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Let us recall
We discussed FIR and [IR Wiener filters in last lectures:
FIR Wiener filter

M-1

X(n) = Zh(i)Y(n—i)
0
% Non-causal [IR Wiener filter
X(n)= Z h(i)Y (n-1)
L Cn;;x'al [IR Wiener filter
X(n)= Zh(i)Y(n —i)
w0

% Applying the orthogonality principle, we got the WH equations in each case.

Hello students. Welcome to this lecture on linear prediction of signals. Let us recall, we
discussed the FIR and IR Wiener filters in the last lectures. A FIR Wiener filter where estimator
is given by summation hi Y n —1i, i going from 0 to n — 1 non-causal IR Wiener filter where the
estimator is given by summation hi Yn — i, i going from minus infinity to plus infinity and the
causal IR Wiener filter X-th n is given by summation hi into Yn — i, i going from 0 to infinity.
Applying the orthogonality principle, we got the Wiener Hopf equations in each case.
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Let us recall

% Wesolved the WH equations
* by matrix inversion in the case of FIR Wiener filter
* in the transform domain in the case of non-causal IR Wiener filter

H(z)=
3y(2)

* In the case of causal IR Wiener filter, we factored -\',(:) as

S,(z)=0}H_(z)H_(z") and applied a whitening filter = to generate

the innovation process ¥ (n) . We designed the causal IR Wiener filter with

respect Lo this innovation sequence

I'his lecture will explore one important application of the FIR Wiener filter

for the lincar prediction of signals,
We solved the Wiener Hopf equations by matrix inversion in the case of FIR Wiener filter. In the
transfer domain, in the case of non-causal 1IR Wiener filter by this equation Hz is equal to Sxyz
divided by Syz, whereas xyz is the cross power spectral density of the data and the unknown
signal and xyz is the partial density of the data. In the case of causal IR Wiener filter, we
factored xyz that is the power spectrum of the data, zyz is equal to sigma v square into Hcz into

Hcz inverse and applied a whitening filter 1 by Hz.

This Hz here 1 by Hz to generate the innovation process Vn. We design the causal IIR filter with
respect to this innovation sequence. This lecture will explore one important application of FIR
Wiener filter for the linear prediction of signals.
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Prediction problem

Given the observations y(n-1), y(n-2)

prediction for y(n)"

%+ Considering observations ¥ (n-1),Y(n-2),.....Y(n- M) as random variables,
the problem is to find the best prediction of Y(n) given
Y(n-1)=y(n=1)Y(n-2)=y(n-2),....Y(n-M)= y(n-M)in some
meaningful sense

%+ This is the optimal prediction problem

%+ Instead of one step prediction, we may have multiple step prediction

First, let us see what is a prediction problem given the observation Yn - 1, Yn - 2, etcetera, up to
Yn - M, what is the base prediction for yn. That means, we have signalatn-1,n-2, n- 3, etc,,
up to some n - M, then what is the base prediction for the signal at instant n. So we want to
predict Yn. Now considering the observations Yn—1, Yn - 2 upto Yn - M as random variables.

The problem is to find the best prediction of Yn given Y n - 1 is equal to yn - 1. These are the
values. Yn - 2 is equal to yn - 2 like that Yn - m equal to yn - M. These are already given values
and given these values, what is the best prediction for Yn? So we have to find out the best
prediction for Yn. This is the optimal prediction problem. Now here, we have used one step
prediction. Instead of one step prediction, we may have multiple step prediction.
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MMSE and LMMSE criteria

* If the MMSE criterion is used then the best prediction is given by
the conational expectation
Y(n)=E(Y(n)|Y(n-1)= yn-1),Y(n=2)=yn-2),....Y(n=M)=y(n-M))
* Finding conditional expectation is computationally complex
% In lincar prediction (LP), ).'(n) is assumed to be a linear function of the past

data
2 M
Y(n)= Zhu))'(n—:)
ml

where h(i),i=1.,2,...., M are the prediction coefficients and M is the prediction

order
* LMMSE principle of estimation is applied

Let us see, how we can apply MMSE and LMMSE criteria. If the MMSE criterion is used, then
the best prediction is given by the conditional expectation. Y hat n is equal to conditional
expectation of Yn given Yn - Lisequal toyn -1, Yn - 2 is equal to yn - 2, etc., etc and upto Yn -
M is equal to yn - M. These are the values of the corresponding random variables. So this

conditional expectation is computationally complex operation.

Because we have to find out the conditional PDF for conditional PMF and after that only we can
find out the conditional expectation. So we need a simpler solution. For that, we consider linear
prediction. In linear prediction LP, Y hat n is assumed to be a linear function of the past data. So
just like in the other cases of Wiener filter, we assume that Y hat n is a linear function of the past

data. So Y hat n is equal to summation hi into Yn - i, i going from 1 to M.

Where hi, i going from 1 to M are the prediction coefficients and M is the prediction order. So
this is the linear predictor. Now, we can apply the linear minimum mean square error principle to
estimate the; hi parameters.
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Prediction error filter and Reconstruction filter
We have the prediction error

en)=Y(n)-Y(n)

M
Y= i) Y(n=i)
Vo
1
e(n) 1s the output of a filter is called the prediction error filter. Thus, the prediction error
filter is an FIR filter with coefficients given by
1, = A(1), ~ h(2).., K M) and the transfer function
H(z) =1~ h{l)z h(2)z h(M)z
- on)
Y(n) H(:)
< We can reconstruct Y(n) from the error signal e(n) using the mverse filter ——
H(z)
n l 3
Y(n)
H(z)
“The IR filter . 15 required to be stable
H(z)

We will introduce the prediction error filter and reconstruction filter. We have the prediction
error given by en is equal to Yn - Y hat n and Y hat n we can write like summation hi into Yn - i,
i going from 1 to M. So that way en is equal to Yn - summation hi into Yn - i, i going from 1 to
M, en is the output of a filter called the prediction error filter.

So this is en, is the output of a filter called the prediction error filter with Yn as the input. Thus
the prediction error filter is an FIR filter with the coefficients given by 1, this is the 1 minus hl,
first coefficient will be minus h1l like that upto minus hM. So these are the filter coefficients of
the prediction error filter and the transfer function Hz, we can write in the transfer domain Hz is
equal to 1 - h1z to the power minus 1 minus h2 into z to the power minus 2, etc., upto minus hM

into z to the power - M.

So that way yn is the input prediction error filter and prediction error en is the output. We can
reconstruct Yn from the error signal en by using the inverse filter 1 by Hz. So, if I put en as the
input, then this 1 by Hz will be the filter transfer function and correspondingly I will get Yn as
the output. So the way en input to a filter 1 by Hz, we will get Yn. This is the reconstruction
filter. The IIR filter 1 by Hz is required to be stable. So that way we have to impose condition of
Hz, so that 1 by Hz is stable.
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LP reconstruction

SGiven e(n), the reconstruction Y(m) 15 aiven by

Y(n) = Ehl;))(n 1) +e(n)

% Note that the above equation 1s similar o AR(M) process
®For an exact AR(M) process Y(n), linear prediction model of order M and the
corresponding AR model have the same parameters

% For other signals LP model gives an approximation

Linear prediction reconstruction, let us see, how we can reconstruct the signal given en, the
reconstruction Yn is given by Yn equal to summation hi Yn minus i, i going from 1 to M plus en.
This is the reconstruction filter. Note that the above equation is similar to an ARM process,
because ARM process also, we got that suppose Yn is an ARM process, then Yn is equal to

summation ei Yn - i, i going from 1 to M + Vn.

So that way this equation and this equation are structurally same. For an exact ARM process Yn
the linear prediction model of order M and the corresponding AR model have to save parameters.
That we can show. For other signal LP model gives an approximation. So LP model gives an
approximation of this signal, so that we can determine the error en.
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Orthogonality principle and the WH equations

We  have to  mmmze the mean wquare  prediction  error

M
Ee'(n) =1 ()'QM)—}:I: (i) Y(n=0)y

* The LMMSE estimates for the prediction parameters are obtained by applying  the
orthogonality condition

EemY(n=j)=0 for j=12,. M

N

5 il)(n)—‘;hlll)'llrllY(n— j)=0 J=12,..M
;I

=R, (j)- ZI}U)R‘(/—H 0

&
=R ()= Y HOR (=) j=L2..M

Ihe above set of equations are the Wiener Hopf equation for the linear prediction problem

ind same as the \ equation for the ARMM) process

And now, we can apply the orthogonal, we have to minimize the mean square prediction error Ee
square n, which is equal to E of Yn minus summation hi into Yn - i, i going from 1 to M whole
square with respect to the hi parameters. The linear minimum mean square error estimates or the
prediction parameters are obtained by applying the orthogonality condition. Error is orthogonal

to data. Therefore, E of en into Yn - j is equal to O for j is equal to 1, 2 up to M.

And now we can write en as Yn minus summation hi into Yn - i, i going from 1 to M. So you
have this expression into Yn - j will be equal to O for j is equal to 1, 2 up to m. By applying the
orthogonality condition, we get this expression and if we take the expectation, we will get Ryj
minus summation hi into Ryj - i, i going from 1 to M and that must be equal to 0. So we shall
give you Ry of j will be equal to summation hi into Ryj - i, i going from 1 to M and we will have

M equations corresponding to j is equal to 1, 2 up to M.

The above set of equations are the Wiener Hopf equations for the linear prediction problem and
same as the Yule Walker equation corresponding to ARM process, because in ARM process also
we got the Yule Walker equations like this, Ry of j is equal to summation hi into Ry j - i, i going
from 1 to M.
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Matrix form of WH cquations

* In Matnx notation
TR, (0) R, (1) R, (M-1 T [mD ] [R.(1) ]
R.(1) R, () R.(M-2) n2) R, (2)

LR (M-1) R (M-2) R.(0)] | M) LR, (M) |
* Wnung
TR(0) R, R (M-1) ] R, (D)
=
R() R(0) .. R(M-2) R, (2)
R, = md n, =
LR (M-1) R(M-2) R,(0) | | R, (M) ]
We g
R h=r,
Sh=(Ry)'r,

The M equations can be represented in the matrix form like this. This is the Ry matrix multiplied
by this is the column vector comprising of h1, h2 up to hm and this product must be equal to the
autocorrelation vector Ryl, Ry2 up to Rym. So this is the matrix form of the equation Ryj is
equal to summation hi into Ryj minus i, | going from 1 to M for j is equal to 1 up to M. So this

set of equation, we can write in the matrix form like this.

If we say this matrix Ry as the autocorrelation matrix and small Ry is the autocorrelation vector
Ry1, Ry2, up to Rym, then we can write Ry into h vector is equal to ry. This is this ry, which
means that h is equal to ry inverse into ry. So this is the prediction coefficients, we should
obtained by inverting the autocorrelation matrix and then multiplying with ry vector.
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Special nature of the autocorrelation matrix
RO R R (M=)
RO RORD  RM-2)
R R() RO). R(M=2)

R, =
R(M-1) R(M-2) R.(0) |
@ Symmetric Toeplitz matrix
SWe will develop a fast algonithm to solve the Yule Walker equations exploiting this property
of Ry matnx

We observe that this r1 matrix has a special nature. If we consider the diagonal elements, all
these diagonal element will be RyO. Similarly if we examine the first super diagonal, then we
will see that all its elements are Ryl. Similarly here also, we will get all elements along the
subdiagonal will be Ry1, etc. So this type of matrix is known as Toeplitz matrix. Moreover, this

matrix is symmetric, because autocorrelation function is symmetric.

Because of that, this matrix is also symmetric and Toeplitz matrix. We will develop a fast

algorithm to solve the Yule Walker equations exploiting this symmetrical Toeplitz matrix
property.
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Minimum Mean Square Prediction Error (MMSPE)
E(e'(n) = l:'c(n)()'(n)—ih(i) Y(n-=1))
= Ee(n)Y (n) ’I
= l:’()'(n)-ih(:) Y(n=i)Y(n)
M
=R, (0)- Y h(i)R, (1)
I

M
= MMSPE =R, (0)- ) h(i)R, (i)
1=l



We have to find out the minimum mean square prediction error MMSPE, which will be given by
E of e square n that is equal to E of en into now 1 En we are writing in terms of the prediction
error. So E of en into Yn minus summation hi into Yn - i, i going from 1 to M. Now it already is
orthogonal to this estimator. Therefore, we will simply have E of en into Yn and now
substituting En equal to Yn minus summation hi into Yn - i, i going from 1 to M.

We will get E of e square n equal to e of Yn minus summation hi into Yn - i, i going from 1 to M
into Yn and this when we simplify, we will get Ry of 0 minus summation hi into Ryi, i going
from 1 to M. Therefore minimum mean square prediction error is equal to RyO minus summation
hi into Ryi, i going from 1 to M. This is the expression for minimum mean square prediction
error.
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Example 1

Find the second order predictor for Y(n) given Y(n) = X(n)+V (n), where

V(n) is a O-mean white noise with variance | and uncorrelated with x{»] and
X(n)=0.8X(n4+ W(n), win) is a O-mean {aald sine. with vanance
0.68

** The linear predictor is given by
).'(n) =h(l) Y(n=-D+h2)Y(n-2)

We have to find A(1) and A(2)

** Corresponding Yule Walker equations are
[R,w) R,(l)} Vn)} [R,(I)}
R, (1) R, (0) | [ A(2) R, (2)
Let us consider one example. Find the second order predictor for Yn, given Yn is equal to Xn
plus Vn where Vn is a 0-mean white noise with variance 1 and uncorrelated with Xn and Xn is
equal to 0.8 Xn - 1 + Wn, where Wn is a 0-mean white noise with variance 0.68. So we have to

find out this second-order linear predictor. The linear predictor is given by Y hat n is equal to hl

into Yn - 1+ h2 into Yn - 2. So this is the second-order predictor.

We have to find hl and h2 and that corresponding Yule Walker equations are Ry0, Ry1, Ryl,

Ry0. This is the autocorrelation matrix multiplied by h1, h2. This is the coefficient vector is



equal to Ry1, Ry2. This is the autocorrelation vector. So this is the Yule Walker equation for the
second order linear predictor. Now to find out Ry0, because here we have to find out RyO, Ry1,
Ry1 and this RyO.

(Refer Slide Time: 17:54)

Example ...
** To find out R, (0), R, (1) and R, (2). consider
Y(n)=X(n)+V(n).
** Taking auto-corrclations, we gel
R,(m)=R,(m)+ S(m)
** Again from
X(n)=08X(n-1)+W(n),
0.68

1—(0.8)°
~R(0)=289, R, (1)=1.51and R,(2)=1.21

R.(m)= (0.8)" =1.89x(0.8)"

< Solving A1) =04178 and h(2)= 0.2004.

o MMSPE=R, (0) - (DR, (1)—I(2) R, (2)=2.0166

So that way to find out Ry0, Ryl and Ry2, we consider this Yn is equal to Xn plus Vn model
taking the autocorrelation, as we showed earlier Rym will be equal to Rx of m plus delta m and
from Xn is equal to 0.8 Xn - 1 + Wn, we will get Rx of m is equal to 0.68 divided by 1 - 0.8
square into 0.8 to the power mod of m and this if I simplify this, it will be equal to 1.89 into 0.8

eight to the power mod of m.

Now from this relationship Rym is equal to Rxm + delta m for m is equal to 0, we will get RyO is
equal to 2.89 and Ryl will be equal to 1.51 and Ry2 will be equal to 1.21. This using this
relationship and this expression, we can find out these values of Ry0, Ryl, Ry2. So we have
found out these values Ry0, Ryl1, Ryl, RyO0 and this side also Ry1, Ry2. So, all these values are

known.

Therefore, we can find out h1, h2 by inverting this matrix and then multiplying with this vector.
So that way, we will get hl is equal to 0.4178 and h2 is equal to 0.2004 and the minimum mean

square prediction error will be given by Ry0 - hl into Ryl - h2 into Ry2. So, all these values are



known. If we substitute, we will get that MMSPE will be equal to 2.0166. So that way, we got
the linear predictor and the corresponding mean square error of prediction.
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Areas of application
o Speech modeling o spectral estimation
o Low-bit rate speech coding ¢ DPCM coding

o Specch recognition ¢ [ntemet traffic prediction

% LPC (10) s the popular lincar prediction model used for speech coding. For a

frame of specch samples, the prediction parameters are estimated and coded

Linear prediction has wide applications. For example, it is used in speech modeling, low-bit rate
speech coding, that is compression, speech recognition, spectral estimation, DPCM coding,
internet traffic prediction, etc. Many prediction problem, we can apply linear prediction. LPC 10
is the popular linear prediction model used for speech coding. For a frame of speech samples, the
prediction parameters are estimated and coded. Instead of coding the raw data, the prediction
parameters are estimated and then coded.
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< LPC prediction errors have less dynamic range compared to the data and can

be compressed more effectively
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| will give one example. Suppose this is the original signal and if | apply LPC and predict the
signal using linear prediction, then the predicted signal will look like this. It is almost similar and
the corresponding error, we can estimate and the error will have a very low dynamic range. For
example, it is between -0.05 to +0.05, whereas this signal is from minus 1 to 1. So that way, this
is a very small amplitude signal, which can be quantized with less number of bits.
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LPC in data compression

Given a block of data y(n), n=0,1,..., Nand the prediction order M
% Estimate the autocorrelation functions R, (), j=0,...M

% Solve the Yule Walker equations to get h(i), i=1,...M

L Estimate the prediction error e(n), n=1,...,N using the formula

N
eln)= r(n)—th v(n—i)

o Quantize ¥(0) and A(i), i=1,...,Matahigh bit rates and e(n), n=1,...N ata
low bit rate
o At the decoder, reconstruct y(n), n=1,...,.N from the dequantized values of

10), h(7)s and the errors using the LP reconstruction formula
M
Y(n) = er[(i) Y(n—1i) +e(n)
|
o In CELP (Code book Excited Linear Prediction) the prediction error

e(n) = y(n)- v(n) is vector quantized and transmitted

So | will give the basic procedure of LPC in data compression. Given a block of data yn, n is
equal to 0 to N and the prediction order M estimate the autocorrelation function from data Ryj, j
going from 0 to M. So the Yule Walker equations to get hi, we know the Yule Walker equation
corresponding to M-th order linear prediction, so that we have to solve. Estimate the prediction
error for n is equal to 1 up to N using the formula en is equal to yn minus summation hi into yn

minus i, i going from 1 to M.

Once we have exercised, we can find out the predictor error signal. Now, because it is a linear
prediction, so one sample must be there from where we can predict. So, therefore, that y0 will be
as it is. We have to quantize y0 and hi for i is equal to 1, 2 up to M at a high bit rate. So yO that is
the initial sample, which will be needed to reconstruct the; signal and hi filter coefficient. These

are coded with a high bit rate.



Whereas en which has a small length, en is coded with a low bit rate. At the decoder will
reconstruct Yn from the dequantized values of yO0, hi, and the errors using the LP reconstruction
formula that we know Yn is equal to summation hi into Yn - i + en, i going from 1 to M. So if
we use this formula, we can reconstruct the Yn sequence. So this is the basic outline of the LPC
coding. There is an LPC codec CELP, codebook excited linear prediction.

Where the prediction error en is equal to yn minus y hat n is vector quantize and transmitted. So
in addition to coding the hi and initial values of the signal, the error part we have to code it, but
in the case of CELP it is coded using a vector quantizer, which can compress more than a scalar
quantizer.
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Summary

% In linear prediction, the prediction ¥(n) is assumed to be a linear function of

the past data
. M
Y(n)= Zh(l))'(n—l)
il
% The prediction error is given by

M
e(n)=Y(n)- Zh(l) Y(n=i)
1

% The prediction error filter is an FIR filter with coefficients
1, = h(1),= (2),...,—h(M) and the transfer function
H(z)=1=h(1)"" =h(2)z? —...= h(M)z™"
- is the reconstruction filter

Let us summarize the lecture. In linear prediction, the prediction y hat n is assumed to be a linear
function of the past data Y hat n is equal to summation hi into Yn - i, i going from 1 to M. The
prediction error is given by en that is equal to Yn minus summation hi into Yn - i, i going from 1
to M. The prediction error filter is an FIR filter with the coefficients 1 corresponding to this 1 -

h1 corresponding to the first term - h1, - h2, etcetera up to - hm.

And the corresponding transfer function will be given by 1 - hl into z to the power -1 - h2 into z

to the power -2, etc., upto hM into z to the power -M. This is the transfer function of the



prediction error filter. Hence, once we have Hz, we can use one by Hz as the reconstruction
filter. This inverse filter is used to reconstruct Yn from the error sequence en.
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Summary

Ihe WH equations are given by

e
R,(l)-Zhan,u—ll j=L2,.. .M

In Matnx notation
R(0) R.(1) R (MDD ml) R |
R.(1) R, (0) R (M - 2) 2) R.(2)
R(M=-1) R(M-2) .. R.(0) M) R.(M)

which can be solved to get the prediction coeflicients

The mean square prediction error i1s given by

A
MMSPE =R, (0)- Y MR, (1)

For the linear prediction problem, the Wiener Hopf equations are given by this Ry of j is equal to
summation hi into Ryj - i, i going from 1 to n. This is for j equal to 1 up to M. So in the matrix
notation, I can write like this. So this Ry of z that brought to the right-hand side. So that way, this
column will be Ryz, Ry1, Ry2 up to RyM and this is the M by M autocorrelation matrix.

So therefore, in the matrix, notation we will have this matrix into the coefficient vector is equal
to the autocorrelation vector and we can solve this problem by applying the inverse transfer. So
Ry inverse into this Ry vector will give us hl, h2 up to hM. The mean square prediction error is
given by MMSPE that is equal to Ry of 0 minus summation hi into Ryi, i going from 1 to M.
This is the mean square prediction error.
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Please try (o answer the following questions:

Wy ar the WH equationsforthe Mth order lncar predicorand the Yule Walker
oquations for am AR(M) proces same ? What ar the pedictor eror flr coeffcients
10 prodictan AR(M) sgnal”

W Why shoyld the zeros of the predictor emor filer e mside the unit il
“

Please try to answer the following questions. Why are the Wiener Hopf equations for the M-th
order linear predictor and the Yule Walker equations for an ARM process same? What are the
predictor error filter coefficients to predict an ARM signal? Why should the zeroes of the

predictor error filter lie inside the unit circle? So this question also you try to answer. Thank you.



