Electrical Equipment and Machines:
Finite Element Analysis
Professor Shrikrishna V Kulkarni
Indian Institute of Technology Bombay
Lecture No 26
Quadratic Finite Elements
Welcome to the 26th lecture. In this lecture, we will see quadratic or second order elements. As
mentioned earlier, linear elements may not be good if the field is varying drastically in some
regions of the problem domain. If you don’t want to use a very fine mesh with linear elements,
then you can use a coarser mesh or with higher order elements for the same accuracy of the

solution.
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For a linear triangular element, we have seen the expressions of B, By, and B,, which are given in

24
oy

04,
and B, = e

the above slide. Also in one of the previous lectures, we have seen that B, =

We also saw that these expressions are constants because Az, A2, Az are nodal potential values that
would have got after the FEM solution. Q1, Q2, Qs and P1, P2, P3 are also constants because they
depend on the coordinates of the vertices of the element under consideration. So Bx and By are
constant over an element which may not be true in case of highly non-uniform fields and the errors

will be appreciable. So we have to go for second order or quadratic formulation.
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Quadratic triangular elements

* Higher order elements: can lead to better accuracy with fewer £
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* Quadratic (second-order) approximation: /
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An example of quadratic triangular elements and the corresponding approximation are given in the
above slide. In the figure given in the above slide, you can see that there are six nodes. The three
nodes (1, 2, and 3) are usual nodes that we have seen in the previous lecture. Nodes 4, 5, and 6 are
at the centres of the three edges of the triangle. Since there are six nodes the approximate potential
function should have six unknowns a, b, ..., f and the corresponding approximation is given in the

following equation.
G(x,y) = a+ bx +cy +dx? + exy + fy?

Then, you can use the same procedure that we followed for linear triangular element to determine
the FE formulation. There the expression of ¢ is expressed in terms of ¢,, ¢,, and ¢; by
eliminating a, b, ... f which involves inversion of a matrix. By eliminating the constants a, b, ...f

we get the following expression.
6
0= M0,
j=1

You can do the same thing for quadratic elements also. But we will have to invert a 6 X 6 matrix
to eliminate the constants a to f and with this the computational burden is becoming higher. Here
we will use a simpler method called area coordinates approach and this does not require any matrix

inversion.



(Refer Slide Time: 03:33)

’/Ll_:lll --el e B
Sty Color e s

L
2 Sgrouads oo Koo Puges Prevous et

e Vb & G

Pl Web Docaments Show Dnbteg Opentiord

* Natural coordinate system for a triangular element

A 4, A, %
Li==l==Ll== 3 £
=pl=gl=g @) z) E
A,: area of the triangle formed by the points p, 2, and 3 (p is any point
. . i Vi
inside the area), 4,: area of the triangle formed by the points p, 3, and mcgfmf:w \
1, 8;: area of the triangle formed by the points p, 1, and 2, A: area of eers12¢ sige 3
the triangle formed by the points 1, 2, and 3
* |, are defined in terms of areas: also called as area coordinates.
Bi+8,483=8 > Li+ly+ly=1 B
2 For linear triangular elements, A
1 Similarly, N, = L, and N; = L. /
e - - - Ve =Ly 3= L3
b 24 (a5 = x572) + 02 = y3)x + (33 = X2 )y (taking inverse: not required) 4
1 Al
= 1 [Bpciyyaa] = L G
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This approach uses area coordinates or natural coordinates and they are defined as given below.

Ay Az A;
el Tyl Ty
Now, what is A,?
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Let us consider a triangular element shown in the figure given in the above slide with nodes 1, 2

and 3. Consider a point p inside the element. L, is defined as AA—l, here, A is the area of the whole



triangle formed by nodes 1, 2, and 3 and A, is the area of triangle formed by nodes P, 2, and 3. So
L, is defined as the area of the triangle formed by nodes P, 2, and 3 divided by the area triangle
formed by nodes 1, 2, and 3. A, is the area of triangle formed by nodes P, 3, and 1. Again if you
see here the sequence of nodes is P 3 1 and it is not written as P 1 3 because the area will become
negative. Generally, when you calculate the area of a triangular element we have to take the three

nodes in anticlockwise fashion. Similarly, A5 is the area of triangle formed by nodes P, 1, and 2.

Also, remember that A; + A, + A;= A. This is obvious because L, is a function which is divided
by the total area. So the addition of all these L1, L2, L3 will be given as

Byt By +hs

L1+L2+L3= A

In fact for linear triangular elements, we have seen the following expression of N;many times.

1
N, = 5A [(xoy3 — X3¥2) + (¥ — ¥3)x + (X3 — x3)y]
1
- A [ﬂp(x.y),za] =L

Similarly, we saw the expressions N, and N5 for other nodes.

If you take this 1/2 inside the bracket that will give the area of the triangle formed by P, 2, and 3.
So that is why for a linear triangular element L; = N;. That means when we saw the procedure
for a linear triangular element we need not have inverted the 3 X 3 matrix to eliminate a, b, and ¢
and we could have directly use this property and derived the shape functions. We did not use it
there because we have not seen the theory of natural coordinates and there we wanted you to
understand the general procedure of FEM. So that is why we have taken the inversion there. But
using this approach we can directly get the expression for N; by just calculating the ratio of areas

of two triangles.
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Similarly, we can write the expressions of N, and N5. That is why for a linear triangular element
we can write a general expression of shape function in terms of area coordinates as given in the
above slide. For i = 1 that is node 1, a; = 1 and other constants are zero because N; = L;.
Similarly, for i = 2, N, = L, and that is why a3 = 1 and other constants are zero. Similarly, N
can be determined by using the generalized expression which is given in the above equation. So
N; can be represented as a general function of L, L,, and L;. The corresponding coefficient

values for each shape function are also given in the above equation.

(Refer Slide Time: 08:47)

f\---- Smal o0 B SRy VL &
Color Une Lrver Sedgreuads 0 Fode  Pages Pevieus Nedt  Eraw oud Web Docaments Show Dnitep Openioard ,
Quadratic triangular element:

Ni(x,y) = ally +a’L, +ally +alliLy +allyly +2%L, L (4) Y]

The values of L,, Ly, and L at the six nodes of the triangle are given as
atnode 1 (Ly =1,L,=0,L3=0) 1 | , mg;,:::w
atnode2 (L, = 0,L, =1,L, = 0) pm)zz 1 gers12bisioe S
atnode 3 (L, =0,L, =0,L;=1)

atnode 4 (L; = L, = 0.5,L; = 0) e A,:Mz_ﬁ Z:
atnode 5 (L, = L3 = 05,1, =0) ;
atnode 6 (L, = L3 = 0.5,L, = 0) 7

\
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Now for a quadratic element we can extend the generalized expression that we have seen earlier

as given below.
N;(x,y) = alL; + a?L, + alLy + afL;L, +a’L,Ly +afL Ly

For a linear element, N; was a function of only the three terms L, L,, and L;. Now it is a quadratic
element with six nodes and so we need to have six coefficients so that is why the generalized
expression will have extra terms as given in the above equation. It is natural to have L,L,, L,Ls,

Ls L, to get quadratic terms in the shape function. So N; is not only a function of L,, L,, and L5 as

2
i» --

linear function but also their products. Now, for each node aj, a ., a? are unknowns.

Remember that for shape function at every node there are six unknowns.

We have already seen that at node 1 the value of L, is 1, L, = 0 and L; = 0. Similarly, for the
other two nodes. At node 4, L, and L, are equal to 0.5 and L5 is O because L, at node 4 will be
A4q3/A and A,,3= 0.5A and that is why L, = 0.5. Similarly, you can calculate the rest of the
coefficients. In the following figure, we have calculated the values of L,, L,, and L5 at all the
nodes.

atnode1(L; =1,L, =0,L; =0)
atnode2 (L, =0,L, =1,L; = 0)

atnode3(L; =0,L, =0,L3 =1) a 6
A(-’i—-.’p].l,?.]
atnode 4 (L, =L, =0.5,L; = 0) oy :>T
(1,2,3)
atnode 5 (L, =Ly = 0.5,L; =0) 2 5 3

atnode 6 (L =L; =0.5,L, =0)

1
A [Ap(x.y)z.s] =L
1



(Refer Slide Time: 10:56)

’/lllll -leal o0 B 3L & (VIS - (&)
s £ e -

LIUN(Y -
[ Babgreonds (0o i Pages Prvious Mt € Sowl Wb Decoments Show Orkiog Opentonrd

N, = one at node i and = zero at each of the remaining nodes: we obtain

the values of a!,a’, ...,a¢ for node i

/

Example: For evaluating N, /

4 s ' COEEP ‘ /

Node 1:N; = 1=al x1+alx0+ajx0+aj x0+aj x 0+afx 0=} =1  weomy \

EE725120isHde
Node2:N, =0=al x0+aix1+ajx0+a}x0+ajx0+afx0=al=0

G\

Q

Node3:N, =0 =al x0+alx0+aj x 1+a} x0+ajx0+afx0=a] =0 7
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Now, we will use the values determined in the previous slide to calculate the six coefficients for
every node. We need six equation or six conditions because we have to determine six coefficients
for every node. N; = 1 at node number 1 and it is O at all other five nodes. So, we substitute the
values of all the coordinates where the values of L,, L,, and L5 are known in the expression of N;

as given below to calculate the unknown constants.



Node 1:N; =1=ajX1+aix0+a]x0+ajx0+ajx0+afx0=>aj=1
Node2:N; =0=aix0+4+afx1+ajx0+a;jx0+aix0+afx0=>af=0
Node 3:N; =0=al x0+afx0+a}x1+aix0+ax0+afx0=a}=0

Node4: Ny =0=alx05+a2x05+a>x0+atx05x05+ax0+ax0
al 32 4
=>71+71+71:0=> at = —2 (~ai=1and a?=0)
Node 5:N; =0 = a} x 0+ a2 x 0.5+ a3 x 0.5 +a} x 0 +aj x 0.5 x 0.5 +a$ x 0

aj , ai  aj

5 . = =
T > +?=0 :>EIJ_=0 (- ﬂ§—1 and ai—O)
Node 6:N; =0=2alx05+a2x0+alx05+atx0+a}x0+afx05x05
6 1 3
a a a
=5 T t5 =0=al=-2 (v aj=1and a}=0)

For example, N; and L, at node 1 is 1 and the values of L, and L are 0. So all the terms except

the first term will go down to 0 as given in the following equation.

Node 1:N; =1=a}x1+afxXx0+a} X0+a;X0+a]x0+afx0=al=1

So that is why you will the value of al = 1. Similarly, using the values at nodes 2 and 3, we will

geta? =a3 =0.

Then let us take the value of N; = 0 at node 4 by definition and property of shape function. Now
at node 4, we have to substitute all these values of L, to L5 as given below. Atnode 4, L, = L, =
0.5and L; = 0.

Node4: Ny =0=alx 05+ax05+a} x0+atx05%x05+ajx0+a$x0

After simplification, you will get the following expression and the values of al, a2, and a3 are

already calculated. Using these values, a7 is calculated as given below.
j?+ _+ T = 02} a? - _2 ('«' al=1 and al=0)

Likewise, you can calculate the remaining two coefficients also.
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By substituting the values of a!,a%, ..., a° for N, in (4), we get

Ny = L= 2L,Ly= 2Ly = Ly 2L,(L, + L)) = L;-2L,(1-L,) /
N, = L,(2L,-1) ¢
COEEP
IIT Bombay Y
Likewise we can obtain expressions for other shape functions: eens U isue
N, = L (2L~ 1), t=1,23
O\
N, = 4LL,, N =4LLl, N, =4LlL, Q
Consider the following PDE: ;
VA=l &
B
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Substituting the values of a} to a% in the generalized expression of N, we will get the shape

function of N; as given below.

Nl — L1(2L1_ 1)

See the difference, for linear element N; was just equal to L,, but for quadratic element N; =

L1(2L1 - 1)
Likewise, we can obtain the expressions for other shape functions as given below.

N, = L (2L, - 1), i =123
N, = 4L,L,, N. = 4L,L;, N, = 4L,L,

These expression can be verified by following the procedure that was explained earlier.
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and the element level source matrix is

M= Jﬂ NS¢ i=1,23,..,6 N
element i
P . A . 4
bf=0,1=123 bf= EJ,I =4,56 (tobe provedin alater slide) "
6]
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Suppose we want to solve this Poisson’s equation in magnetostatics which is defined as V24 =
—uJ. As we discussed earlier, u should not be associated with J because mu can vary with space
in the given geometry. So we bring u on the left hand side and we associate it with V2. When we
integrate, depending upon which element we are considering the corresponding u will be taken for
that element. The following equation defines c;; expression.
dN;dN; ON; dN;
= ﬂ (ax ox "y ay)dsg Lj=123..6

element

The dimensions of the element coefficient matrix will be 6 x 6. The entries of b{ of the right hand

side matrix which represents the source are defined by the following equation.

b;’=JH N, dS¢ i=1,23..,6

element

Earlier when it was a linear element we apportioned J equally to the three nodes as JA/3. For
quadratic elements, that J gets apportioned equally to the middle nodes of each node but not to

nodes 1, 2, and 3. So the entries of b are defined as given below.

bf=0,i=123 b =%J.i=4,5,6

We will see the derivations of these terms later.
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[C¢]is a symmetric matrix given by

46, - 111 o ) /
cf,:W };(P,P,+Q[Q,)l Li=123 Ga ‘
,
COEEP
1 1 1 1 ll'l;}mblyla
- €€ 725120 slide

Cfl_ﬁ[;l(PIPI+QIQI) sz=‘m[;(P1Pz+Qloz)
e 1 e o 3 —l I(P P, + ) A
=3 ;I(PIPZ'{' Q)| as=0 s =[PP+ Q). Q
V
e 11 e e e e 2ol & o il /
Clb=3_A ;(P1P3+Q103) s =Clq Cg=033=0 C35=C5 (36 = Cpg i
Ref: J. Jin, The finite element method in electromagnetics, John Wiley & Sons, Inc., New York, 1993. >
® Gj=1fori=jandg;;=0 fori#j -

[C€] is a symmetric matrix. The element level matrix entries c;; are given in the above slide and

the next slide. From the above slide, we can see that c,, for this case is identical to the linear
triangular element. But off diagonal entries like c;, are different. Again c;c, ¢4, and c;, are 0

because there is no connection between the corresponding nodes.

That means, there is no connection between nodes 1 and 5, nodes 2 and 6 and nodes 3 and 4. At
the bottom of this slide, we have given one reference book titled ‘The finite element method in
electromagnetics’ for high frequency electromagnetic mostly. If you want to verify the expressions
of these entries you can refer this book. Some of these coefficients are already derived and we will

see in the next lecture.
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Electrical Equipment and Machines: Finite Element Analysis —
7 (NPTEL - MOOC course)
‘) Prof. . V. Kulkarni, EE Dept.,IIT Bombay

You do not have to be worried about the expressions given in the above slide because deriving
them is a one-time effort if you develop a code to form element coefficient matrix that can be used
for any problem as we have seen earlier. Now we will see the derivation of some of these

coefficients that we have seen in the previous slide.
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Quadratic Triangular Element <~ v
First to derive the elements of [C¢]matrix ) /
/
1 N, 0N, N, 0N, T omony \
cfl =[_l J] (WO_ULWW dxdy (1) 1 557'25\11‘5:»*’1
element L= Z—A(a, +Px+Qy)i=123(4)
&t :1” (%%4.%%)“‘1}, @ @ =X2Y3=X3Y; A3 =X3)1 = X1)3 z:
wJ) \ox dx = dy dy Pr=y-ys Pr=y3-y
Gi=x-x Q2=x-x3 /{
NOW,Nl 5 L‘(z LI' 1) = ZLIJ'Ll 3) a3 = X1Y; = X)) i
b Py=y -y &
G=x-x E
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For example, we know the following expression for c;;.



, 1 J’f ONN; ON 0N\ .
f‘ﬂ ox ox | ay ay )Y

element

c11 €an be evaluated by replacing i and j with 1 and 1 so c¢;; will be simply given by the following

expression.

ﬂ ON 9N, 0NN, ,
dx 0dx ay dy ey
In the previous slides we have derived the expression of Ny as Ly (2L; — 1) and L; = Ap,3/A. We

had already seen the following expression of L;.

1

Ay = XYz — XgYz2 G2 = X3Y1 — X1)3

Pi=y,—ys P=ys—»
Q1 =x3 —x; Qy = x1 — x5
a3z = X1Y2 — X2 )1

Py =y, -y,

Q3 =2x3 —x;
(Refer Slide Time: 19:30)
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Equation (3) can be rewritten as 5

: 1 1
Ny=213-1y =2 2—A(01+P1X+Q|)’) -=(a, +Px+Qyy) (5

24 e o g
In equation (1), the term % is evaluated by taking the first ﬁ‘cm 74
derivative of equation (5). Therefore we have amsnas B
using
oM _(@+Px+yp B Qw1 R L L
T i e 55 =5 1)h T A
ox ‘ 28 A 24 A 24 Q
oMy ON; _ (2P, WP\ _ (P EoaLpE Py 7
N I
O ox \ b 2A A 20 e A% 24 Al
L
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So if you substitute the expression of L, in N; = 212 — L,, we get

2
1 1
Ny =21%-L, =2 <_2A (a, + Pyx + Qly)) @+ Pix+ Q1Y)



The value of c;, is determined by evaluating the first derivative dN,/dx and it is given by the

following expression.

oNy _(ay +Pix+Quy)Py Py
dx A? 2A

Then, you resubstitute a, + P;x + Q,y with 2AL, based on the expression of L, and we finally

get the following simplified expression.

oN, 1 P, 2L,P, P
dx  A? (28L)F 20 A 24

dN; ON

. d . .
Then the expression of o a_xl is given below

dN; N,  (2L;P; P\ [2L,P; P;\ (2L,P; 2 2L1Pf+(Pl)2
dx dx \ A 2A A 2a] A AZ? 27
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. [fapi2 o 2pil PE 0! 4Q72! 201 Q% 0! Q
i/
1[(20f 20F P\ [20f 20! ¢} o i o Al
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Similarly, you can calculate oy 3y as given below.
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In contrast to the expression of ——, you will have Q, instead of P; and that is the only

difference. Because the derivateive of N; with respect to x we will give P;s and derivative with

azvla L

respect to y will give only Q;s. So for— 2y You have expressions with only QS . So c;4 is equal

— d 3y ay as given below.

2L,P\°  2L.P2  (P\®  [(2L,Q:\° 2L,Q? (0O,
e () ) (50 () o

Now the integrand in the above equation has six terms. The above integral is evaluated by using

to the integral of sum of the two terms ——

the following equation.

I'm!n!
2A
(l+m+n+2)!

f (L) (Lo)™(L)" dxdy =

We have seen this formula earlier and now actually for each of the terms in the integral of ¢, if

you use the above formula, we will get the final expression of c¢;4. For example, in the first term
2
%1 you have L2 that means [ = 2 and m = n = 0 and if you substitute these values in the above

formula you will get

ffz}L%Pfd . _4P122!2A
A YT m

Likewise, you can calculate the integrals of all the terms using the above formula and then you can

simplify as given below.

1[/4pP2 2! 2P2 1! PZ 0! 4Q2 2! 2Q% 1! Q2 o!
e __ . - - e -
8 = I( TR T R YeeT za) + ( ;20 20 + 24

1
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We will stop here and continue in the next lecture.
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L26: Review Question

Q. The Gmsh software is capable to generate triangular mesh with Q| I )
only 3 nodes. How we can use the mesh data generated by Gmsh "y
to develop an FEM code, for a problem, with quadratic elements? ”cgos::“
EET725L _/Slide
Electrical Equipment and Machines: Finite El t Analysi

. (NPTEL - MOOC course)
{ 9 Prof. . V. Kulkarni, EE Dept,, IIT Bombay

NPTEL



