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Recall that

% The LMS algorithm is based on minimizing the instantaneous square

error c“(n) with respect to the filter coefficient vector h(n)

“*The filter weights are updated according to

h(n+1)=h(n)+ ge(n)y(n)

['he above 18 a stochastic difference equation. Therefore, convergence analysis 1s

difficult

This lecture will concentrate on the convergence analysis of the LMS

algonithm

Hello students. Welcome to this lecture on adaptive filters. Recall that the LMS algorithm is
based on minimizing the instantaneous square error e square n with respect to the filter
coefficient vector hn. The filter weights are updated according to this equation h of n + 1 is equal
to hn plus mu times en into yn, yn is the data vector, mu is this step length parameter. The above
is a stochastic difference equation. Therefore, convergence analysis is difficult. Our knowledge
of deterministic convergence cannot be applied here. This lecture will concentrate on the
convergence analysis of the LMS algorithm.
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% Let us also recall the SDA iteration
h(n+1)=h(n)+ u(ry =R h(n))

% Under proper choice of the step sizep filter coefficients converge to the
Wiener solution

. i 2 '
limh(r)=h,, =R} 1,

% For convergence
0<u<2/ A,
% A simpler condition

< u<
; MR, (0)

Can we extend these results to the LMS iteration?

Let us recall the SDA iteration h of n + 1 is equal to hn + mu times Rdy — Ry into hn vector,
where Rdy is the cross-correlation vector and Ry is the autocorrelation matrix. Under proper
choice of step size mu, the filter coefficients converge to the Wiener solution, that is as n tends to
infinity limit of hn is equal to h optimum and that is given by Ry inverse into cross correlation
vector and for convergence is given by mu lies between 0 and 2 by lambda max and a simpler
condition was mu lies between 0 and 2 by M into Ry0, where m is the length of the filter. Can
we extend these results to the LMS situation? Let us try to answer this.
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Difficulties in the convergence anayalysis

% Consider the LMS filter update e¢quation

hin+1)=h(n)+ ue(n)y(n)

% The above is a stochastic difference equation. The convergence analysis of
SDA cannot be directly applied here

% The convergence problem has to be considered as the convergence of a
sequence of random vaniables. We considered such convergence while defining

the consistent estimators

% As there 1s a unity feedback loop, there is additional difficulty

Consider the LMS filter update equation hn + 1 is equal to hn + mu times en into yn. As it is a

stochastic difference equation the convergence analysis of SDA cannot be directly applied. So



the answer to this question is that, the convergence analysis of SDA cannot be directly applied.
The convergence problem has to be considered as the convergence of a sequence of random
variable. This hn sequence is a sequence of random variables.

We consider such convergence while defining the consistent estimators. There are different
modes of convergence for the sequence of random variables. So particularly we considered
convergence in probability and mean square convergence. Here also, we will try to apply mean
square convergence. As there is a unity feedback loop here, this coefficient here is 1. There is
additional difficulty in the convergence analysis.
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Independence assumption

% Though the LMS algonithm is very simple the convergence analysis is
quite complex. To simplify the analysis, the ndependence assumption is made
“y(m) 1s statistically independent of past data vectors. Such an assumption is

not correct. However, the theoretical results obtamed using this assumption
match reasonably well with experimental result

“Considering h(n)=h(n-1)+ge(n=1)y(n-1), h(n) depends on past data
vectors and the past values of the desired signal. Thus h(n) can be considered
independent of y(n)

% Because of the above assumptions, we can separate out expectations, ¢.g

EW(n)y(n) = EW(n)Ex(n)

We have to make one important assumption, that is independence assumption. Though the LMS
algorithm is very simple, the convergence analysis is quite complex. To simplify the analysis, the
independence assumption is made. The data vector yn is statistically independent of past data
vectors. This is the assumption. Such an assumption is not correct, because all data vectors will

be dependent only.

However, the theoretical results obtained using this assumption match reasonably well with the
experimental results. Now consider the filter update equation hn is equal to hn - 1 + mu En -1

into yn — 1. Here hn depends on hn — 1, which is function of past data and it depends on E of n —



1 and yn — 1. So that way it is independent of yn, because yn is anyway independent of yn - 1
according to independence assumption.

Because of the above assumptions, we can separate out expectation. For example, we can write E
of h transpose n into yn will be equal to E of h transpose n into E of yn. So this type of separation
will be needed in our analysis.
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Convergence of the mean of filter coefficients

Under independence assumption, the LMS iteration is convergent in the mean if the

<
step size parameter M satisfies the condition 0 < p <~
A

.

Proof
hin+1)=h(n)+ ue(n)y(n)

S Eb(n+1) = Eh(n) + uEy(n)e(n)
= Eh(n) + uEy(n)d(n)=y'(n)l{n))
= Fh(n) + pr,, = pEy(m)y'(n)h(n)

.
% Assuming h(n) to be independent of data vector, we get

Fh(n+1) = Eh(n)+ g, - pEy(n)y'(n) Eh(n)
= Eh(n) + ur,, - R, Eh(n)
~ Eh(n+1) = Eh(n) + v, = yR, Eh(n)

Hence the mean value of the filter coefTicients satisfies the steepest descent iterative

relation so that the convergence analysis of the SDA can be applied

First, let us see the convergence of the mean of the filter coefficients. When iterations proceed,
whether the mean of the filter coefficient is converged? Under the independence assumption, the
LMS iteration is convergent in the mean, if the step size parameter mu satisfies the condition that
is mu lies between 0 and 2 by lambda max. This is the same as the SDA condition. We will

prove this h of n + 1 is equal to hn + mu times en into yn.

Therefore, expected value of e of hn + 1 is equal to E of hn + mu times expected value of yn into
en. That is equal to E of hn + mu times E of yn into error is dn - y transpose n into hn. Now, |
can separately take the expectation here. So therefore, the expression will be equal to E of hn
plus this quantity will be Rdy, that is the cross correlation matrix and this part will be mu times E

of yn into yn transpose into hn. Now, we will make the independence assumption.



Assuming hn to be independent of the data vector, we will get E of h sub n + 1 is equal to E of
hn + mu into Rdy. Now here, we will write this entire expectation is product of two expectations,
that is mu times E of yn, yn transpose into E of hn and this quantity is now E of yn, yn transpose
is the Ry matrix. Therefore, this will be E of hn + mu into Rdy — mu times Ry into E of hn.
Therefore, the average value of h of n + 1 is equal to average value of hn + mu Rdy - mu times
Ry into E of hn, average value of hn.

So this is same as the iteration for the SDA algorithm. Hence, the mean value of the filter
coefficients satisfies this steepest descent iterative relation, so that convergence analysis of the
SDA can be applied.
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Convergence of the mean ...

bl

* Thus. the LMS iteration of the mean of filter coeflicients converges 1f 0 <y <—

A

% In the practical situation, knowledge of 4__ is not available and Trace Rycan be taken
as the conservative estimate of 4, so that for convergence
b
N P T
lrm'dR\)
% Also note that trace, Trace(Ry )= MR, (0) = Tap input power of the LMS filter
* The LMS algonithm 1s convergent in the mean 1f the step size parameter ¢ satisfies the
condition
A
0<p<
MR (0)

Thus, the LMS iteration of the mean of the filter coefficients converge, if mu lies between 0 and
2 by lambda max. So if we consider in terms of the mean of the filter coefficient, then the
iterations will converge as long as mu is between 0 and 2 by lambda max. In practical situation,
knowledge of lambda max is not available or it is difficult to obtain. Therefore, we can consider

trace of Ry instead of lambda max, like in the SDA method.

So therefore, the conditions for convergence is mu should lie between 0 and 2 by trace of Ry and
trace of Ry is equal to M times RyO, that is the tap input power of the LMS filter. The LMS

algorithm is convergent in the mean, if the step size parameter mu satisfies the condition mu lies



between 0 and 2 by M times Ry0. So that way, we have to choose a value of mu, which is less
than this quantity.
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Convergence of the LMS algorithm ...

.
% Generally, a oo small value of # results in slower convergence where as big values of g

will result in larger fluctuations from the mean. Choosing a proper value of g 1s very
important for the performance of the LMS algonthm
% In addition, the rate of convergence depends on the statistics of data and is related to the

cigenvalue spread for the autocorrelation matnix. This is defined using the condition number

- / . ;
of R\ defined as k = —=% where A 1S the mimmum eigenvalue of R\

A
i

I'he fastest convergence of this system occurs when & =1, corresponding to white noise
I'his states that the fastest way to tram a LMS adaptive system 1s to use white noise as the
trmning mput. As the noise becomes more and more colored, the speed of the trmning will
decreasc

The average of each filter tap ~weight converges to the corresponding optimal filter tap-

weight. But this does not ensure that the coeflicients converge to the optimal values

If we select a too small value of mu, then convergence will be slow; whereas a big value of mu
will result in larger fluctuation from the mean. Choosing a proper value of mu is very important
for the performance of the LMS algorithm. In addition to the above, the rate of convergence
depends on the statistics of data and is related to the Eigenvalue spread of the autocorrelation

matrix, that we have discussed earlier.

This is defined by the condition number of Ry, which is lambda max by lambda min. Therefore,
rate of convergence will depend on Kk, it should be small. The fastest convergence of the system
occurs when K is equal to 1 corresponding to the white noise. So this condition also implies that
the fastest way to train an LMS adaptive system is to use white noise as the training input,

because in the case of white noise all eigenvalues are equal.

Therefore, lambda max by lambda min will be equal to 1. As the noise becomes more and more
coloured, the speed of training will decrease. The average of each filter tap weight converges to
the corresponding optimal filter tap weight, but this does not ensure that the coefficients
converge to the optimal value, because only average part is converging; we have to consider the

fluctuating part also.
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Excess mean square error

¢ Consider the LMS difference equation

h(n+1)=h(n)+ ge(n)y(n)

**  We have seen that the mean of LMS coefficient converges to the steepest
descent solution. But this does not guarantee that the mean square error of the
LMS estimator will converge to the mean square error corresponding to the
wiener solution. There is a fluctuation of the LMS coefficient from the wiener
filter coefficient

< Because of random updating, h(») will be fluctuation from the Wicner

solution h_,

% Leth(n)=h_, +Ah(n)

ap
where b, = optimal wiener filter impulse response

< The instantancous deviation of the LMS coefTicient from h,, is
Ah(m) =h(n)~h,,
Let us consider the LMS difference equation h of n + 1 is equal to hn + mu en into yn. We have
seen that the mean of LMS coefficient converges to this steepest descent solution. The mean will
converge to the steepest descent solution. But this does not guarantee that the mean square error
of the LMS estimator will converge to the mean square error corresponding to the Wiener

solution. There is a fluctuation of the LMS coefficient from the Wiener filter coefficient.

Because of random updating, hn will be fluctuating from the Wiener solution h opt. Let hn be
equal to h opt + delta hn, where delta hn is the fluctuation and h opt is the optimal Wiener filter
impulse response. That is h opt is the optimal Wiener filter vector. The instantaneous deviation
of the LMS coefficient from h opt is given by delta hn is equal to hn — h optimum.
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Excess mean square error
L e(n)=FEé'(n)
= E(d(n) - _y(n)- AW'(n)y(n))’
= E(e,, (n)~ AW (n)y(n))’
= Ee; (n)+ EAN (n)y(n)y'(n)Ah(n) - 2E(e, . (m)AR'(n)y(n))
=g +EAN (n)y(n)y'(n)Ah(n) - 2/:'(0”“(11);\h'( n)y(n))

i

=&+ EAN'(n)y(n)y'(n)Ah(n)

(EE

I’I"I
gt 2

assuming the independence of deviation with respect to data and noting

that Ee, ,(n)y(n) =0.

[herefore, &, (n)= EAN'(n)y(n)y'(n)Ah(n)

Therefore, mean square error, this is the mean square error, MSE is equal to E of h square and is
equal to E of dn — h sub transpose into yn — delta hn transpose into yn whole square. This is the
mean square error. Now this part is the error due to optimum Wiener filter. We denote it by e opt
n. Therefore, mean square error will be e opt n — delta h transpose n into yn whole square and
this we can write like E of square n, that is the Wiener mean square error epsilon min plus E of

square of this quantity delta hn into yn, yn transpose into delta hn.

Because these are matrix, so this square term will come like this, minus the cost terms, that is
twice E of E opt n and into delta h transpose n into yn. So that we will get this as that is mean
square error of Wiener filter plus E of delta hn into yn, yn transpose into delta hn — 2 times e opt
n into delta hn transpose into yn. So that way, we can write that the MSE is equal to Wiener filter

mean square error plus E of delta hn yn into yn transpose into delta hn.

Because this term will become zero because of the independence assumption, we can write that
this deviation. First, we can write this expression is equal to twice E of delta hn transpose into E
of E opt n into yn vector. We can write like this because of the independence assumption, we can
say that this is the deviation and this deviation is independent of data therefore we separate out

the expectations. Now this part error is orthogonal to data.



Now this expression will become zero. Now mean square error will be simply epsilon min that is
the mean square error corresponding to the Wiener filter plus this term. This is the excess mean
square error. Therefore, there is an excess in the mean square error that is given by E of delta hn
transpose into yn into yn transpose into delta hn. So how to analyze this excess mean square
error.
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Excess mean square error ...
% The mean-square crror £(o0) at convergence 1s given by
Ew)=¢, +&,.(0)

.
% Ancxact analysis of the excess mean-square error 1s quite comphicated. I ¢, (1)

converges as n — o, then £(n) also converges as n - ». &, (n) can be determined
using the impendence assumption and other approximations and the following results
may be established
o Under the independence assumption the MSE e(m)converges il and only 1f
- Y 3
A
< u« — and }_‘———x |
/ - = -
7 K Y 2= il
(-
and £(0) = lime(n) = —2——
" & YA
P
2= A

The mean square error that is epsilon infinity at convergence is given by epsilon infinity that is
the mean square error as n tends to infinity is equal to epsilon mean, that is the mean square error
corresponding to the Wiener filter plus epsilon access infinity. This is the excess mean square
error and exact analysis of the excess mean square error is quite complicated. If excess mean

square error converges as n tends to infinity, then n will also converge.

Because if this part converges, this part will be also converging, that excess mean square error
can be determined using the independence assumption and other approximation and the
following results may be established. We will not establish it, but this is a very important result.
Under the independence assumption, the MSE epsilon n converges if and only if mu lies between
0 and 2 by lambda max and summation of, this is the additional condition summation mu lambda

i divided by 2 — mu lambda i, i going from 1 to M is less than 1.



Not only this condition is to be satisfied, this condition also is to be satisfied and under that
situation the mean square error that is equal to limit of epsilon n as n tends to infinity is equal to
epsilon min that is the mean square error corresponding to Wiener filter divided by 1 minus
summation mu lambda i — 2 — mu lambda i, i going from 1 to M. Therefore, this is the mean
square error corresponding to the LMS Wiener filter.
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Excess mean square error ...

o The approximate asymplotic excess error is given by

i 1A,
T 2 i,

B e (R) S 6(R) =6 =6 —

VI—X”"‘"

=l -_/”.-‘

N )]
A,
If <<|, then
Z 2- A :

*exven “ min

M 9
) ’:“ o) \ ‘/'1 Al
*  The factor—= = 2 £ 1s called the misadjusim (MF) for the

& Y2 A

man

LMS filter

Now we can find out the approximate value of excess mean square error and that is epsilon
excess infinity that is the excess mean square error at convergence is equal to epsilon infinity that
is the mean square error minus the Wiener mean square error equal to epsilon min that is the
Wiener filter mean square error multiplied by summation mu lambda i by 2 — mu lambda i, i
going from 1 to M divided by 1 — summation mu lambda i divided by 2 — mu lambda i, i going
from 1 to M.

We will make now some assumption, some simpler approximation. Suppose this quantity is
much smaller than 1, then denominator will be simply 1, so that we can write epsilon excess that
is the excess mean square error is equal to epsilon mean times summation mu lambda i divided
by 2 — mu lambda i, i going from 1 to M. This epsilon excess divided by epsilon min, this factor
which is equal to summation mu lambda i divided by 2 — mu lambda i, i going from 1 to M is
called the misadjustment factor, MF for the LMS filter.



So there will be an excess amount in the mean square error by this factor. Further if mu is much
less than 2 by lambda max, then excess mean square error can be approximated by this
relationship, epsilon min into mu by 2 into trace of Ry, because here this term becomes 1 and
this becomes summation lambda i and which is equal to trace of Ry matrix.
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Excess mean square error ...

-

¢ Further, if u<< , then

M

L
- Trace(R,)

E s = 'Tm.,l“l_—o

. Hnp
=&, 5 Trace(Ry)

. MF = Zemcms %'l‘mce(R‘ )

&

mn

So that way, misadjustment factor will be now mu by 2 into trace of Ry. This is the
misadjustment factor for the LMS filter.
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Let us consider the Example in the last lecture
The input to a communication channel is a test sequence
x(n) = 0.8x(n-1) + w(n)where w(n) is a 0 mean unity variance white
noise. The channel transfer function is given by H(z)=2z"' —0.52" and
the channel is affected white Gaussian noise of variance 1.
(a) Find the bounds of LMS step length parameter for the
convergence of the mean-square error.
(b) Find the excess mean square error and the approximate mis-
adjustment factor.

Solution:;
We have computed

2255 0.533
=[ ] Ay =279,1.72

Y 10533 2255

Let us consider the example in the last lecture. The input to a communication channel is a test

sequence given by xn is equal to 0.8 xn — 1 + wn, where wn is a 0 mean unity variance white



noise. The s channel transfer function is given by Hz is equal to z to the power -1 - 0.5 into z to
the power -2 and the channel is affected by white Gaussian noise of variance 1. Now new

questions are.

In addition to last time questions, find the bounds of LMS step length parameter for the
convergence of the mean square error. Find the excess mean square error and the approximate
misadjustment factor. Here Ry we have already found out that is equal to this matrix 2.255 here
diagonal is 2.255 and up diagonal is 0.533, 0.533. Therefore, its Eigenvalue we can find out
lambda 1 and lambda 2 are 2.79 and 1.72 respectively. This is the maximum Eigenvalue.
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Example ...
2 2
% Now g<——=—. Wetake g=0.1
2.79
Vi
Now
i wh,  0.1x2.79 0.1x1.71
~2—pd  2-0.1%x2.79 2-0.1x1.71

S o
8 e U & %I race(R, )

: 0.1x4.5
o MF =222 = Eqpace(R, ) = 2LL L ICTT

& 2 2

wm

Mu should be less than 2 by lambda max and that is less than 2 by 2.79, whose mu should be
small for excess mean square error. So we take mu is equal to 0.01. This is less than this
quantity. Then, we see this factor that is we have to determine the excess mean square error.
Therefore, this factor we have to determine summation mu lambda divided by 2 — mu lambda i, i

going from 1 to 2. Here M is 2 and this we can find like this with mu we know.

Mu is 0.01, lambda 1 is 2.79 divided by 2 — 0.1 into 2.79. Similarly, mu lambda 2 is 1.71,
therefore 0.1 into 1.71 divided by 2 — 0.1 into 1.71 and this factor is less than 1. Therefore, our

choice of mu is right and excess mean square error, we can now determine. So excess mean



square error will be determined by this expression. So epsilon mean, Wiener filter mean square

error that we can determine from the Wiener filter solution.

And this is given trace of Ry we can determine, so we can determine the excess mean square
error. Now the misadjustment factor is given by excess mean square error divided by the optimal
mean square error and that is equal to mu by 2 into trace of Ry and when we put mu is equal to
0.1 and trace of Ry is equal to sum of the diagonal elements that is equal to 4.51 divided by 2
and that is equal to 0.225, that is there is a misadjustment of 22.5% from the optimal mean
square error.
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Drawback of the LMS Algorithm

% Convergence is slow when the eigenvalue spread of the autocorrelation matrix

18 large

* Misadjustment factor given by

&

evces

ko
4 S ;/III'(I('(’(R\ )
g —

is large unless g 1s much smaller. Thus the selection of the step-size parameter 1s

crucial in the case of the LMS algonthm

*  When the input signal is nonstationary the eigenvalues also change with time
and selection of g becomes more difficult

*  We will see how these drawbacks are overcome

Let us discuss the drawback of the LMS algorithm. Here convergence is slow when the
Eigenvalue spread of the autocorrelation matrix is large. That is one important factor.
Misadjustment factor is given by that is excess mean square error divided by the Wiener mean
square error, that is approximately equal to half of mu times trace of Ry and if mu is large, this

quantity will be large. This error will be large unless mu is much smaller.

Thus the selection of step size parameter is crucial in the case of LMS algorithm. When the input
signal is non-stationary the Eigenvalues also change with time and selection of mu becomes
more difficult. We will see how these drawbacks are overcome in the next lecture.
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Summary
% Though the LMS algorithm is very simple, but the convergence analysis is
quite complex. To simplify the analysis, the independence assumption is made
y(n) is statistically independent of past data vectors. The theoretical results
obtamed using this assumption match reasonably well with expenmental
result
% Under this assumption.he LMS algorithm 1s convergent in the mean 1f the step

size parameler # satisfies the condition

2
O<puy<—

“un

MR, (0)

Or simply O<pu<

Let us summarize the lecture. Though the LMS algorithm is very simple, the convergence
analysis is quite complex. To simplify the analysis, the independence assumption is made, that is
yn is statistically independent of past data vectors. The theoretical results obtained using this
assumption match reasonably well with the experimental results. Under this assumption, the
LMS algorithm is convergent in the mean if the step size parameter mu satisfies this condition,
zero is less than mu is less than 2 where lambda max or simply mu lies between 0 and 2 by M
into RyO.
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Summary ...

% Under the independence assumption the MSE g(m)converges if and only 1f
3

N

2 1A
O<pu<— and Z—/—— <l
A o 2= lUA

“mn

£
and £(e0) = lim () » ——p 8
1-y-5
e 174

¢ The excess mean square error 1s given by

% Misadjustment factor is given by

&

o

e
x ;—,ulmcd R,)

&
e

Under the independence assumption, the MSE epsilon n converges if and only if these two

conditions are satisfied mu lies between 0 and 2 by lambda max and this additional condition is



summation mu lambda i divided by 2 — mu lambda i, i going from 1 to M must be less than 1 and
under this situation, the mean square error at infinity is given by epsilon min divided by 1 minus

summation mu lambda i divided by 2 — mu lambda i, i going from 1 to M.

This is the Wiener filter mean square error. Now the excess mean square error is given by
epsilon excess, this is the excess mean square error is equal to epsilon min times summation mu
lambda i divided by 2 — mu lambda i, i going from 1 to M and the misadjustment factor is given
by that is excess mean square error divided by epsilon min that is approximately equal to half of
mu times traces of Ry. Thank you.



