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Let us recall
%+ The ML principle of parameter estimation assumes the parameter @ to be an

unknown constant
and is given by (}\, - =argmax /(x;0)
o

* Baysian estimators assume the parameter @ to be a random variable with the

prior PDF f(@) or a prior PMF p(8)

A Bayesian estimator  associates a cost function to the estimation error and
designs the estimator by minimizing the average of the cost function

% Depending on the cost function considered, we established

O,y 15 the mean of f{0/x)
()W, 18 the mode of f{0/x)

. '}w is the median of f{0/ x)

Hello students, welcome to the lecture on optimal linear filters; let us recall the ML principle
maximum likelihood principle of parameter estimation assumes the parameter theta to be an
unknown constant and the estimator is given by theta at MLE equal to arg max theta of fx,
theta, this is the likelihood function. Bayesian estimators assume the parameter theta to be a

random variable with the prior PDF f theta or a prior PMF p theta.

A Baysian estimator associates a cost function to the estimation error and designs the
estimator by minimizing the average of the cost function, depending on the cost function
considered we established theta hat MMSE that is the mean of the posterior PDF f theta given
X, theta hat MAP, maximum a posteriori probability, theta hat MAP is the mode of the
posterior PDF f theta given x, theta hat MAE is the median of the posterior PDF f theta given
X, MAE here stands for minimum absolute error.
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%  Now we will explore extending these parameter estimation
principles to estimate signals from noisy data.
% We will introduce the powerful Wiener filtering technique in

this lecture.

Now, we will explore extending these parameter estimation principles to estimate signals
from noisy data, we will introduce the powerful Wiener filtering technique in this lecture.
(Refer Slide Time: 02:26)

Estimation of signal in presence of white Gaussian noise (WGN)

% Consider the signal model is Y(n) =X (n)+V(n)

X(n) Y(n)

V(n)
where Y(n) is the observed signal, X(») is the original signal and V{n] is
a white Gaussian  with mean 0 and vanance o,

% The problem 1s to recover X'(n) from the noisy observations Y(n).

% This the classical signal denoising problem

& The classical frequency selective filters cannot be applied to filter white noise,
because itis spread over the entire frequency band
Let us start with the problem of estimation of signal in the presence of white Gaussian, this is
abbreviated as WGN. Consider the signal model Yn = Xn + Vn, this is the addition Xn plus
Vn, we are getting Yn, where Yn is the observed signal, Xn is the original signal and Vn is a
white Gaussian noise with mean 0 and variance sigma v square. Now, our problem is to

recover Xn from the noisy observation Yn, this is noisy observation.

From noisy observation, we want to recover Xn, so this is the classical signal denoising
problem because this signal is noisy; we want to remove the noise. The classical frequency

selective filters cannot be applied to filter white noise because it is spread over the entire



frequency band because we know that white noise has uniform power spectral density over
the entire frequency band, indicate some discrete time white noise, the power spectrum is
spread from minus pi to pi.
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ML Estimation of X (n)

% Maximum likelihood estimation for X (n)determines that value of X (n)

for which the random samples Y(i),i=1,2,...,n arc the most likely.

% Let us represent the random samples Y (i),i=1,2,....n by
Y(n)=[¥(n) ¥ (n-1)..Y(1)]' and the particular values, y(1),¥(2),..., (1)

by y(m) =[y(n) y(n=1)...y(1)] . Further assume the ¥ (/)s 1o bei.id.

% The likelihood function f(y(n)/ x(n))will be Gaussian with mean x(n)

o O D-x()*
D
p 207
||L

J(y(n)/ x(n) =

2

Therefore, the classical frequency selective filters cannot be applied to filter white noise, let
us start with ML estimation of Xn, maximum likelihood estimation for Xn determines that
value of Xn for which random samples Yi; i going from 1 to n are the most likely. Let us
represent a random samples Yi; i going from 1 to n, we will represent it by this observed data

vector, Yn vector is equal to Yn, Yn - 1 up to Y1 transpose.

This is the way we represent data Yn vector and the particular values of this random vector
are given by y1, y2 up to yn and it is denoted by yn vector that is the vector comprising of yn,
yn - 1 up to y1 transpose. Further, we assume that Yi is to be iid, to apply the ML estimation
criterion, we assumed the Yi’s to be iid; independent and identically distributed. Now, the

likelihood function f yn given xn will be Gaussian with mean xn.

So, we can write f of yn given xn is equal to 1 over 2 pi to the power n into e to the power
minus summation yi - xi whole square divided by 2 sigma v square, i going from 1 to n, so
this we get assuming xi is a iid, therefore each is Gaussian distributed, therefore they will be
jointly Gaussian distributed like this.
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ML Estimation of X(n) ...

% X,,p(n) is given by
0

ax(n)

(f(y(D),¥(2).....y(n))/ .\‘[n])[‘. =0

rral)) .

n

A 1 )
= Xy () = ;Z_\'(’)

i=l

And now except MLE is given by the partial derivative of the likelihood function with
respect to Xn at X hat MLE is equal to 0 and from this equation, we get X hat MLE and is
equal to 1 by n into summation yi; i going from 1 to n, so this way we can estimate the signal
value from a set of observed data.
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Bayesian estimation of X(n)

»  Assume X(n) to be random. We can apply the MMSE, MAP and MAI

estimation

V(n)
Suppose X () is 0-mean Gaussian with variance o3 and ¥[n] is a white
Gaussian with mean 0 and variance o7

*  Assumeboth oyand gy 1o be known. The problem is to find the best guess

for X(n) given the observation ¥(i),i=1,2,...n

Next, we consider the Bayesian estimation of Xn, here we will assume Xn to be random, we
can apply MMSE minimum mean square error estimation MAP; maximum a posteriori
probability, MAE minimum absolute error estimation techniques, so this is the model as
earlier; Yn is Xn + Vn, this Vn is white Gaussian noise and Xn has some prior probability

distribution, suppose Xn is 0 mean Gaussian with variance sigma x square.



And Vn is a white Gaussian noise with mean 0 and variance sigma Vv square, SO we assume
Xn to be 0 mean Gaussian with variance sigma square and Vn to be Gaussian white noise
with mean 0 and variance sigma v square. Assume both sigma x square and sigma v square to
be known, so we assume that both are known samples. The problem is to find the best guess
for Xn given the observation YI; i going from 1 to n.

(Refer Slide Time: 07:56)

Bayesian estimation of X(n) ...
 To find X,,,(n) and X,,x(n), we have to find a posteriori PDF

S(x(m) f(y(n)/ x(n))
S(y(n))
| :(l'. 20 i““;n‘.ml.

~ e
S(y(n)

S(x(n)/y(n) =

% Taking the logarithm on both sides, we get
R G & (i) - x(n))’ 5
log,_,./(.\(n):)(n))-~F.\ (n)~Z—T——log,./(y(n))

U 1 vl ¢

So, this is the Bayesian estimation problem, to find x hat MAP and x hat MMSE n, we have
to find out the a posteriori PDF that is f of xn, given yn, yn is a vector that is f of xn into f of
yn given xn divided by f of , so this we can write as; because this part is e to the power minus
1 by 2 sigma x square into x square n and this part is given by e to the power minus

summation yi - xn whole square divided by 2 sigma v square, i going from 1 to n.

So, we can write the posterior PDF by this relationship where f yn does not involve xn, now
we will take the logarithm on both sides, so log of the a posterior PDF that is equal to minus
1 by 2 sigma X square into X square n minus summation, i going from 1 to n of yi — xn whole
square divided by 2 sigma v square minus log of fyn. So, now we can apply the condition for
MAP and MMSE.
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Bayesian estimation of X(n) ...
% log, f(x(n)/y(n)) is maximum at ¥,,,,(n). Therefore, taking partial derivative

of log, f(x(n)/y(m) with respect to x(n) and equating it to 0, we get

x(n) S (v(i)=x(n)
s =()
g ; al )

X ¥

(M)

"

Z.\'(i)

()

()=
AP (Tl.
nt—

Oy

% Similarly, the MMSE estimator is given by

Y x(i)
s (1) = EQXO) y() =

n+—<
(r\

Now, this log of the a posterior PDF is maximum at x hat MAP n, therefore taking partial
derivative of log of fx given n with respect to xn and equating it to 0, we get this condition;
xn divided by sigma x square minus summation, i going from 1 to n of yn - xn divided by

sigma v square f x hat MAP n is equal to 0, so this is the condition we get by applying partial

derivative with respect to xn.

And if we simplify this expression, we will get x hat MAP n that is the maximum a posterior
estimate of xn as summation of yi; i going from 1 to n divided by n + sigma v square divided
by sigma x square similarly, the MMSE is given by x hat MMSE n is equal to conditional

mean of the posterior PDF that is E of Xn given yn, so that is given by summation yi; i going

from 1 to n divided by n + sigma v square by sigma x square.
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WSS assumption

% Inthe previous example, we assumed Y (i)s to be iid. The signal samples are
generally dependent and the general case of signal estimation is difficult. We
look for a simpler estimator

% A simpler class of MMSE estimators, known as the /linear MMSE (LMMSE)
estimators, are available for WSS signals. It exploits the jomnt correlation
structure of X (») and ¥(a)

% As X(n) and Y(n) are zero-mean, they are characterized by
* the autocorrelation function Ry (m)=EX(n) X (n+m)
* the cross-correlation between X' (1) and Y(n) vector

EX(n)Y(n) Ry, (0)
EX(mY(n=1)| | Ry, (1)

ry = EX(m)Y(n) =

EX(m)Y (1) Ry (m)



Actually, the same quantity we will get because of the symmetry of the Gaussian PDF, in the
previous example we assumed Yi is to be iid, the signal samples are generally dependent, so
iid assumption we cannot use and the general case of signal estimation is difficult, we look
for a simple estimator. A simple class of MMSE estimators known as the linear MMSE;
LMMSE estimators are available for WSS signals.

We have to consider the signals to be white sense stationary, it exploits the joint correlation
structure of Xn and Yn in terms of autocorrelation function and cross correlation. We are
assuming Xn, Yn to be 0 mean therefore, they are characterized by the autocorrelation
function Rx of m that is E of Xn into X of n + m, the cross correlation between Xn and Yn
vector is given by small rxy vector, this is the notation and this is equal to E of Xn into Yn

vector.

And this is given by this expression E of Xn into Yn, E of Xn into Yn - 1 and so on up to E of
Xn into Y1 and using the joint stationarity property, we get this term is equal to rxy of 0, this
term is equal to rxy of 1 and this term is equal to rxy of n — 1.

(Refer Slide Time: 12:31)

= the antocorrelation matrix of random vector Y(n)
R(0) R()  R.(n) |
R.(1) R, (0 R.(n-2
R, = EY(n)Y'(n) = ,’“ (%) r(0=2)

Ry(n) R, (n-2) R, (0)

The autocorrelation matrix of the random vector Yn is given by this Ry matrix that is equal to
E of Yn into Yn transpose, this will be a matrix and we will take the expected of the
individual elements and assuming stationarity we get Ry0, Ryl up to Ry n - 1 similarly,
second row is Ry1, Ry0 and this way up to Ry n - 2 and so on, last row will be Ry n—1, Ry -
2 up to RyO, so this is the autocorrelation matrix.
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Jointly Gaussian case
% Suppose X (n) and Y(n) are zero-mean and jointly Gaussian. Thea

X(n)~ N, R (0)) and Y(n)~ N(0, R,)

,\l'mN (m)y=EX(n)/ Y(n)

It can be shown that for the jointly Gaussian case
‘\.’\nﬁr(”) = kX (n)! Y(n)

=(Ry'ry ) Y0 =r};R{'Y(n)

which 1s a lincar function of Y (n),Y(n-1),....Y(1)
< Inother words, X(n) and Y(n) are zero-mean and jointly Gaussian, X(n)
can be estimated using a linear filter h(x)=[h(0) A(1).. (ni]'
h(n)=Rr,,

We will consider a simple case that is the jointly Gaussian case suppose, Xn and Yn are 0
mean and jointly Gaussian, then Xn is distributed as normal with mean 0 and variance Rx of
0 because 0 mean therefore, variance will be Rx of 0 only and Yn is distributed as normal
with mean 0 vector and covariance Ry matrix, so again this covariance matrix is equal to Ry

because of zero mean.

In that case, X hat MMSE at point n will be given by E of Xn given Yn vector, it can be
shown that for jointly Gaussian case, this MMSE; X hat MMSE n is given by E of Xn, given
Yn that is equal to transpose of RY inverse into rxy into Yn vector. Now, writing this
transpose as rxy vector into Ry inverse, we are taking the transpose of the product, so we will
get like this.

And Ry is anyway is a symmetric matrix therefore this will remain same, so we will get rxy
vector transpose into Ry inverse into Yn clearly, this is a linear combination of Yn, Y n- 1 up
to Y1, in other words if Xn and Yn are 0 mean and jointly Gaussian, then Xn can be
estimated using a linear filter hn which is given by a vector comprising of h0, h1 up to h of n
- 1.

And it is related to the autocorrelation matrix and cross covariance vector by this relationship;
hn is equal to Ry inverse into rxy vector.
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Optimal filtering or Wiener filtering
% Inspired by the Gaussian case, a mathematically simple and
computationally easier estimator is obtained by assuming a linear filter

structure for the estimator,

% The minimization of errors then results in the determination of an optimal

set of filter parameters using the MMSE.

% Linearity assumption makes the estimation problem technically simple,
because linear filters are casily implemented. The problem becomes
mathemalically simple, because of the resulting quadratic optimization

problem.

Inspired by the Gaussian case, a mathematically simple and computationally easier estimator
is obtained by assuming a linear filter structure for the estimator. Now, for the estimator we
will assume a linear filter structure, the minimization of errors then results the determination
of an optimal set of filter parameters using the MMSE principle. Now, why linear

assumption; linearity assumption makes the estimation problem technically simple, why?

Because linear filters are easily implemented, it is simply multiplication and summation, the
problem becomes mathematically simple because the resulting quadratic optimization
problem because of this linear filter structure, the mean square error criterion will be an a
quadratic optimization problem.

(Refer Slide Time: 16:36)

Linear Minimum Mean Square Error (LMMSE) Estimator
*»  Th filtering principle can be explained with the help of the
following block diagrem

X(n) Y(n) X(n)
et
Vin)

% The filtet operates on a block of random samples where Mand N are constant and

may be infmite
Yr=M41) o Y .. Y(nEN)

n=M+l1 n n+ N
% The linear filter is characterised by a set of filter parameters
h(=N), (=N +1),.... 1(0),)(1),....)(M = 1) such that

M

Xon= Y hiY(n-i)



Now, we will discuss the linear minimum mean square error LMMSE estimator principle; the
filtering principle can be explained with the help of the block diagram here, so suppose Xn it
is pass through some system and the output is also corrupted by noise Vn and this is my
observed data Yn and we have to apply some linear filter to get back X hat n, which is an

estimate of Xn.

Now, this linear filter operates on a block of random samples where M and N are constant
and may be infinite, so this is the block of data, this start from n - M + 1; Big M, this is n and
this is n + capital N, we have both past and future data, so it starts at point n - M + 1 and end
at n + capital N where M and N may be infinite. The linear filter is characterized by a set of
filter parameters corresponding to suppose, this block of data h of — N, h of — N + 1, then up
to hO, then hlup toh of M - 1.

Such that now, filtered output will be given by X hat n that is equal to summation hi into Y n
—1i; 1 going from - N to M — 1, so we can get X hat n the estimator for Xn by this relationship
that is the convolution operation which is given by summation hi into y n —i; i going from - n
toM -1

(Refer Slide Time: 18:38)

Linear Minimum Mean Square Error (LMMSE) principle

I'he estmation problem can be slated as follows
Given random  observatnons  Y(n=M +1).Y(n=M +2)...Y(n)....Y(n+N),
determine an optimal  set of parameters M(=N),h(=N +1),....h(0).k(1),...h(M ~1)

such that

MA

X(n) = le(l))'(n-l)

and the mean square error I:'(,\'(n)— .\'(u)) 1S & mmimum

% Thus, we have to mimimize the MSI

ALt

E(X(m)= Y W)Y (n-i)’
I=-N

with respect 10 M(=N),h(=N +1),.... 1(0),/(1),...., (M ~1)

Now, the estimation problem can be stated as follows; given random observations Y n - M +
1, Yn—-M + 2 and so on up to Yn, then up to Yn + capital N, determine an optimal set of
parameters, these parameters are h of — N, h of =N + 1 up to hO, h1, up to h of M — 1, such
that that estimator is the filter output X hat n is equal to summation hi Y n —1i; i going from -

N to M - 1 and the mean square error you have Xn — X hat n whole square is a minimum. So,



we have the estimator output at the convolution between hn and Yn sequence such that the

mean square error E of Xn - X hat n whole square is a minimum.

Thus we have to minimize the MSE mean square error, what is the mean square error; E of
Xn minus this is the estimator summation hi Y n —1i; i going from — N to M - 1 whole square,
so this is the mean square error this we have to minimize, with respect to the filter parameters
hof —N, hof — N + 1 up to h0, h1 up to h of M — 1, so we have to minimize this mean square
error with respect to these parameters.
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LMMSE estimation problem

% Thus, the LMMSE estimation problem is

M-1

Minimize E| X (n)- Z h(i)Y (n—1) | over h(i),i=-N toM-1
1=-N

% Note that the above is a quadratic optimization problem in terms of h(i)s
Therefore, a unique minimum exists

+«¢* This minimization problem results in an elegant solution if we assume
jointly wide-sense stationarity of the signals X'(n) and Y(n). The estimator
parameters can be obtained from the second order statistics of the processes

X(n) and Y(n)

% The prablem of determining the estimator parameters by the LMMSE
criterion is also called the Wiener filtering problem. The Wiener filter theories

are due to Wiener and Kolmogorov

So, we can write the LMMSE estimator some problem as minimize E of Xn - summation hi
into y n—i; i going from — N to M - 1 whole square over hi; i going from — N to M — 1. Now,
let us see this optimization problem, this is the cost function and this cost function is a
quadratic cost function in terms of hi’s, therefore the above is a quadratic optimization

problem in terms of hi’s.

Therefore, a uniqgue minimum exists because it is a quadratic optimization problem, unique
optimum exists, the minimization problem results in an elegant solution if we assume jointly
wide-sense stationarity of the signals Xn and Yn, this we will assume that signal n observed
data are jointly WSS, the estimator parameters can be obtained from the second order
statistics that is autocorrelation functions and cross correlation functions of the process Xn
and Yn.



The problem of determining the estimator parameters by the LMMSE criterion is also called
the Wiener filtering problem. The Wiener filter theories are due to Wiener and Kolmogorov.
(Refer Slide Time: 21:59)

Subclass of Wiener filtering problem

% Three subclasses of the problem are identified

1. The optimal smoothing problem N >0

2. The optimal filtering problem N =0
3. The optimal prediction problem N <0
Yin=M+1) ... Y{m .. Y(in4+N)
n-M+1 n n+N
%* In the smoothing problem, an estimate of the signal is made at a location

inside the pbservation window.

% The filtering problem estimates the current value of the signal on the basis of
the presen| and past observations

% The prediction problem addresses the issues of optimal prediction of the

future value of the signal on the basis of present and past observations

There are three subclasses of the Wiener filtering problem that is optimal smoothing problem,
if N is greater than O; capital N is greater than 0, the optimal filtering problem if N is 0 and
the optimal prediction problem if N is less than 0 that means, this N; n + N, suppose if N is
greater than O then we will consider the future samples also and therefore this will be this

smoothing problem.

In smoothing problem, an estimate of the signal is made at the location inside observation
window because observation window is up to here and we are making an estimator for this
signal at this instant. The filtering problem estimates the current value of the signal on the
basis of the present and past observation because if big N is equal to 0, then data will
considering up to this point therefore, we will be considering the present and the past

observations.

Now, for the prediction problem, N is less than 0 that means, we considered only past data
because our begin is this side therefore, we will consider only the past data therefore, the
prediction problem addresses the issues of optimal prediction of the future value of the signal
on the basis of present and the past observations, these are the 3 subclasses of Wiener
filtering problem.
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Wiener-Hopf Equations
% The mean-square error of estimation is given by
Ee*(n)=E(X(n) - \( n)’
M-l
=E(X(n)= Y W)Y (n=0))’
t==N
We have to minimize Ee*[n] with respect to each A{iJto get the optimal
estimation
% At the minimum,
ke’ (n)
ah( j)

bl

=0, forj=-N.0.M-1

(E and

——can be mterchanged)

oh(j)

Ee(mY(n-j)=0, j==-N.0.. M-I

Now, the mean square error of estimation is given by E of e square n that is equal to E of Xn
— X hat n whole square and if we write X hat n as the linear combination of hi and Y n —i’s,
we will get the same expression is equal to E of Xn - hi into Y n—1i; i going from-Nto M -1
whole square, so this is the mean square error. We have to minimize E of e square n with

respect to hi’s to get the optimal estimation.

Now, at the minimum the partial derivative of E of e square n with respect to all hj is equal to
0, so del of E of e square n del hj is equal to O for j is equal to - N up to M - 1 now, this del
operation and E operation can be interchanged, so first we will take the partial derivative of E
square n that is E of n and then partial derivative of En with respect to h, so that way we will

getonly Y of n —j.

Because if | take the partial derivative of this error term with respect to hj, there is only one
term, hj into Y n — j which involve hj, therefore by taking the partial derivative we will get E
of; Eninto Y n-jis equal to O for jisequal to - Nupto M — 1.
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Wiener-Hopf Equations ...

en)
M-
E|X(n) - Y WY (n=i) [Y(n-j)=0, j=-N,.0]. M-I

1N

M-l

Ro(D=Y hR,(i=i). j=-N...0L...M~-1
=~N
“This set of N + M +1 equations are called Wiener Hopfequations

or Normal equations
<+ We have a set of linear equations, We will see how to solve this set of

cquations particularly when M and N are infinite

For N we can substitute this, E of Xn minus summation hi Y n —i; i going from-NtoM -1
into Y n - j that is equal to 0, for j equal to - N to M - 1 now, using the joint stationarity
property we will get E of Xn into Y n - j is equal to Rxyj and therefore, we have Rxy of j is
equal to summation hi into Ry of j —i; i going from - N to M — 1, where j takes the values; -
N,-N+1uptoM -1 Now, we get a set of N + M + 1 equations called Wiener Hopf

equations or normal equations.

So, this set is the Wiener Hopf equation, we have a set of linear equation we will see how to
solve this set of equations particularly, when M and N are infinite, hence such solution of
linear equations are easy but here problem is both N and M may become infinite, how to
solve the Wiener Hopf equation in those situation is a problematic case.
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Summary

% The signal estimation problem mvolves estimating a signal x(n) from noisy
observations Y(i)s using the model
Yiny=X(m)+V(n)
where F(n) 15 a white Gaussian noise.

% The paameter estimation principles like MLE, MMSE and MAP can be

extended to signal estimation.

% X(n) and ¥(n) are zero-mean and jointly Gaussian, MMSE estimator for
X(n) results in a linear filter
% A mathematically simple and computationally easier estimator is obtained by

assuming a linear [ilter structure for the estimator.




Let us summarize; the signal estimation problem involves estimating a signal xn from noisy
observations Yi’s using the model Yn is equal to Xn + Vn, where Vn is a white Gaussian
noise. The parameter estimation principles like MLE, MMSE and MAP can be extended to
signal estimation case, if Xn and Yn are 0 mean and jointly Gaussian, then MMSE estimator

for Xn results in a linear filter.

This is an important observation; if Xn and Yn are zero mean, jointly Gaussian random
processes, then MMSE estimator for Xn results in a linear filter, a mathematically simple and
computationally easier estimator is obtained by assuming a linear filter structure for the
estimator, so we assume a linear filter structure for the estimator.
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Summary ...
% The LMMSE estimation problem can be slated as follows:
Given random observations

Y(n-M+1).Y(n-M+2)..Y(n),..Y(n+N),

A1

. Minimize E| X(n)- Z h(i)Y(n—i) | over h(j), j=—N toM -1

4+ The minimum 1s given by the Wiener Hopf cquations

M-l

Ry ()= X R, (=), j=-N..0L..M~1
N

o

“This set of equations is to be solved to find the optimal filter

parameiers.

The LMMSE estimation problem can be stated as follows; given random observations Y n —
M+1,Yn-M+2uptoYn+ N, we have to minimize E of Xn - summation hi into Y n—1i; i
going from - N to M - 1 whole square over hi’s; i going from — N to M — 1, so we have to
minimize this mean square error with respect to hi’s, so the minimum is given by the Wiener
Hopf equations that is Rxy of j is equal to summation hi into Ry j —i; i going from - N to M —
1, where j goes from - N to M — 1. This set of equations is to be solved to find the optimal

filter parameters which we will discuss in the next lecture, thank you.



