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Lecture - 21

Continuous Time Markov Chain — 2

We will continue with Continuous Time Markov Chain, in the last lecture we covered
about the dynamic behaviour of continuous time Markov chain, particularly we
discussed about Kolmogorov forward and backward equation; so, Kolmogorov backward

equation first equation.
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So, it says that P ij dash t first derivative of the transition probability from i to j, that is
equal to we can write it as q 1 k summation over k into p k j t. Similarly, this is the
backward equation forward equation also we can write down. P i j dash t so, this will

first go to t that is p 1 k t into q k j. So, that way these 2 equation we are established.
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Example Poisson process {N(/)}
Suppose the Poisson process has entered state i at time O. It
remains in same state until the next arrival with T, ~ exp(4). Once

an arrival takes place, the state become /+1

o 1j=1+1
Thus, for j#i, P.= ! .
! 10 otherwise :
/ﬁ(u} =4
Further, N(0)=0 with probability 1. The transition rates are given by

q,,=AL,
= q[,,}] = ﬂ“a q,',,' = _ﬂ’a qi,v/ = 07 ] # lal +l

Now, let us see some example will consider the Poisson process. So, this is a very
important process, Poisson process N t, suppose the Poisson process has entered to state 1
at time is equal to 0. So, at time 0 it is in state i suppose, it remains in the same state until
the next arrival with T 1 which is exponentially distributed. We know that in the case of
continuous time Markov chain. So, the state will enter to a state i and it will remain in

that state 1 in a time random time which is distributed as exponential distribution.

Once an arrival takes place this state becomes i plus 1, it was in state i, it will becomes i
plus 1 because, 1 arrival and it is a counting process an so, the count will go up that way
this state will become 1 plus 1. Thus for j not equal to i, we can write that P ij that is their
probability of the embedded Markov chain that is equal to 1 if j is equal to i plus 1 and is
equal to 0 otherwise because it takes only i plus 1 so, that way it is 1 for i plus 1 and for

rest it is 0. So, this is the transition probability for the embedded Markov chain.

A further we left with assume that the counting process N t has started with 0 count, N 0
is equal to 0 with probability 1. Now, this we can write this means that probability of 0 at
time 0 is equal to 1, probability of any other state at time 0 will be equal to 0. Now, the
transition rates are given by q ij is equal to lambda times P ij because, this is lambda ij nu
here. So, that way q ij is equal to lambda into P ij therefore, q i1 plus 1 will be lambda, q

1 1 will be minus lambda. Because, we know that any for any continuous time strain q i 1



is by definition that is equal to minus nu i in discuss minus lambda and q ij is equal to 0

for j not equal to i and i plus 1.
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Forward Kolmogorov Equation p, '(r)= L 20,
k

Py, ‘(t ) = Z]’O,k(t )qk., = _/1[’0,., (t) T /1[70, j 1(f )

Since p,(0)=1and p,(0)=0, j#0, we havep,()=p, (¢). Therefore, in terms of the
state probabilities,

P, ==Ap,O)+p, (©), j=12,..

For j=0,

2y(t)==Apy(1)

The solution of the above set of differential equations with p,(0)=1 and 2(0)=0,j>0
Is given by

pi)=e ”%J =01,.

So, now we know that forward Kolmogorov equation is p ij dash t is equal to summation
over k p i k into q k j that is the forward Kolmogorov equation we are writing. So, in this
case we are starting with state 0. So, that way p 0 j dash t that will be equal to summation
over k p 0 k t into q k j that is equal to we have already found out the value for q k j so,
that rate is minus lambda times p 0 j t plus lambda times p 0 j minus 1 t. So, this is the

differential equation for the Poisson process.

Now, since p 0 is 0 is equal to 1 and p j 0 is equal to O for j not equal to 0 we have we
can write this transition probability as the state probability therefore, p j t will be equal to
p 0j 0jt So, in terms of state probability we can write p j dash t that is the first
derivative of the state probability is equal to minus lambda times p j t plus lambda times
p j minus 1 t for j is equal to 1, 2 etcetera. And for j is equal to 0 so, this term will not be

there so, it will be p 0 dash t is equal to minus lambda p p 0 t.

Now, this is a set of 2 linear differential equations and these equations can be solved with
the initial condition to find out the state probability p j t. So, what is the initial condition?

P00 is equal to 1 and p j 0 is equal to O for j greater than 0.



So, that way with this initial condition first we can solve this, this is a fairly simple linear
and differential equation. And with this solution now this solution this equation can be
solved with the principle of mathematical induction. So, that way this solution will be
given by p j t. So, therefore, p j t will be equal to e to the power minus lambda t into

lambda t to the power j divided by factorial j for j is equal to 0, 1 etcetera.

Now, this is the Poisson distribution. So, in the case of Poisson process this state
probability is a Poisson random Poisson probability with that average term lambda t. So,
a Poisson process is a very important random process and it can be derived using some
other postulates. Basically, here we have derived the Poisson process you assuming as a
continuous time Markov chain, but it can be derived using some postulates, this postulate

also has a state.
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Postulates of Poisson Process { N&L}

(i) N(0)=0 with probability 1.

(ii) N (f) is an independent increment process.
(i) P({N(Ar) = 1}) = At + o(Ar)

where . implies any function such that g

(iv) P({N(Ar)>2})=0(Ar)

That Poisson process N t suppose postulates of Poisson process N t. First of all N 0 is
equal to 0 with probability 1, second postulate is N t is an independent increment process
increment are independent. Now, probability of arrival, single arrival at time delta t, this
is the probability of N delta t is equal to 1. This is equal to lambda times delta t plus o
delta t. So, this quantity is a small quantity so, that limit of o delta t by delta t as delta t

tends to 0 will become 0. So, this is the implication of o delta t.



And 4 postulate is that the number of arrival more than 2 in small interval delta t that is
very small that is o delta t. So, with these 4 postulates also we arrive at the same set of

differential equations and derive the state probability for the Poisson process.
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Matrix Form of Kolmogorov Equations

We can define the matrices

Tl a0 _poo,(t) pm’(t)....
P(t)=| p(®) py(®).... |, P'(t)= Plo'(t) pu’(l‘)-...

Qoo o1 %
and Q=|¢, ¢

Matrix form of Kolmogorov equations, we can define the matrices P t. That is the step
transition probability matrix suppose this is the for e state we have a low p 00 t, p 01 t
etcetera like p 10 t, p 11 t like that. Similarly we can find out the corresponding
derivative that we call it as derivative matrix. So, that way this will be p 00 dash t, p 01 t

like that corresponding to each state we will have a rho.

And also we define the rate matrix so, Q, Q is the rate we have already defined that q ij
so, it is the matrix of q 1 j. That is the probability rate at which strain leaves state i to
enter state j. So, it comprises of q 00 corresponding to each state we will have a rho q 00,

q 01 like that q 10, q 11 etcetera.
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Matrix Form of Kolmogorov Equations
Tin matrix form, the Kolmogorov backward and
forward equations can be written as

P'(t)=QP(r)
and P'(r)=P(1)Q
Example A certain system has two states — under
operation state 1 and under repair state 0. The duration of
operation and repair are exponential RVs with rate
parameters A and p respectively.

Find P(t) = [poo(t) po1(t)]
p10(t) p11(t)

So, backward equation now backward and forward equation we can write back equation
P dash t is equal to Q times P t and P this is the backward equation, forward equation is P
dash t is equal to P t into Q. So, Q is the probability rate matrix; so, consisting of the q i j

elements which we have defined earlier.

We will consider another example a certain system has two states, one of type of states
under operation state 1 and under repair state 0. The duration of operation and repair are
exponential random variables with rate parameters lambda and mu respectively. So, we
have to find out P t matrix that is equal top 00 t, p 01 t, p 10 t, p 11 t this is the matrix we

have to find out.
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Solution- /—; f:,:f“ t
The rate matrix Q :V i } Yy =% T 3&24@
Vizfl L

The forward kolmogrov equation is given by

P'(t)=P(t)Q

. [Dég(t) P,}(U}{Poo(f) Pm(i)}[—/l U }
Pholt) Pt | Lpwlt) pt) (4 -2

2 Pog()==1tPgo(t) + ADyy(t)

Pap= &

==1pio(t) + A(1=Py(t))  Pioft) + poy(f) =1

Cpit= (0 Do)+ 4 pl0)=1

' B (et

e t = —e

Poo(t) 1+ll+ Y

imi A
Similarly, p,(f) = —2—+ —=—¢ (¥

Ty A+p Atp

Now, in this case we will solve this problem, the rate matrix Q is equal to minus mu mu
lambda minus lambda. So, how we get this? We know that q i j is equal to mu times mu i
times capital P ij, where this is the state transition probability for the embedded Markov

chain.

So, now in this case I know that suppose it is under repair. So, that way 0 is the repairing
state so, that way nu i is equal to mu. And this quantity p ij once it is repaired it will be
going to operation state with probability 1 therefore, p ij is equal to 1. Therefore this is
mu and this quantity is 1. So, that way this q 1, q 01 will be equal to mu. So, that way q
01 is equal to mu and q 0 0 that I know that that is minus nu i so, that way this is minus

mu.

Similarly, this matrix this element will be lambda and this element will be minus lambda
so, rate matrix Q is given by this. Now, if we write the forward Kolmogorov equation
then this differential matrix will be state transition probability matrix multiplied by this
Q matrix, rate matrix ok. So, from this matrix equations we can get equation for
corresponding to e state for example, first we will get p 00 dash t will be equal to minus
mu times p 00 t plus mu times p 01 t. Now, we have also since these are transition

probabilities sum of p 00 t and p 01 tis equal to 1 p 00 t plus p 01 tis equal to 1.

So, this is one condition also we know that this is initially several p 00 is 0 p 00 at time 0

is equal to 1. So, with this initial condition I can solve this because I from here I will



substitute p 01 t as 1 minus p 00 t. So, I will get this differential equation which can
solved now. So, we will get the solution this is a first order linear differential equation
therefore, solution is given by this. Similarly, if we consider suppose p 10 tand p 11t we
will get this solution p 11 t is equal to mu, where lambda plus mu plus lambda by lambda
plus mu into e to the power minus lambda plus mu t. So, that way we have got p 00 t and
p 11 t and remaining elements we can find out p 01 t that is equal to 1 minus p 00 O t

similarly, p 10 t will be equal to 1 minus p 11 t.
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Limiting probabilities
i o () = —2—, limp, (£) = —
t>w pOO - /1 +,U, t>o p01 =

A+ u

Impo(() =~ and 5igpop11<t):ﬁ

State transition probability matrix at steady state
. —

Al A

A I T 7
CAtp Atu

So, that way we have the solution; now let us see what happened here we have seen that
this is exponential with negative term. So, that way this term will always decay we will
have these steady state probabilities. So, what we will get is that let us find out limit of p
00 t as t tends to infinity. So, this quantity will be lambda by lambda plus mu and
similarly p 01 t that will be equal to mu by lambda plus mu.

Again if we see p 10 t that is equal to lambda by lambda plus mu and p 11 t as t tends to
infinity that will be also mu by lambda plus mu; that means, for state 1, this probability
limit of p 01 t is also mu by lambda plus mu and limit up p 11 t also it is mu by lambda

plus mu.

Similar is the case for 0 p 00 t as t tends to infinity is lambda by lambda plus mu, p 10 t
also as t tends to infinity lambda plus lambda by mu. That way we get the state that is

limit of this state transition probability matrix, that is equal to lambda by lambda plus



mu, mu by lambda plus mu and second row is lambda by lambda plus mu, mu by lambda
plus mu. That we can denote it by pi 0 pi 1, pi 0 pi 1. Now, since this is pi 0 pi 1 and pi 0
pi 1 just like in the case of CTMT we can show that the limiting state probabilities will
be pi 0 pi 1. So, it is it will be independent of the initial state probabilities.
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A remarkable property of the CTMC
If lim p, (¢)exists, then

t—w

limp,, (1)=7, independent of i where 7 is the

probability of the state j at the steady state

We will state a remarkable property of this CTMC, if limit of p i j t as t tends to infinity
exists then a limit of p 1 t t tends to infinity is equal to p i j, it is independent of i where
p 1] is the probability of this state at the steady state. So, steady state probability will be
equal to p 1. So, this is markable if this limit exists p 1 j t as t tends to infinity then that
limit will be the state probability of state j.
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Birth-death processes
The Birth-Death process is the well-known example of continuous time MC..
The process has the state space /' = {O,l,...}. If the process is at state i, it can

move only tothe state i+1 ( single birth) or i-1 (single death) at some random
times. We associate two times:

B;= random time till the next birth. B, ~ exp(4,)
D;=random time till the next death. D, ~ exp(x,)
State holding time T, at a state j # 0 is given by T, =min(B,,D,).

Now, we will consider a special class of continuous time Markov chains that is birth-
death processes. The birth death process is the well known example of CTMC. the
process has the state space that is starting with 0, 1 etcetera. If the process is at state i it
can move only to state 1 plus 1 that is single birth or i minus 1 single death at some
random times. We associate 2 times, that is B i random time till next birth. We assume
that B 1 is exponential with parameter lambda i similarly, D i that is random time till the

next death D i is also assumed to be exponential with parameter mu 1i.

Now, we can find this state holding time t i for this process. So, t1is given by t i is equal
to minimum of B i D 1 because, one state will change if either 1 birth occurs or 1 death
occurs. So, whichever time is minimum at the time state change will occur. Therefore,
state holding time t i at time i not equal to 0 is given by t i is equal to minimum of B i D
1. And at state i1 is equal to 0 it will be simply lambda 1 because, there cannot be any

death.
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Theorem: The state holding time for a Birth-death process at a state j # 0 is
exponentially distributed with the rate parameter (4, + 1)
Proof '
P(T, > t) = P(min(B,,D,) > t)
=P(B >tD >1)
=P(B,>t)P(D. > t)

= e'(;ﬂ"'/’r)t
1-F (t)=
= h(t)=(% +  )le

and v, =14 + 4,

gt

We will state a theorem, this state holding time of a birth death process at state i not
equal to 0 is exponentially distributed with the rate parameter lambda i plus mu i. So,
state holding time here it is exponential with parameter lambda i plus mu i. We will find
out what is probability of T 1 greater than t that is equal to probability of minimum of B 1
D i greater than t.

If minimum is greater than t that implies that B i is also greater than t, D i is also greater
than t. So, that way this will be equal to probability of B i greater than t and D i greater
than t and D 1 greater than t and birth and death are independent. So, that way will birth
time and death time are independent. So, that way will write this is probability of B 1
greater than t into probability of D i greater than t. Now, this I know that this is equal to e
to the power minus lambda i t and this quantity is equal to e to the power minus mu i t.

So, that way it will be equal to e to the power minus lambda i plus mu i into t.

So, this is the complementary CDF actually therefore, we get that 1 minus ft 1t is equal
to e to the power minus lambda i plus mu i t. And if we differentiate we will get ftitis
equal to lambda i plus mu i into into e to the power minus lambda i plus mu i t this is
distributed exponentially with the parameter nu i is equal to lambda 1 plus mu 1. So, that
way we have proved that this state holding time of a birth death process is exponentially

distributed with parameter nu i is equal to lambda i plus mu i.
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Transition probabilities of the embedded MC.

Fori#0, :
Pi,l+1=P(Bi<DI) : ////
= ”’Le%'uﬂief“’vdVdu —légt
Ou
At
Similarly, P~ -

i T

Ati=0,v,=4 and P, =1

Now, we have to find out the transition probabilities of the embedded Markov’s chain. P i
1 plus 1 because, from state i it can go to i plus 1 or it can go to go down to i minus 1 if
there is a death. So, that way probability of i i plus 1 will be same as probability of B i

that is birth occurs, before death before single death single birth occurs.

So, that way this we can write now because if [ consider this suppose this is my B i, this
is my D i. So, that way now will find the transition probabilities of the embedded
Markov chain. That is we have to find out P that is capital P i1 plus 1 and P of i i minus
1. Now, there will be transition to 1 plus 1 if there is a birth; that means, birth time is
earlier than that time. So, that way this if I put this is the birth axis and this is the date

axis then this region will be death time is bigger than birth time.

So, that way we can now integrate because both birth time and death time are
independent. So, that we have used this independent property and then integrate suppose
d v from u to infinity and d u from 0 to infinity. So, in this region you will this is my u, u
will go from 0 to infinity and this is my v, v will go from u to infinity. That way we are
integrating and if we and this is an exponential integration is also easy and we will get

this is equal to lambda 1 divided by lambda 1 plus mu i. So, this is the P11 plus 1.

Similarly, P 1 1 minus 1 will be equal to mu i divided by lambda i plus mu i that is equal

to P 11 minus 1. Now, at state 1 is equal to 0 nu 0 is equal to lambda 0 and from state 0



there can be a single birth only that way P 01 is equal to 1. So, these are transition

probabilities for the embedded Markov chain.
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To Summarise

» To characterize the transition probabilities dynamically, Kolmogorov
backward and forward differential equations are used.

» Poisson process {N(7)} is the well-known CTMC with

_J 1 j=i+1
710 otherwise
q1,1+1 = 2’7 qx,l = _/1’ q:,/ = 07 j¢ Ivl+l
The state probabilities are given by
= ﬂ’ / A
p)=¢" %,] =0,1,..
> Matrix form of Kolmogorov equation
P'(1)=QP(1)
and P'(1)=P(t)Q

and transition rates

Let us summarize the lecture to characterize the transition probabilities dynamically
Kolmogorov backward and forward differential equations are used. And for Poisson
process this is the very well known process and for this process from this transition
probability embedded Markov chain is given by P 1 is equal to 1 for j is equal to i plus 1
is equal to 0. Otherwise and transition rates are given by q i1 plus 1 is equal to lambda q

111s equal to minus lambda and q 1] is equal to O for j not equal to i1 plus 1.

So, with the assumption that N 0 is equal to 0 and this transition rates we get the state
probabilities at the state j by this expression P j t is equal to e to the power minus lambda
t into lambda t to the power j divided by factorial j, j is equal to 0 1 etcetera. So, this is
the state probability of the Poisson process. So, what is the probability that there will be j
numbers at time t. Also we discussed about matrix form of Kolmogorov equation, that is
P matrix, P t matrix, differentiation of P t matrix is equal to Q times P t. Similarly, P dash
t differentiation of the probability transition matrix that is equal to P t times Q this is the

forward Kolmogorov equation; this is the backward Kolmogorov equation.
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To Summarise...
Birth-death process: A CTMC with
B,= random time till the next birth. B, ~ exp(/.)
D.=random time till the next death. D, ~exp(u)
» The state holding time for a Birth-death process at a
state 1 # 0 is exponentially distributed with the rate
parameter (/ + 4 ).The transition probabilities for the

embedded MC,
H; 4
P/',/-F_ Pi,/+1=_
At i At

We also introduced birth death process a CTMC with B i birth death random time till the
next birth, that is B 1 is exponentially distributed with parameter lambda i. D i random
time till the next death D i is also exponential with parameter mu i. This state holding
time for a birth death process at a state 1 not equal to 0 is exponentially distributed with

parameter lambda i plus mu i.

Also the transition probabilities for the embedded Markov chain is given by P i1 minus 1
is equal to mu divided by lambda i plus mu i and P i1 plus 1 is equal to lambda i divided

by lambda i plus mu 1.

Thank you.



