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Let us recall
% The scalar Kalman filter uses the first-order AR signal model

X(m)=aX(n=1)+W(n)

and the observation model

Y(n)=X(n)+V(n)

* Kalman filter recursively estimates the signal
“*We derived the filter equations through the innovation representation

of Y(n)

Hello students welcome to this lecture on vector Kalman filter. Let us recall the scalar Kalman
filter uses the first order autoregressive signal model that is Xn = a times Xn — 1 + Wn where Wn
is a white noise and is a constant to tackle non-stationarity. It can be function of n the
observation model is given by Yn = Xn + Vn. Again Vn is a white noise uncorrelated with Xn

and uncorrelated with Wn.

Kalman filter recursively estimates the signal. So, that we know that Kalman filter recursively
estimate the signal on the basis of the current and all the previous data. We derived the filter
equations true innovation representation of Yn for data Yn we had a innovation representation
and then we derived the scalar Kalman filter.
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Let us recall....

[he following are the scalar Kalman filter steps
-Calculate MSPI
Pnn=1)=d’P(n=1|n-1)+0;
-Caleulate Kalman gain
o __ Plnln=1)
i P(n|n-1)+0}
-Estimate signal
Xn|n)=aX(n- e I)‘Lf,”()'(n)—u,\.'tn—I n-1))
-Update MS estimation error

Pn\m)=(1=k")P(n|n-1)
« We will extend the scalar Kalman filter to the vector case. The analysis is

similar, We will state the salient results only

The following are the scalar Kalman filtering steps. First calculate the mean square prediction
error this formula P of n given n - 1 = a square times P of n - 1 given n - 1 + sigma W square so
this is the mean square error estimated at time n - 1 then we calculate the Kalman gain Kn n that
equal to P of n given n - 1 that is the mean square prediction error divided by P of n givenn -1

means square prediction error + sigma V square.

Then we estimate the signal X of n given n = a times X at n - 1 given n - 1 this is the predicted
part and there is a correction part here into Kn n that is Kalman gain multiplied by the innovation
part Yn - atimes X at n - 1 given n - 1 this is the estimator at instant n - 1. Then we update the
MS estimation error P of n given n = 1 - K and n into P of n given n - 1. This is the step for

updating the mean square error now we will extend this scalar Kalman filter to the vector case.

The analysis is similar we will state the salient results only we will not go into detail analysis,
but this derivation is also based on the innovation representation of the data. Now we will
introduce vector Kalman filter.
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Vector Kalman Filter
As we have soen in the carlicr, an AR(p) signal can be represented in a state-space model

P A state-space model in general represents a linear ime varymg system and comprises two

#The vector Katman filter 15 a recursive estimator of the states of such models m which

As we have seen in the earlier an ARP signal can be represented in a state space model. A state-
space model in general represents a linear time varying system and comprises two matrix
equations a state equation and an observation equation. This is the state space model used by the
control engineers. The vector Kalman filter is a recursive estimator of the states of such model in
which states are driven by noise we will solve the model is the state driven by noise and

observations are made in the presence of noise.

So, that way we have noisy observations and we have to estimate the states. There are number of
ways to derive the Kalman filter for example there is a Bayesian approach. We will present the
applause of linear mean square error estimation and outline the derivation through the innovation
representation of a WSS signal.
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State-space Model
% Ths model anses from the p-th order difference equation representing signal or a
lmesr system

*  The state equation 1s

X(n)= A(m)X(n=1)+Win)
where X(n)=[ X, (), (n) \‘,unj‘--‘:r‘ px| state vector
An) s apxp
W(n) 15 the O-mean noise vector with the px p covanance
matnx Q, = EW(m)W'(n)
& W(n)is assumed o be o white noise. Thus, Q, is a diagonal matrix

%In Bayesimn denvation, W(n) is assumed to be jointly Gaussian

Let us discuss this state space model this model arises from the pth order difference equation
representing signal or a linear system. For example, in the case of ARP signal autoregressive
signal of order P, we have a pth order difference equation. For example, in the case of ARP
model we have a pth order difference equation. Similarly, a discrete-time linear system can be

described by a pth order difference equation.

Now the state space model comprises of two situations it comprises two matrix equation actually
matrix equations number one is state equation this state equation is given by this Xn = An into X
n -1+ Whn. So, here this is a first-order difference equation unlike in the case of general model
where it was pth order differentiation this is first order difference equation. Now here Xn is the

state vector comprises of P state variable x1 and x2 n up to Xp.

And so this is this state vector and An is a p/p because P dimensional state vector is there so An
will be p/p system matrix or state matrix. Wn is a 0 mean noise vector with the p/p covariance
matrix that is Qw = E of Wn into Wn transpose. This Wn it is a noise vector which is known also
known as the process noise and it is state component will have corresponding noise addition and

this noise is a white noise.

And it is characterized by the covariance matrix E of Wn into Wn and transpose since Wn is

assumed to be a white noise QW is a diagonal matrix. So this QW matrix is a diagonal matrix. In



Bayesian derivation Wn is assumed to be jointly Gaussian also in addition to white this is
assumed to be Gaussian also.
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State-space model...

@ The observed data Y(u)*[Y{(m) Yy(n)...Y, ()] is related to the sates by the observation

cquation (Y (n) = e(m)X(n) + Vin) }
|
RS

where
o(n) 158 X P output matnx and

V(m) 15 the O mean white Gaussian notse vector with ¢Xq covanance matnx
Q, =ENmV'(n)
@ Qyis a a dingonal matrix

@ V(n) 18 uncorrelated with X (myand I¥(n)

Now we will see the observation model the observed data Yn that is comprising of Y1 Y2 up to
Y gn there are q observation at a instant n. So, this is represented in terms of vector and that is
the Yn vector it is related to the states by the observation equation that is Yn = cn into Xn +Vn.
So, this is the observation equation Yn = cn into Xn + Vn. So this is the observation equation
now here cn is a q / p output matrix because this Yn is a Q dimensional vector therefore this

matrix is g/p matrix.

Vn is a 0 mean white Gaussian noise vector this is their measurement error or measurement noise
which is also assumed to be white Gaussian is necessary only in the basic derivation and its
covariance matrix is a g / q covariance matrix which is given by Qv = EVn into Vn transpose Qv
is a diagonal matrix because Vn is a white noise vector and further it is assumed that Vn is
uncorrelated with both Xn and Wn. So, this Vn is uncorrelated with accent and also with the step
noise that is Wn. So, therefore Vn is uncorrelated with Xn that is the state and the Wn that is the
state noise or process noise.
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LMMSE estimation and LMMSE prediction

% Denote the LMMSE estimator

% X(n|n~1) is a one step predictor based on all past data

X(n|n-1)= E(X(n) Y(0),Y(1)....Y(n~1))
= E(AG)X(n=1)+W(n) Y(0),Y(1),...Y(n-1))
(Using the state equation)

A A
S X(nln=1)=AmX(n=1|n-1)

Now let us see linear minimum mean square error estimation and linear minimum mean square
error prediction associated with Kalman filter. Denote the LMMSE estimator by this X hat n
given n E hat is the symbol for linear minimum mean square error estimator. Therefore, X hat n
given n is E hat of Xn given all the data up to present YO, Y1 up to Yn and the linear minimum

mean square error predictor is given by this X hatn givenn - 1 dataupton- 1.

So, that way it is E hat of Xn given YO, Y1, up to Yn - 1. So, therefore this is a one-step
predictor based on all the past data. Now this quantity X hat n given n - 1 that we can write as E
hat of Xn given YO0, Y1 up to Yn — 1. Now Xn, we can write like An into Xn —1 + Wn. So, this
is the state model we are using so using this state equation we will get the above expression = E
hat of An into Xn —1 + Wn given YO0, Y1 up to Yn - 1 and now this is E hat of Xn - 1 given YO,
YluptoYn-1

Let LMMSE or linear minimum mean square error estimation of Xn - 1 given dataupton- 1 so
that way it is X hat n - 1 given n - 1 therefore X hat given n - 1 is An times X hat n - 1 given n -
1. So, this prediction is related to the previous estimation by this relationship An times the
previous estimation.
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Error covariance matrices

.
% The corresponding state estimation ¢rrors are

e(n|n)=X(n)-X(n|n) (estimation error)

and

e(n|n-1)=X(n)-X(n|n-) (prediction error)
X The estimation error covariance matrix

P(n|n) = Ee(n|n)e'(n|n)

% The prediction crror covariance

P(n|n=1)=Ee(n|n=1)e'(n|n-1)

We can find out the corresponding error covariance matrices also suppose estimation error E of n
given n = Xn — X hat n given n this is the estimator of Xn given data up to n. Similarly E of n
given n - 1 that is Xn minus the prediction; that is the prediction of Xn given data up to n - 1. So,
that way this is the prediction error this is the estimation error. Now we can define the error
covariance matrix in scalar case we are interested only in mean square prediction error but here

we will be considering the error covariance matrix.

So, that way P of n given n that is the notation for error covariance matrix. So, this is the
estimation error covariance matrix and it is given by E of en given n that is the estimation error
into en given n transpose. So, estimation error vector into estimation error vector transpose. So,
this is the covariance matrix so estimation error covariance matrix. Similarly, prediction error
covariance matrix we can find out that is denoted by P of n given n - 1 this is expected value of

en given n - 1 into en given n - 1 transpose. This is the prediction error vector.

This is the transpose of the prediction error. So, that way we get the two covariance matrices that
is P of n given n this is the estimation error covariance matrix and another covariance matrix is
prediction error covariance matrix so that is given by this p of ngivenn - 1 = E of en givenn -1
into en given n - 1 transpose prediction error vector into prediction error vector transpose.
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Recursive estimation of states

% We have the innovation process

43
Al

. R e ("
Y(n)=Y(n)=c(mA(mXn=1in=1) /‘{--1-'"(“ e

"

% Generalising the equation in the scalar model, we have x

X(n m=,.‘(u!u-l)+k_(\'(u)-\"(n n-=1))
=/\(II)X(II-1 uflﬁk.(\’(n)-(‘(n).‘\'(u n=1))
=A(n)X(H-l n I)+k.(\'(u)-c(n).\unx(n 1in=1))

where k_rath(- P*q Kalman gain matrix

Thus,
B N

| . - \
{ Renfny= AmX(n-1 n=0+K (Y(n)-e(mAmX(n=1|n=1))
\

Now let us see the innovation representation for a vector case we know the innovation
representation for this scalar case. So, the derivation of the Kalman filter is based on the
innovation of Yn and which is given by this expression Y tilde and E = Yn -the linear estimator
of Yn given data up to n - 1. So, e hat of Yn given YO, Y1 up to Yn — 1; we have Yn; this is the
Yn vector = cn matrix into state vector Xn vector + Vn, Vn is a white noise vector. So, this is the

observation model that we are substituting here.

So, this will be E hat of Cn into Xn + Vn given YO0, Y1 up to Yn - 1 and this will be because now
Vn this is the noise which is independent of all path data therefore this part will contribute 0
therefore we will have Yn - cn into X hat n given n - 1. Now this quantity also X hat n given n -
1=An X hatn - 1givenn - 1. The prediction is obtained through the model that is An it into X
hat n - 1 given n - 1 therefore Y tilde n will be equal to Yn — cn, cn matrix into An into X hat n -

1 given n - 1 this is the previous estimation.

Thus we have obtained the innovation of data that is given by Y tilde n = Yn - cn into An into X
hat n - 1 given n - 1. So, this has come through the model we can use the innovation to get the
recursive estimation of states we have y tilde = Yn - cn into An into X hat n - 1 given n - 1. Now
generalizing this scalar model in scalar model we had X hat n given n = A times X hatn - 1

given n — 1 + Kn times Kn n times the innovation and here we omit this super fixed n.



So, simply we write Kn therefore X hat n in this case it will be a vector now X hat n given n =
that predictor part that is X hat n given n — 1 plus a correction based on the innovation that is Kn
x into Yn - Y hat n given n - 1 this is the prediction and this we can write as An into X hatn -1
given n - 1 that is the estimation part at the instant n - 1 into Kn times Yn - and this we can write

through the model cn into X hat n givenn - 1.

Now we can write here also X hat given n—1 = An into X hat n - 1 given n - 1. Therefore, our X
hat n given n will be n into X hat n - 1 given n — 1 + Kn times Yn - cn into An into X hatn -1
given n - 1 where this Kn, Kn is the p / g Kalman gain matrix. This is the matrix ways the
innovation part thus we can write X hat n given n = An into X hat n - 1 given n — 1 + Kn times
Yn - cninto An into X hat n - 1 given n - 1. So this is the state estimator for the Kalman filter
from this expression we can have the Kalman filter structure.
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Kaman filter structure

Y(n) \.'Un‘

| \ (n)
=

X( nin)

"\{L'l'\“/ ‘;}‘\vit‘) [ A
Leln) L _‘__J [ .

So, there is data here data is Yn and the state estimator is X hat n given n. Now this estimator is
delayed by one unit and then multiplied by An to get the prediction X hat n given n - 1. So, we
will get here X hat n given n - 1 given that up to n - 1 we will get the prediction below through
the delayed version of this state estimator. So, when we will delay this, we will get X hat n - 1

given n - 1 that will be multiplied by An and we will get this prediction.



And this result is multiplied by cn matrix and then we will get the predicted Yn that is Y hat n
given n - 1. So, this is the prediction of the data vector at instant n because of the dataupton -1
so this is the prediction vector we can give a bar here to denote vector. So, that way this is the
prediction vector this is the actual data and then difference is the innovation and that innovation
is scaled by the Kalman gain and then edit with the predicted part to get the estimator. So, that
way estimator has a prediction part here and then there is a collection part which is the
innovation multiplied by the Kalman gain.
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Kalman filter equations
% The estimation of the signal is based on the recursive estimation of of the
error covarance matrices and the Kalman gain
% Following the same procedure as the scalar Kalman filter, we can derive the
following Kalman filter equations
(1) Updateof prediction error covariance matnx
P(n|n-1) =AmPHn-1|n-DA'(n) +Q,
(2) Estimating Kalman gain
k, = P(n|n=)e'(ne(mPinn-1)e'm)+Q,)"
(3)  Update of estimation eror covarince matrix

P(n|n)= (1=K e(m)P(n|n-1)

Given the initial estimates X(<1/=1) and P(=1|=1)the above equations can be
used for recursive state estimation

X(n|m)=A(m)X(n-1|n- I)*k_(\'(u)-clu).»\(nlxur»I n=1))

Now we will state the Kalman filter equation the estimation of the signal is based on the
recursive estimation of the error covariance matrices and Kalman gain. So, we will see how they
are estimated following this same procedure as the scalar Kalman filter we can derive the
following Kalman filter equations. That is update of prediction error covariance matrix P of n
given n —1 =ntimes Pn - 1 given n - 1 into An transpose. An is the time varying system matrix

+ Qw, Qw is the covariance matrix of the process noise.

So, therefore the prediction error covariance is given by this P of ngivenn -1 =Aninto P of n -
1 given n - 1 this is the estimation error covariance matrix multiplied by n transpose + Qw. First
one is the update of the prediction error covariance matrix and this is given by P of n given n -
1= Aninto P of n - 1 given n - 1 into An transpose + qw where An is the system matrix or state

matrix and QW is the covariance matrix of the noise vector.



So, that way we can find out the prediction error covariance in terms of the estimation error
covariance of previous iteration. Then estimating the Kalman gain so for that we have Kn = P of
n given n - 1 we should obtain here into cn transpose this is the output matrix transpose into cn
into Pn given n - 1 into cn transpose + Qv whole inverse. So, this part is a matrix and inverse of

this is taken.

So, that way the Kalman gain is given by the error covariance matrix multiplied by this output
matrix transpose multiplied by this inverse, inverse of cn into Pn given n - 1 into cn transpose +
Qv, Qv is the covariance matrix of the other observation noise. So, once we have the Kalman
gain we can update the estimation error covariance P of n given n = | - Kn into cn this is the

Kalman gain into cn into P of n given n — 1.

So, given the prediction error covariance we can get the estimation error covariance. However
along with this equation we must have the initial estimate that is X hat of - 1 given - 1 and the
estimation for P of - 1 given - 1 that is the covariance matrix of the mean square error one
estimate must be there. Now given these initial estimates X hat - 1 given - 1 and P - 1 given - 1
the above equations these 3 equations can be used to recursively estimate the state and the
recursive state estimator is given by this X hat n given n = Aninto X hat n - 1 givenn — 1 +
Kalman gain Kn into Yn - cn into Aninto X hat n - 1 given n — 1. So, this is the innovation part,
and this is scaled by Kn and added to the predicted part.
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Vector Kalman filter algorithm

% State equation: X(n) = A(m)X(n=1)+ W(n)
% Observation equation: Y (n) = C(n)X(n) + V(1)
% Given (a)State matrix A(n),n=01,2... and the Process noise covarince
matrix Q“
(b) Observation parameter matrix C(n),n = 01,2... and the observation noise
covanance matrix Q‘
(¢)Observed data Y(n).,n=01,2
o [ntiahzation
Q(—l =1)=0
P(=1|=1)= EX(-D)X'(=1) = &°]

With these backgrounds we can now state the Kalman filter by algorithm. So, here we have to
know this state equation Xn = An Xn — 1 + Wn observation equation that is given by Yn = cn
into Xn + Vn this is the observation equation. So, we must be given a state matrix An for n =0 to
P because it is pth order system or signal, and the process noise covariance matrix is given by

Qw which is a diagonal matrix.

The observation parameter matrix that is cn for n = 0, 1 up to 2 if it is time varying otherwise it
will be a simply C matrix and the observation noise covariance matrix is given by Qv this is
again a diagonal matrix and observed data Yn that is from n =0, 1, 2 etc. So, these are the things
needed for the algorithm now it will be initialized as X hat - 1 given — 1 = 0 all states are

initialized with 0 and this estimation error covariance matrix at instant — 1.

There is no estimation therefore this will be the covariance of the data itself people would know
this statistical model we can use that and here we can write it as sigma square into 1. This is the
estimator and if we take this type of initialization sigma square into | where | is an identity
matrix then the Kalman equations converges. So, that way this sigma square is a positive number
which can be based on the estimation of this quantity or we can assume some value.
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Vector Kalman filter algorithm ...
¢ Estimation

Forn=0,1,2,....do
Prediction
-Predict the state
‘(n n-l)= :\(nmn-l
-Estimate a priori error covariance matrix
P(n|n-1) =AmP(n-1|n-1A'(n) +Q
Compute Kalman gaim
k, = P(n|n=1)c'(n)c(m)P(n|n-1)¢'(n)+Q,)"
.‘.\'(n\n)ﬂ“n\n-l)»k_(\‘(u) c(n).‘.\'{nln-ln
Update a posteriori error covariance matrix

P(n|n)= (1=K e(nm)P(n|n-1)

Kalman filter runs like this for n = 0, 1, 2 etc first we will predict so predict this state that is X
hat n given n - 1 that is given by An into a X hat n - 1 given n — 1. So this is the estimated value
this predicted term will be used in the updating here then we will have to estimate a priori error
covariance matrix or prediction error covariance matrix that is given where P of n given n - 1 and

this is related to previous estimation error covariance matrix by this relationship.

This is the state matrix An into Pn - 1 given n - 1 into n transpose + Qw, Qw is the covariance
matrix the process noise so we have the a priori error covariance matrix or prediction error
covariance matrix. Now we will complete the Kalman gain that is given by this matrix Kn matrix
that is related to the error covariance matrix P of n given n - 1 multiplied by cn transpose into

inverse of this quantity cn + pn given n - 1 into cn transpose + Qv whole inverse.

So, this is the expression for Kalman gain now once we have the Kalman gain we can now
update this step that is X hat n given n = X hat n given n - 1 which we have obtained here and
then Kn times the prediction error Yn - cn into X hat n given n - 1 this is the innovation or the
prediction error. Now after this we have to update the a posteriori error covariance matrix that is

given by P of ngiven n=1- Kn into cn into P of n given n - 1.



This is the a priori error covariance matrix and this is pre multiplied by this vector to get the
estimation error covariance matrix or a posteriorly error covariance matrix. So, this is the
Kalman filter algorithm.
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Application of Kalman Filter

+ Kalman filter has become an integral component in thousands of

military and civilian navigation and guidance systems

+ NASA adopted the Kalman filter to solve the problems associated
with determining satellite orbits. guided the Apollo 11 lunar module

to the moon's surface

+ The .” Global Positioning System (GPS) is based on this

deceptively simple algorithm
+ Video Based Tracking

+ Time series based forecasting of financial data

It is a simple algorithm, but it is widely used some applications are as follows Kalman filter has
become an integral component of thousands of military and civilian navigation and guidance
systems. So, any navigation or guidance system Kalman filter is a part. NASA adopted the
Kalman filter to solve the problems associated with determining satellite orbits guided the

Apollo 11 lunar module to the moon surface using this Kalman filter.

The Global Positioning System GPS is based on this deceptively simple algorithm. Similarly, it
can be used for video based tracking time series based forecasting of financial data etc. There are
many applications and there are many improved version of this algorithm.
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Example

< Suppose a particle is moving with a random acceleration @(n)
which can be modelled as a white noise with variance 1. We
have to estimate the position of the particle in presence of the
measurement noise which is also white with variance 1

@ Let Xj(r) and X,(r)be the position and the velocity of the
particle at time t. Assuming the sampling interval to be one
second, we can approximately write

Xi(m)=X,(n=1)+X,(n-1)

Xy(n)=X,(n-1)+a(n)
« The measured position of the particle is given by
Y(n)=X,(n)+V(n)

where  V(n) is the measurement noise

Let us consider one example suppose a particle is moving with a random acceleration an which
can be modeled as a white noise with variance 1. Acceleration is random with variance 1 we
have to estimate the position of the particle in presence of the measurement noise which is also
white with variance 1. Let us solve this problem let X1 t and X2 t be the position and the velocity

of the particle at time.

These two will be the state variables assuming this sampling interval to be one second, we can
approximately write that is position X1n at time n = X1n - 1 that is the position at in time n — 1
plus distance traveled in one second that is X2 n - 1 that is the velocity multiplied by 1.
Therefore, X1n = X1n — 1 + X2 n - 1 and velocity at instant and X2n = X2 n - 1 velocity at

instant — 1 plus the acceleration into 1.

Because after one second, we are considering so that way this part we can write as X2 n=X2n —
1 + an. The measured position of the particle is given by Yn = X1 + Vn this is the observed
variable that is observed data Yn = X1n + Vn where Vn is a measurement noise which is given
to be white with variance 1.
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Example

+ We can write the state equation as

/\'I(H) Jid /\'l(""]) 0
= +
Xs(m)| [0 1] Xy(n=1)| [a(n)
* The observation equation is given by

Y(n)=X\(n)+V(n)=[1 0]
: ll .\,(,,)’

So, we can write from these expressions X1n = X1n —1 + X2 n- 1 and X2n = X2 n- 1 + an we
can write the matrix states equations X1 and X2n these are the states = 1 1 0 1 that is the system
matrix multiplied by X1 n - 1 X2 n- 1 these are the previous states plus first equation we do not
have any noise term. So, that is 0 and second equation we have a noise term an so this is the term

corresponding to Wn.

So, this is the state equation the observation equation is given by Yn = X1n + Vn because
position plus noise and this we can write as because it is X1n. So, we can write it in terms of a
matrix that is there 1 0 matrix this is a C matrix multiplied by X1n X2n. So, these are the states if
| multiply it 1 0 that is the C matrix into state vector X1n X2n then 1 into X1n + 0 into X2n and

we will get X1n and + Vn.

So, Vn is the noise and it will have a variance because only the single dimensional quantities it
will have variance which is sigma v square which is equal to 1. Thus here we can write that Qw
that is a matrix because it is a of this if this is w and vector Wn into Wn transpose. So, that will
be equal to E of 0 an transpose will be 0 an and we will get E of 0 and this will be 0 and this one
will be 0 and here a square and if we take the expected value, we will get 1 here because

variance is 1.



So, that way it is 0 0 0 1 so this is the error covariance matrix here, so we know Qw we know
this is my a which is constant not time varying this is my C matrix and you Qv is now it one-
dimensional quantity that is equal to sigma V square actually that is equal to 1. So, these are the
parameters given with this we can estimate this state.
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So, initial value we can assume that X hat - 1 given - 1 that is initially this = 0 and then P of - 1
that is error covariance matrix given - 1 that will be also equal to some positive matrix we have
to consider so that where sigma square | where sigma square is a positive quantity. We may take
this is sigma square make we may take one so we can take this as the identity matrix itself. So,
this is 1 0 0 1 now starting with n = 0 we will first estimate the prediction error covariance matrix

so that way we will estimate P of O given — 1.

So, this is given by A into P - 1 given - 1 this is the initial estimate of the error covariance matrix
into A transpose + Qw this is the expression. So, this will obtain from this expression An into Pn
- 1 given n - 1 into An transpose + Qw. So, we get this expression and we can carry out the
computation now this =1 1 0 1 this is my A and then this is identity matrix 1 0 0 1 and this is A

transpose that way it will be 1 0 1 1 + Qw, Qw matrix we have found out Qw matrix is00 0 1.

So, that way it willbe 00 0 0 0 0 1 so we can carry out this computation and we will get this as 2

1 1 1 so this is the a priori error covariance matrix. Now when this we can find out KO Kalman



gain at time 0 = P of 0 given - 1 into c transpose into c into P of O given - 1 into ¢ transpose + Qv
whole inverse. So, this is the expression we get from this formula, so this is the Kalman gain. So,
using this formula we get this, so we have already obtained this, and we have value of ¢, cis 1 0

here c is known this one is known here c transpose we know Qv is simply 1.

So, that way we can write this as this is this matrix 2 1 1 1 into ¢ transpose is ¢ is 1 0. So, this
will be 1 0 and here similarly this will be 1 0 this is the matrix then thisis 2 1 1 1 and then c
transpose will be 1 0 + Qv = 1 and whole inverse so this we can carry out and we will get the
here this matrix this is a 2 / 1 matrix two third and one third. Now we can estimate x0 given 0
given O that is will be equal to x0 given — 1. So plus Kalman gain that is kO matrix into Yn - ¢
times x0 given that is y0O here x0 given — 1.

So, that way we can write, and this part is 0 because there is no prediction initially this part is
also equal to 0 and therefore, we will simply have ko, ko is two third one third into y0. So, that
way this will be two third of y0 in and one-third of y0 so this is the estimator for the states this is
the position this is the velocity and now we can calculate P of 0 given 0 that will be equal to I — |

had to be identity matrix into kO Kalman gain matrix into c all are given into P of 0 given — 1.

So, we know all this quantity, so this is the identity matrix 1 0 0 1 and then kO we know that is
equal to two third one third this matrix then ¢ we know c is 1 0 and then this PO given - 1 that
also we know that is given by 2 1 1 1. So, if we carry out this calculation, we will get this as the
two third, one third, one third, two third so that way we can find out PO 0 then we can find out P1
given 0 then k1 X hat 1 given 1 like that. So, if we can estimate the state in this recursive
manner.

(Refer Slide Time: 45:21)



Summary
% The vector Kalman filter is a recursive state estimator . for the state space mode
X(m)= A(m)X(n=1)+W(n) (state equation)
Y(n) = c(m)X(n)+ V(1) (observation equation)
& W(n)is assumed 10 be & white notse vector, Thus, the covaniance matrix Q, fsa
diagonal matnyx

@. V(mis also assumed 10 be a white noise vector with  the covariance Q. Further, F(n) i

dependent of X(n) and W(n)

@ The Kalman filter structure ven by the following block diagram

Y(n) Yin
—tl ¢ b= v-k'"v—. "

¥ - , | X(n|n)

{e(m) b = VY

Let us summarize the lecture the vector Kalman filter is a recursive state estimator for the state
space model this is this state space model Xn = An into Xn — 1 + Wn An is the state matrix or
system matrix Xn is the state vector Wn is the process noise vector Yn that is the measurement
vector or output data vector = cn that is known as the output matrix multiplied by the state vector

+ Vn, Vn is the measurement noise vector.

Whn is assumed to be white noise vector thus the covariance matrix Qw is a diagonal matrix Vn is
also assumed to be a white noise vector with the covariance Qv. Further Vn is independent of Xn
and Whn that is important the Kalman filter structure is given by the following block diagram. So,
this is the input data Yn and this is the X hat n given n this is the output state estimator. So, this

is the input that is the data vector.

Now this is delayed that will give us X hat n - 1 given n - 1 that will be multiplied by An and we
will get the predicted part here and this predicted part is multiplied by cn to get the predicted data
here we get the predicted state here, we get the predicted data then this is subtracted we get the
innovation. This innovation we are scaling by the Kalman matrix and this is added to the
predicted part to get the state estimator.
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Summary...
% Following the same procedure as the scalar Kalman filter, we can derive the
following Kalman filter equations

(1)  Obtain Update the prediction error covanance matnx
P(n|n-1) =A(mP(n-1|n-)A'(n) +Q,
(2) Estimate Kalman gain
k, = P(n[n-1)c'(n)(c(n)P(n n~l)r'|n)0()|)'
Estimate states

X(n|n)=A(mX(n-1{n l)*k_(\'lu)-c(n):\tui,"(n 1ln=1))
(3)  Update the estimation error covanance matnx

P(n|n)= (1=K ¢(m)P(n|n-1)

. L
% Kalman filter has diverse applications

Following this same procedure at this scalar Kalman filter we can derive the following Kalman
filter equations that is obtain the update of the prediction error or a priori error covariance matrix
P of ngiven n - 1= Aninto P of n - 1 given n - 1 into n transpose + Qw. Estimate the Kalman
gain that is Kn = P of n given n - 1 into cn transpose into inverse of this that is cn into Pn given n

- 1 into cn transpose + Qv where Qv is the observation noise.

This is the covariance matrix of the observation noise then we will estimate these states that is X
hat n given n = An into X hat n - 1 given n - 1 this is the prediction part + Kn Kalman gain into
one correction part that is Yn — cn into An into X hat n - 1 given n — 1. This is the previous
estimation now we will update the estimation error because here estimation error is in use. So,
for that we have to update it and this update is given by | - Kn into cn into P of n given n - 1 this
is the covariance matrix update equation. So, this is the Kalman filter algorithm and we are also

stated that Kalman filter has diverse applications. Thank you.



