Electrical Equipment and Machines: Finite Element Analysis
Professor. Shrikrishna V. Kulkarni
Department of Electrical Engineering
Indian Institute of Technology, Bombay
Lecture No. 38
Nonlinear FE Analysis

Welcome to lecture 38. Now, we will go to the next complexity in our FEM formulations. In
this lecture, we will consider nonlinearity which we have not considered till now. In this course,
first we saw simple static cases then we went to time harmonic cases and then we considered
voltage fed or current fed coupled circuit field cases. We also saw the complexities like moving
mesh in case of rotating machines. But, in all these problems we had considered essentially

linearity.

Now, we will see how to handle nonlinearity of magnetic materials and then the formulation
can be integrated into any of the formulations that we have seen earlier to solve any nonlinear
problem in two dimensions. We will handle the nonlinearity by using the well-known Newton
Raphson technique which is widely used in power systems and power system analysis because

of its fast convergence.
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Let us solve the following Poisson’s equation with nonlinearity involved.

d( 0A\ 0/ oA
e el el el



At the first instant, we will assume constant permeability in the magnetic medium and

everywhere in the medium as the initial guess. So, v in the above equation is % and the equation

gets reduced to the following equation after applying the FEM discretization procedure.
[C1{4} = {B)}

So, we will get {4}, = [C]‘l{BJ}. We are calling this step as the first iteration and the [C]
matrix is calculated using the initial guess of permeability. Here we have to remember that the
global coefficient matrix [C] contains the information about geometry and material properties
(u). So, in the whole magnetic medium, we will be assuming constant permeability () and

then we will be calculating the entries of [C].

The matrix [C] is the initial guess as we are in the first iteration. Matrix {4}, (= [C]"*{B,})
has magnetic vector potentials at each and every point in the domain at the first iteration.
{B,} comes from the source conditions (—/) in the governing PDE. After calculating {4}, in
the first iteration we can calculate magnetic flux density in all elements using the following

standard equation which we have seen in the previous lecture.

(A,Q, +Ay0; + A305)° + (AP, + APy + AyPy)

B =
44¢*

The derivation of this equation can be found in lecture 21 slide number 2.

Using the computed flux density, ¢ in nonlinear (magnetic) region can be updated. To update
the value of u, we have to express u as a function of B. We will see the procedure in a later
slide. As u is a function of B and the value of B is calculated in each and every element of the
domain then u in each element of the nonlinear region can be updated separately and the value
of u is different in different elements. Though, in the first guess we have assumed u as constant

in the entire nonlinear region.

In general, u is different in different finite elements for the same magnetic domain because B
would be different in different elements. Now, residue in element is calculated by using the

following equation.

(R}, = [C {4}, - {8/}



Here, R stands for residue in the first iteration, matrix [C], is updated with new values of x and

{A}, is magnetic vector potentials determined in the first iteration.

Please do not confuse {A}, with A, A,, and A5 which are the magnetic vector potentials at the
nodes of any element e. Whereas matrix {A}, is the column vector of magnetic vector potential
at the 3 nodes in the element in the first iteration. Later on, in the global level matrix equation
{A}; will be magnetic vector potentials at all the nodes in the problem domain in the first

iteration.

Now, this residue is represented by the above equation. So, [C],{4}; — {B]} with the updated

u need not be necessarily 0. If the value of initial guess of u is close to the calculated u then
only the value of residue will come to 0 in that particular element. But, in general, the value of

residue will not be 0.

So, we need to refine the value of u in every iteration to obtain a perfect solution residue equal

to 0. At the element level, we are splitting matrix [C] into 2 parts as v[C']. The value of v is

nothing but % and we are assuming that the value of permeability over the whole element region

is constant. So, for every element, u is constant.

For different elements, u will be different and it will be representing nonlinearity. Whereas

[C!] is a linear part of C which is not changing with p.

(Refer Slide Time: 08:19)
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The residual matrix and its Jacobian at the element level can be R, R, OR,
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Ref: S. V. Kulkarni and S. A. Khaparde, Transformer Engineering: Design, Technology, and Diagnostics, Second Edition, CRC
Press (Taylor & Francis Group), New York, 2012, chapter 12
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Now, we will consider the following Taylor series expansion of R.

R
{R(A +284)} = (R(A)} + [=

| (4)+...

In the above equation, higher order terms are neglected. The above expression, is similar to
I
f (th) =fer) +hite)

So, we are neglecting second order and higher order terms and approximating the updated

residual to 0, because our objective is to make the value of residue as 0.

Equating the above equation of R to 0 modifies the equation as

oR
(R} +

i [
(84} = 0 = {84) =

Again remember, this R and A are written in curly brackets because they are column vectors.
If we are at the element level the dimensions of R and A matrices will be 3 x 1. The entries of

A matrix will be A, A,, and A;. Similarly, the entries of R will be R;, R,, and R3; which

6{}

represent residue at each node of the element. The entries of (Jacoblan matrix) are given

below.

dR, R, OR,
0A, 04, 0A,
oR)] |or, or, or,
I'az_»nf 0A, 4, oA,
dR, OR, dR,
0A, 0A, 0A

The above matrix is the element level Jacobian matrix.

| I {

R, 0y G2 O

- | I |
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R,

U
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A
A,
Ay

b,
- bz
by

Now, this residual matrix will have three components, because this R is a column matrix with

Ri, R, and R; in the iteration 1. v, (= #i) is the material property in the first iteration.
1



The entries of the matrix [C'] will have C{;, C{,, C{5 up to C}; and the superscript [ represents
linear part which is not a function of . So, if we are solving a static problem then there is only
one value of v4, {R}; and {4};. If we are solving a transient nonlinear problem then in every

iteration of a time instant, v,, {R},and {4}, will be constant.

When we go to the next time instant and do the iterative procedure again then of course the

values of v, {R}; and {4}; will change. So, that is why subscripts are only for these variables.

o)

The matrix [a{A}

] for the first iteration is given in the previous equation. The size of this matrix
1
is 3 X 3 because the dimensions of {R}; and {A},are 3 x 1.

(Refer Slide Time: 13:04)
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Non-linear magnetic characteristics can be approximated as* (hysteresis neglected):
1 Q
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* Rel: J. Brauer, “Simple equations for the magnetization and reluctivity curves of steel,” IEEE Transactions on W
Magnelics, vol. 11, pp. 81-81, 1975
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The first element of the {R}, matix is given below
Ry = v(ci Ay + €54, + ¢l3A3) = by
This expression is obtained by expanding the first row of previous matrix equation. The % IS
1

evaluated as given below.

R, ' dv
ﬁ - "f[| t (f::-’h + f:eﬂz u f{ ;A_e)ﬁ

In the above equation, R, and A, are not in curly brackets because this represents the residue

of only node 1. So, % will simply have 2 terms which are obtained by following uv rule of
1



dv 0B

differentiation. Now, we are writing —as 557 9

and the above equation is rewritten as given

below.

dv dB*

lJC“ (C“ﬂ +(IIA +C|{ )dﬂ‘!a‘ﬂ'l

The nonlinear magnetic characteristic with hysteresis neglected can be approximated as
i
H = (k,e*2®" + k;)B

In the above equation, H is expressed as some nonlinear function of B. The whole term in the

bracket is representing v as

]
y=-=kekB +k,
i

B B
Because H = vB = ;orgzv

So, v or u is a function of B? and we are taking it as a function of B2 because in the FEM

formulation we directly get value of B2. Now WI|| be simply represented as

dv

@ =k 't‘zelk"ﬁz

dB% .
Then, — will be
94,

08" QA0 + A0+ AsQs) + P(AP + APy t AiP)
ﬂAl R 41:',"'2

The above equation is obtained by evaluating the expression of B2 that we have seen in the

previous slides.
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Now, we will go to the following global level equation.

AA}y = aR_lR
= -[g5] @)

The variables or matrices in the above equation are global level quantities which are obtained
by combining element level quantities as we did earlier. So, the size of {AA}; matrix will be
n X 1 and it is a column matrix. The size of Jacobian inverse will be n x n because the product
of Jacobian inverse matrix and residue column matrix at iteration 1 will give {AA}; matrix
whose size isn x 1. The entries of {R},are

R,

R}=|:
IR,
nxl

So, the nodal potentials for the second iteration can be written as
(A}, = (A}, HaA),

By adding {AA}, to {A}; we will get magnetic vector potential values for the second iteration.

Then, we have to go to the next iteration.



So, by using the above equation we would have got A in the second iteration. Using the
corrected A we can update B2 which is a function of nodal potentials for a finite element. From
B, we calculate v or u which has been expressed as a function of B2. Then using the calculated
v again we calculate element level and global level residual matrices. The rest of the procedure

will be repeated till we meet the convergence criterion.

If there are say 1000 nodes then there will be 1000 residues. If the maximum value of those
1000 residues is less than some predefined threshold number which can be a very small number
then we can stop saying that the convergence has reached and we have got the solution at that

instant.
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Now, we will take one case study as we have been doing after developing every FE formulation.
This problem is a coupled circuit field nonlinear transient simulation. Here, there are three
complications. In the previous lectures, we had seen coupled circuit field and transient
formulation and for those formulation we are including nonlinearity in this lecture. So, in this
case study, we are combining all these 3 formulations together. In the above slide there isa 3
phase transformer with 3 primary windings which are excited by a voltage source and the
transformer will draw inrush currents. Now, we will study the inrush currents in all the 3
phases. So, the primary windings of the 3 phases are driven by a coupled circuit which is the
time-varying voltage source. That is why the formulation is transient and the nonlinearity of

the magnetic material is also modelled. Now, we will see the simulation in time.



(Refer Slide Time: 20:17)
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In this slide, we can see animated FEM solution obtained using the devoloped coupled circuit
field nonlinear transient formulation which we saw in the present lecture and in the previous
two lectures. We saw all the three formulations and if we write the corresponding code by

considering all the complexities then we can get such time domain simulation results.

We have to model the material properties as a function of B because when the transformer is
switched-on the flux density in the core can be quite high and can drive the transformer into
deep saturation depending upon the residual magnetism at the instant of time of switching. In
the simulation, we can also see that at some instants of time the flux is going out of the core
because of the saturation. So, the flux coming out of the core depends on the saturation level

and that can be easily studied using such simulations.
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Damping is on account of the resistance in the connected circuit

Now, we will see the inrush currents drawn by the transformer in time domain. The currents in
the above slide are functions of time. In the figure, R phase, Y phase, and B phase currents are
marked with different colours. The R phase current is maximum because in the simulation we
excited all the 3 windings at an instant which corresponds to R phase voltage being 0. That is
why this switching instant is worse for the R phase and it is not bad for Y and B phases. We
know that an RL circuit draws maximum current if it is exticted with zero voltage. We are
considering this as a lossless case and we are not considering resistances of the circuit. So, like

this, we can do transient nonlinear coupled analysis for any electromagnetic device. Thank you.
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