R0 %S MDD TS TEO0
Fraquancy (GHD
Figere 1 daft &, Umldinngre- argis ban, for  wregueds. Midgie: Roughly, the bend can b thoughs of s wealy resgnass $lles, weh 1, = T 5y rymemesry and nus L0 frensmision wes shenas
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= Effects of Bending in Ordinary Dielectric Waveguides:
. Reflection and Radiation Loss: Bending a diefectric waveguide results in both reflection of some light and radiation loss.
. Influence of Bend Sharpness: The sharper the bend, the greater the radiation loss.
. Contrast Dependence: Low-contrast optical fibers experience significant radiation |osses with bend radii less than a few
centimeters, potentially resulting in nearly complete radiation loss.

High-contrast waveguides on chips show minimal radiation losses even for bends close to the wavelength scale.
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First thing is the reflection and the radiation loss. So, bending a dielectric waveguide would
result into both reflection of some light and then radiation loss. The influence of the band
sharpness comes from the fact that sharper the band the greater will be the radiation loss.
And there is a contrast dependence as well. So low contrast optical fibers experience
significant radiation losses with band radii less than a few centimeters, potentially resulting
in a nearly complete radiation loss. And this is the reason why when you have low contrast,
your mode the majority of the mode energy is not confined only in the core.

If you have a high contrast means the refractive index difference between the core and the
cladding is very high. In that case the mode is mainly concentrated within the core. So, only
the tails of the mode goes to the So, there is they may leak out when you bend they may not
satisfy the condition for total refraction. But if you are using low contrast optical fibers then
the modes are significantly going out towards your cladding and in that case when there is a
sharp bend modes will simply leak out. So high contrast waveguides on chips, they have
shown minimal radiation loss even for bands close to the wavelength scale.



Analysis

= Advantages of Photonic-Crystal Waveguides:

. Prohibition of Radiation Losses: The band gap inherentto photonic-crystal waveguides
prevents radiation losses, which is a significant improvement over ordinary diefectric
waveguides.

. Reflection Loss Management: It is possible to manage and potentially eliminate reflection
losses.

. Exceptional Transmission Efficiency:

At specific frequencies, photonic-crystal waveguides can achieve 100% transmission,

This high efficiency is attainable even when the bend radius is smaller than the wavelength of

light pazsing through.

= lllustrative Example:

Tinrar e

Referenced in the figure, showcasing how photonic-crystal waveguides can effectively eliminate : e
reflection losses, leading to perfect transmission even under tight bending conditions. —
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So what are the advantages of photon crystal waveguides? So these are photon crystal
waveguides. We have discussed before that they prohibits radiation loss. So, the band gap
that is inherent to the photon crystal waveguides will help you prevent the radiation loss
which is a significant improvement over the ordinary dielectric waveguides. And it is also
possible to manage and potentially eliminate reflection losses. So, that gives exceptional
transmission efficiency. So, at specific frequencies, photon crystal waveguides can achieve
100 percent transmission and this high efficiency is attainable even when the band radius
is smaller than the wavelength of the light passing through.

So, here you can actually see that how photon crystal waveguide can eliminate the
reflection losses and you can see nothing basically reflects and nothing leaks out. So, you
almost have 100% transmission even under this tight bending condition. Now, you can
conceptualize the band as a resonant cavity. So, the band's corner, this part is analogous to a
weak that is a low Q resonant cavity within the waveguide spectrum. So, you can write this
as waveguide 1, waveguide 2 similar kind of input and output powers okay S1 plus, S1
minus, S2 plus, S2 minus okay.



Analysis

* Conceptualizing the Bend as a Resonant Cavity:

o A
The bend's corner I analogousto a weak {low-0Q) rescnant ‘cavity' within the ' ‘]
wavegulde system, ¥
* Coupling Dynamics: nk -
This "cavity™ s connected to two waveguides, depicted schematically In the upper-
right diagram of figure.
The geometry of the bend, being bent, does not impact the core analysisderived
from coupled-mode theory.
* Symmetry and Decay Rates:
By symmetry, the corner-resonator must decay at equal rates into both the horizontal
and vertical waveguides.
There are no additional radiation channels available, focusing energy selelyinto the
connected waveguides.
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So, this cavity is also connected to the two waveguides Okay, the geometry of the band, big
band does not impact the core analysis derived from the couple mode theory. So, you could
have had it in different angles as well. But right now, we just put it in this way to match it
with the kind of system you are designing. So, by symmetry the corner resonator must
decay at equal rates into both horizontal and the vertical waveguides and there are no
additional radiation channel available that means the energy solely goes into the connected
waveguides. So, what are the resonance and coupling impacts? So, first of all remember we
will be assuming with coupling that means the system is predicted to exhibit transmission
peaks at 100 percent on resonance and the resonance will likely to be broad that is
attributed to the low quality factor of this resonant cavity.



Analysis

* Rescnance and Coupling Impact:

|
-

Assuming weak coupling, the system is predicted to exhibit transmission peaks at
100% on resonance,

The resonance will likely be broad, attributed to the low quality facter () of the
resanant "cavity”,

s Limitations of Coupled-Made Theory for Bend Analysis:

The bend in the waveguide does not constitute a weak couplingto the waveguides,
contradicting some assumptions of coupled-mode theary,

The "cavity" (bend) does not trap light for extended perlods, exhibitinga low quality
factor (€ < 10},

* Qualitative vs, Quantitative Accuracy:

While coupled-mode theory may not provide quantitatively accurate results due to
these deviations, its qualitative predictions remain valid.
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So, what are the limitations there in coupled mode theory for band analysis? First thing is
the band in the waveguide does not constitute a weak coupling to the waveguides. that
sometimes contradicts the kind of basic assumptions you made into the coupled mode
theory because here the coupling has to be strong to continue the light propagation. Second
thing is the cavity that is the band does not trap light for extended periods because the light
propagation should continue like this. So, it should ideally exhibit a very low quality factor,
the quality factor should be less than 10.

So, in that case you can actually think about the quantitative and qualitative versus
quantitative accuracy. So, we can understand that while couple mode theory may not
provide quantitatively accurate results due to these deviations, but its qualitative
predictions remain valid. So, we can also think of advanced theoretical modeling.



Analysis

* Advanced Theoretical Modeling:

A more precise model |s suggested by treating the problem as essentially one-
dimensional, where light can only travel forward or backward.

This scenario is akin to a quantum-mechanical model of scattering from a symmetric

one-dimensional potential well, known for exhibiting 100% transmission resonances, ' E——_—
= Empirical Validation:
e bottom panel of figure illustratesthe predic ransmission spectrum usin is Bl s
The bott | of fig llustratesthe predicted t t g th i BN i
muore accurate one-dimensional model, supporting the theoretical expectations. £ F — . : ]
P ]
ok — !
- T
Fomcpsmney ]
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So, a more precise model is suggested by treating the problem as essentially one
dimensional where the light can only move forward or backward. So, this kind of scenario is
basically similar to the quantum mechanical model of scattering from a symmetric one
dimensional potential well, which are known for exhibiting 100 percent transmission
characteristics. So based on that, you can also do some empirical validation, which is shown
here. So this illustrates the predicted transmission spectrum theory one in the blue. We
have also already discussed this using this more accurate one dimensional model. So that
supports the theoretical calculations. So what do you understand from here that similar to
the filter, the high transmission is primarily facilitated by the waveguides single mode
nature and the symmetry of the band.

However, unlike the filter the low quality factor in this case is essentially becoming a good
thing because it means a high transmission can be achieved over a large bandwidth.



Summary
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So, let us now summarize the things that we understood. So, here is the summary of the key
concepts. So, first thing Temporal couple mode theory provides a robust framework for
understanding and predicting the behavior of photonic systems, especially in
configurations involving resonant cavities and waveguide bands. There are some practical
applications that we have seen that the theory has proven particularly valuable in designing
and analyzing transmission filters and waveguide bands and demonstrating how geometry
and coupling could influence the system performance.

Conclusion

* Summary of Key Concepls:

Temperal Coupled-Mode Theory provides a robust framework for understandingand predicting the behavior of photenic
systems, especially in configurationsinvalving resonant cavities and waveguide bends.

= Practical Applications:

The theary has proven particularlyvaluable in designing and analyzing transmission filters and waveguide bends,
demanstrating how geometry and coupling Influence system perdormance,

®= implications and Future Directions:
While the theory offers gualitative insights, further refinement is necessary for guantitative accuracy.

Future research could enhance the model's precision, expandingits applicabllity ta more complex photonle structures,
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So, what are the implications and future direction? So, you need to keep this in mind that



the theory basically provides qualitative insights So, further refinement is necessary for
quantitative accuracy and future research could enhance the models precision expanding
its applicability into more complex photonic systems. So, to conclude this lecture we
summarize the entire analysis into all these important key points. So thank you that is all for
this lecture if you have any queries or doubt regarding this lecture you can always drop an
email to me at this particular email address mentioning MOOC and the lecture number on
the subject line. Thank you.



