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MARTINGALE

V=

Joseph L. Doob

We will talk about Martingale. It is one of the important random processes and one of the
pioneer of this process is Joseph L Doob, a famous American mathematician. In the case
of Markov chain we exploited the conditional independence between random variables.
Martingale uses conditional expectation. So, that is the difference between these two
process in the case of Martingale we exploit the conditional expectation between random

variables. We will start with the definition of conditional expectation.
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Conditional Expectation

The conditional expectation of ¥ given X = xis defined by

‘ .f Wl x)d;; Xand Y are continuous ~
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We can similarly define  E(X /Y =y) LCUATE

Given X =x, the best guess for ¥ under the minimum mean-square error
(MSE) criterion is L(Y / X = x). Therefore, the conditional expectation plays
an important role in estimation/prediction.

Let us recall the definition. The conditional expectation of a random variable Y given X
is equal to small x is defined by this relationship. If X and Y are continuous then in the
case of it is integration y conditional PDF of y given x dy. So, this is the definition for a
conditional expectation of Y given X is equal to x when X and Y are continuous.
Similarly, when X and Y are discrete in that case this is defined by the sum that is yp y x
this is the conditional PMF of Y given that X is equal to small x and where y belongs to
the lens of y because y they are random variable it will have some range. So, for all those

y we have to consider this sum.

So, that way we define the conditional expectation and similarly we can define
conditional expectation of X given that Y is equal to small y there is an interpretation of
conditional expectation which makes it practically very useful. Let us see this
interpretation given X is equal to small x the best guess for y under the minimum mean
square error criterion is E of Y given X is equal to small x. Suppose, we have an
observation small x and Y is a related random quantity and we want to guess what is the
best value for Y. Now, we can get this suppose this guess will be a function of X, so, that

way we will consider suppose this is the guess for Y.

Now, what we want to do is that minimize Y minus X set up x. So, this is the mean
square error, now this we have to minimize with respect to all the possible function

except X. So, minimize this would minimize this function over all possible X set of x.



So, if we carry out the minimization, then we arrive at this relationship that best value of
X set x optimum is equal to E of Y given X is equal to small x. So, therefore, if we have
observed X then what is the best guess for Y that is the conditional expectation. That is
why conditional expectation is very important; and when I plot suppose this conditional
expectation as a function of X because it is a function of X this is known as regression of

Y on x.
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Conditional Expectation as a random variable
Note that (Y / X = x) is a function of x.

Using this function, we may define a random
variable g(X)=E(¥/X)

Thus we may consider EX/Yas a function of the
random variable X

We can similarly define the conditional expectation
E(Y/Z,X) B(X,,/X,X

= =

,) etc.

Conditional expectation is a random variable. Note that E of Y given X is equal to x is a
function of x. So, therefore, using this function we can define a random variable g X that
is equal to E of Y given X when this part is random. So, all possible values of X if we
have to consider, then this is a function of a random variable and that to a conditional
expectation will be now a random variable in terms of X. We can similarly define
conditional expectation here we have defined conditional expectation of Y given X, but
we can define conditional expectation of a random variable given multiple random

variables.

Suppose E of Y given that X. Similarly, E of X n plus 1 given X n, X n minus 1, X n

minus 2 etcetera because this definitions are important for us.

Now, we will discuss one important theorem what is known as the total expectation

theorem.
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Total expectation theorem
EE(Y/X)=EY
Proof

FE(Y I X)= [ E(V] X = x)f, (x)dx
U%waWMU)
[RZCTNET
f

r (6, Y )y

)
yIﬁ,xyWW

Vy(y)dy = EY

i
I
I
j
9
f

Now, it states that expected value of E of Y given X is equal to E Y because E of Y given
X is a function of X. So, if we take the expectation with respect to X then we will get EY.
Proof: we will prove this, E of Y given X by definition because that outer expectation is
with respect to x therefore, we will write it as integration f x of x dx of E of Y given X is

equal to small x.

Now, this quantity we can write as integration from minus infinity to infinity y f of Y
given X y at point y dy then this is f x dx. Now, this quantity suppose if I separate out
this dy dx now we have the product of f x of x and this conditional PDF. Now, this
quantity is nothing, but the joint PDF. So, that way we arrive at double integration of y
into joint PDF at x y dy dx. Now, note that this is there is no function of x therefore, we
can integrate with respect to dx this quantity and that will give us the marginal density f
y of Y and what we are left with y fy of y dy that is equal to integration of depth over
minus infinity to infinity and that is equal to E of Y.

So, what we have observed an expected value of conditional expectation of Y given X.
So, this is a random variable if I take the expectation of this with respect to X then I will

get E of Y. So, this is an one important result.
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One similar result that we will be using later on, now here conditional expectation with
respect to random variable, so, E of again this is conditional expectation conditional

expectation of Y given Z, X. So, but this one is conditional expectation with respect to X.

Therefore what we can say that, conditional expectation with respect to X of conditional
expectation of Y given Z, X is equal to conditional expectation of Y given X. So, this is
the result we will establish then later on we will use this result. Now, let us first E of Y
given Z, X. So, for a particular value of z and particular value of x this can be written as

the integral minus infinity to infinity y small y and then conditional PDF into dy.

Now, we know that conditional PDF is joint PDF by marginal PDF. So, that way we have
this joint PDF fY, Z, X at point y, z, x divided by the marginal PDF which is nothing, but
the joint PDF of z and x.

Now, we will write this expression. So, this conditional expectation now E of Y given Z
is equal to small z, X is equal to small x given X is equal to small x. So, what we will get
because now it will be conditional expectation with in terms of x. So, that way and this
term is a function of Z and X. So, that way now conditional PDF will be that is
conditional PDF of Z, X given x is equal to small x that way we can write. So, what we
have established. So, this quantity into this conditional PDF and then integrate with

respect to z. So, this is the conditional expectation.



Now, we will substitute this quantity that is equal to integration of y this is joint PDF at
y, z, x divided by f Z, X of x z, x dy into this conditional PDF. So, we have used this
relationship here. Now, we will bring dy this side and then carry out the manipulation we
see that f z, x given x is equal to x that we can write as f z, x at z is at point z x divided
by f x of x. So, that this and this will get cancel. So, what we will have this term

integration y this joint PDF divided by f x of x dy dz.

Again we see that this term there is no other term involving Z therefore, we can integrate
this term with respect to z, so that we will get the marginal PDF of f marginal PDF {'Y,
X. So, that if we integrate this quantity with respect to dz what will left with Y, Z of £
point y, X. So, that is what we have written here divided by f X of x, now only one
integral dy. So, that way this is the result and this is and this is nothing, but the
conditional PDF this quantity is conditional PDF f of Y given X at point y.

So, if we integrate y into this conditional PDF with respect to dy then we will get E of Y
given X is equal to small x, ok. Now, considering this as a function of random variable
we will get this result E of conditional expectation of Y given Z, X this given X is equal

to E of Y given X. So, this is the result we have established.
So, with this background now we will go to definition of martingale.

(Refer Slide Time: 12:29)

MARTINGALE
» A martingale is a random process in which the best estimate of future value
conditioned on past including present values is equal o the present value
itself.
»Is an abstract mode! of a fair game: the expected fortune after a bet should
be equal to the present fortune itself.
Widely used in engineering and stochastic finance
Definition A discrete-time random process{X ,n>0}is called martingale
process if for all n>1,
(i) E[X, <o0, and
(”) E(XM/XU'XI """ Xn)zxn
If the equality sign in(ii) ahoe is replaced by < then (X, n>0}is called a
Supermartingale and if it is replaced by >, then {X,, n>0}is a submartingale.



Now, a martingale is a random process in which the best estimate of future value
conditioned on past including the present is equal to the present value itself. So, we know
about the past values, we know about the present values, what is the best estimate for the
future value. So, if the process is martingale then that predicted value is the present value
itself. This is an abstract model of a fair game the expected portion after a bet should be
equal to the present portion itself. So, that is the model of a fair game because there is a
probability of losing and winning half half. So, in that case the expected value expected
portion after the bet should be equal to the present portion itself. This martingale is
widely used in many engineering applications and particularly stochastic finance

etcetera.

So, that way martingale is a very important process and here the future prediction is the
present value itself. We will now formally define a martingale process a discrete time
random process X n and greater than equal to 0 is called a martingale process if for all n
greater than equal to 0. E of mod of X n is finite that is mod of X n has finite average
value. Number 2 — the conditional expectation of X n plus 1 given X 0, X l upto X n E

is equal to X n.

So, this is the important property the conditional expectation of the future value given the
past values and the present value is the present value itself. So, E of X n plus 1 given X
0, X 1, up to X n is equal to X n. So, this is the martingale property. Now, if the equality
sign here there is a equality sign that it is equal to X n is replaced by less than X n that is
less than inequality if we replace this equality sign by less than inequality, then the

process X n is called a super martingale.

So, in the case of a supermartingale process, this conditional expectation is less than X n.
And if we replace this equality by greater than inequality then this process is called a
submartingale. So, we have defined martingale, supermartingale and submartingale. In
the case of martingale this is exactly equal to X n in the case of supramarginal it is less

than X n and in the case of submartingale it is greater than X n.
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Example Consider the sum process (X } givenby X, =377, n1
where {7, }is a sequence ofi.i.d. random variables with £7, =0and X =0. Then {X'}_isa martingale.
Proof; We have ntl I e
X, =27 = X[n]+ Z[n+1] Lo © g2z 22~
L (X [ Xy Xy X,)= B, +2,0) Xy Ko X, L

= XX Y LR XY e

=XOHRZ

=)(”

Therefore, (X }', is a martingale.
Remark: Suppose Z_has a constant mean x#0. The {X }' is a supermartingale if # <0 and submartingale
f 0

We will consider one example consider the sum process X n; n going from 0 to infinity.
So, here we define X n is equal to summation Z i; i is equal to 1 to n for n n greater than
equal to 1 and x 0 is equal to suppose 0. Now, we have to prove that this X n is a
martingale. So, how do I prove? So, we will prove this. So, we see that X of n plus 1 is
equal to summation Z i, i going from 1 to n plus 1. So, this I can write because I can

write this as summation up to n then it will become X n plus Z of n plus 1.

So, what we have written X of n plus one is equal to summation Z i, i is equal to 1 to n
plus 1 then this is equal to I can write Z 1, 1 is equal to 1 to n plus Z of n plus 1. So, that
way I get that X n plus Z of n plus 1. Now, let us find out the conditional expectation of
X nplus 1 given X 0, X 1 up to X n. Now, we have a sum therefore, it will be conditional

expectation of this sum given this random variables.

So, now first one we can write E of X n given X 0, X 1 up to X n plus E of Z n plus 1
given X 0, X 1 up to X n. Now, in the first case because we are given X n therefore,
expected value of X n will be X n itself and second case now this Z n plus 1 is
independent of all past values, because this quantity X 0, X 1, X n they are function of Z
0, Z 1 up to Z n. So, in that way Z of n plus 1 is independent of this quantity therefore,
we can write it as E of Z n plus 1 and this quantity is 0 E of Z n is given to be 0

therefore, this is equal to X n.



So, therefore, if we have a suppose some process where each increment has 0 mean E of
Z n is equal to 0 and they are identically distributed independent and identically
distributed in that case this process will be a martingale process. Now here Z n is 0 mean
suppose instead of that Z n has a constant mean mu not equal to 0 in that case X n is a
supermartingale if mu is less than 0 and submartingale if mu is greater than 0. So, that
way in this example itself if Z i's are supposed nonzero mean in that case it can be either
submartingale or supermartingale if mean is greater than 0 then it will be a submartingale

and if mean is less than 0 it will be a supermartingale.
So, we gave the example of martingale, supermartingale and submartingale.
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Example Consider  the prodict process {X'}” given by A;:]n'z, |
iy

where {Zjs & sequence ofi1d.random varables with £Z =lnd =1 Then (X'}, is a martingal.
Proof: We have !
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Therefore, (X'}, is amartingale

Consider the product process X n and going from 0 to infinity given by we will consider
another process X n is equal to product of Z i, i going from 0 to n suppose. Z n is a
sequence of IID random variable suppose and we assume that E of Z n is equal to 1. So,
each sub Z n has the same expected value 1, nonzero expected value 1 and X 0 is equal

to 1.

So, in that case we can write X of n plus 1 that is equal to product of i from i is equal to 0
to n plus 1 then I can write similarly like in the previous case X of n plus 1 is equal to
product of Z 1, i going from 0 to n plus 1 that I can write as product of 1 going from 0 to n
Z iinto Z i. Now, this is my X n and this is Z 1. So, that a Z of n plus i. Now, the Z of n
plus 1 this is Z of n plus 1. So, if I take the conditional expectation now E of X n plus 1



given X 0, X 1 up to X n. Now, that will be conditional expectation of X n into Z of n
plus 1 given X 0, X 1 up to X n.

Now, there are two product of two terms and we know that Z of n plus 1 is independent
of X n. So, that way we can write E of X n given X 0, X 1 up to X n multiplied by E of Z
of n plus 1 given X 0, X 1 up to X n. Now, I know that given X n this quantity will be X
n itself into E of Z of n plus 1. Now, Z of n is a sequence which unity mean therefore,
this quantity will be 1. So, we will get X n itself. Therefore, this sequence X and product
sequence which is a product of IID random variables with unity mean, X n is a sequence

of product of random variables with unity mean then this sequence is a martingale.
So, we saw that the sum process as well as this product process are martingale.

(Refer Slide Time: 21:52)

Doob-type martingale

Definition: Consider two discrete-time random processes {X,,n=0} and {Y,,nz0}. Then {X,,nz0}is called a Doob-
type martingale process if for all nz0,

(i) E[X | <, and

(i) ECXG 1YY Vo) =X,

Ex 4: Suppose the random process {Y nz0} givenby¥ =377 nz1is a symmetrical random walk process and
Y, =0is a martingale. Then the random process X, =) - is also a martingale w.rt. {Y, n=0}.

Next we will define what is known as Doob-type martingale. Consider two discrete-time
random processes X n; n greater than equal to 0 and Y n; n greater than equal to 0 then
this process X n is called a Doob-type martingale process with respect to this auxiliary
process Y n; n greater than equal to 0. If for all n greater than O this sequence X n
sequence is as finite absolute mean E of X n, E of mod of X n is less than infinity and E
of Xnplus 1 given Y 0, Y 1 up to Y n this is with respect to that Y n process E of X n
plus 1 given Y 0, Y 1 etcetera up to Y n is equal to X n itself.



So, this is the definition of Doob-type martingale and now we will give one example
suppose the random process Y n is given by Y n is summation Z i is a symmetrical
random walk process and Y 0 is equal to O that Y n itself is a martingale process. Then
the random process X n is equal to Y n square minus n is also a martingale with respect
to Y n, n greater than equal to 0. So, now because symmetrical random walk. So, in that
case this is a sum process with average of the increment 0 therefore, it is a random walk
process. Now, we are considering another process X n which is equal to Y n square

minus n. We have to prove that this is a Doob-type martingale with respect to Y n.
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Proof: We have
X, = -(n+)
S e ()
=V 472 4207 -(n+1)
T e,
=R +7, 4207, — (D)L, T, T,
=V +FZ., + 2V F7, - (n+1)
with each ¥,i=0,1,...,n)

(Using indepence of 7,
=P +140-(n+])
=y -n
=,
Therefore,{X }" is a Doob-typemartingale

Let us see the proof X of n plus 1 is equal to by definition Y n plus 1 square minus n plus
1 that is equal to now we know Y n plus 1 is Y n plus Z n plus 1 whole square minus n
plus 1 minus of n plus 1. Now, this whole square we can we can expand Y n square plus
Z n square plus twice Y n into Z n plus 1 minus n plus 1. Now, we have to take the

conditional expectation of Eof X X nplus 1 given YO0, Y 1, up to Y n.

So, that way we will get E of Y n square given Y0, Y 1 upto Y n E of Z n plus 1 square
given Y 0, Y 1 up to Y n and like that this contains it twice of E of Y n into Z n plus 1
given Y 0, Y 1 up to Y n and minus this quantity, ok. Now, given Y0, Y 1, upto Y n E of
Y n square will be Y n square itself. Similarly, E of Z 1 plus 1 square because we have

considered a symmetrical random walk process which it takes 1 with probability half and



minus 1 with probability half. So, that way this E of Z n square Z n plus 1 square is equal

to 1 and now Y n is independent of independent of Z n plus 1.

So, that way conditional expectation of the product we can write that it is conditional
expectation of Y n into E of Z n plus 1 and conditional expectation of Y n given Y nis Y
n itself and E of Z n plus 1 is equal to 0 minus n plus 1. So, that way we will get Y n
square minus n that is equal to X n. So, therefore, X n and going from 0 to infinity is a

Doob-type martingale. So, we gave an example of Doob-type of martingale.

(Refer Slide Time: 26:22)

Properties of martingales W
Martingale has constant mean .
Proof: We have () eic ok D= Wtff:
XX =g S
Taking expectation with respect to the joint random variables X,,X,..., X, on both sides, we get
EE(X, /X, X,,.. X,)=EX,
SBCI=ER

Continuing in the similar manner, we can show that
EX.,=EX, =..=EX, =constant

Next, we will discuss properties of a martingale process. Now, there are different
interesting properties first we will prove a simple property that martingale has a constant
mean that is if X n is a martingale E of X n is equal to constant for all n for all n. How
we can prove this? We know that since X n is a martingale process therefore, what we

will have E of X n plus 1 given X 0, X 1, up to X n is X n itself.

So, taking the expected value both side now because this is a conditional expectation.
Now, if I take the expected value of this, what we will get that is E of this quantity is
equal to E of X n right hand side will be E of X n and this left hand side will be the

expectation of the conditional expectation.

Now, we discuss about the total expectation theorem. So, according to that theorem this

conditional expectation will be E of X n plus itself. Therefore, E of X n plus 1 is equal to



E of X n. So, X of n plus 1 and X n have the same mean. So, continuing in the similar
manner we can throw that E of X n plus 1 is equal to E of X n is equal to E of X n plus 1
etcetera up to E of X n, X 0 is equal to a constant. Therefore what we have proved that E
of X n is constant for all n for a martingale process X n. So, this is the constant mean

property of martingales.
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To Summarize

» Martingale exploits conditional expectation
¥ RY/X=x) isthe MMSE of Y given X=x.
» Y/ X=x)isaluxtonolx, thus defining the RV LY/ X)
» Total expectation theorem
LY X)=LY

Let us summarize the class. So, like Markov chain which exploited conditional
independence martingale exploits conditional expectation. And, one important result we
saw that E of Y given X is equal to X is the minimum mean square estimation of Y given

X is equal to small x.

Therefore, this conditional expectation is important because it directly gives the
minimum mean square estimation and it is used in prediction. Also we see that
conditional expectation of Y given X equal to X is a function of X. Thus it defines a
random variable E of Y given X and also we studied the total expectation theorem that is

E of Y given X is equal to E of Y.
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To summarise...
» Adiscrete-time random process{X,, n 0}is called martingale process if for all nz1,
(i) E[X,| <, and
(i) E(X,,, /X, X, X)) =X,
If the equality sign inii) aboe is replaced by £, then {X,,nz0}is called a supermartingale and ifit is replaced
by.2, then {X_,nz0}is a submartingale
» A random process {X ,nz0} is called a Doob-type martingale process with respect to an auxiliary process
{Y,,nz0} ifforall nz0,
(i) EJX,| <=, and
i) EXX,,, 1YY, Vo) =X,
(i) ECX, 1Y, Y ) =Xy o &

A = s
» Martingale has constantmean ~ {¥m"

THANK YOU

Next we define martingale a discrete time process X n is called a martingale process if
for all n greater than equal to n E of mod of X n is finite and E of X n plus 1 given X 0,
XluptoXnisXn.

So, conditional expectation of future value given values up to present is equal to present
value itself if the equality sign is in this expression is replaced by less than inequality
then X n is called as supermartingale and if it is replaced by a greater than inequality
greater than inequality it is called a submartingale. So, we know the definition of

supermartingale and submartingale as well.

Now, we define another type of martingale process what is known as the Doob-type of
martingale process. A random process X n n greater than equal to 0 is called a Doob-type
martingale process with respect to an auxiliary process Y n; n greater than equal to 0 if
for all n E of mod of X n is less than infinity that is finite and conditional expectation of
Xofnplus1 given YO, Y 1, up to Y n is equal to X n. So, then we started with one
interesting property of the martingale process that a martingale has a constant mean what

does it say that E of X n is equal to constant for n greater than equal to 0.

Thank you.



