Computational Electromagnetics and Applications
Professor Krish Sankaran
Indian Institute of Technology Bombay
Exercise No. 14
Finite Element Method-I1

We looked into the problem of coaxial cable and capacitance calculation and voltage
calculation in the earlier exercise.
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And | said we are going to improvise on the method that we used before. And this time we
are going to go for higher order approximation. But before going to do that | would like to

give you one or two important remarks on the problem what we did before. So let us look
into the problem geometry one more time.
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We have an inner conductor and an outer conductor. And we had points that are sitting in the
radial direction. We had several points several nodes. So what happens is when you have a
single line as the value and you are able to see the result of those values both in the
theoretical calculation and in the numerical calculation.
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What is happening is when you have single lines what you see is the error value what you
are computing here is going to be quite high whereas when you have double line.
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That means for example instead of having one line segment joining them. If | have 2 line
segments so this is a, this is c, this is b, my value of computed capacitance is going to be
much better compared to only one line.
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This we saw using the error value that we computed in the code. But what this graph is going
to show us is a very different and important information. So this graph is a ratio this plots the
ratio on the x axis for b by a. And it computes the error value, so if ¢ computed value is
exactly equal to c theoretical value then you will have 1. If not you are going to overestimate

the value of capacitance using finite element method than what it is actually in the theoretical
value.
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So for example when we have the b by a ratio that is quite small. That is b divided by a is
equal to let us say it cannot be 1 because then the radius of this conductor fall exactly on the
radius of the internal conductor. So what is important is when we are going from different
radius of the outer conductor.
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So we are keeping the inner conductor same. We are just increasing the outer conductor
radius. So let us say when the radius of the outer conductor is almost as same as the inner
conductor, then a single line is enough to approximate it as good as the double line. Because
it does not make any sense to have a two points that are so close to each other. And then we
have a third point in between them. So in that sense the single line approximation and double
line approximation converge to the same result when the radius of the outer conductor

becomes as comparable to the radius of the inner conductor.
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Whereas when the outer conductor is increasing you see that the double line as in we have
two points, here in this case we have two points, in this case three points, the error that we get
from the three point approximation is much lower than the error we get from two point
approximation. And the error of the two point approximation keeps growing at a higher rate,
whereas the error of the three point approximation grows at a slower rate.

So this is an important analysis that is given in terms of the radius of curvatures of the two
conductors and the computed and the exact value. So this is way you can understand how the
convergent is going to happen and also you can appreciate that when the outer conductor
becomes comparable to the inner conductor radius. But still larger than the inner conductor.
Then the number of approximations points that we have can be smaller and smaller. Still with
two points we are able to capture the capacitance as close to the exact value. That is what we

are seeing here in this particular graph.
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So now | said we had in the previous problem linear elements. And these linear elements
have the form, but now instead of doing that we are going to say that the potential is going to
have a variation that is going to be higher order. So in this case we are going to for second
order. So we will write it as Phi tilde equal to ¢ 1 plus ¢ 2x plus ¢ 3 x square. So this is the
same equation if I write this in the same notation for the first problem we had c¢ 1 plus ¢ 2x.
What | have done is | have added one more term for the higher order function. So now we
have instead of two parameters we have three parameters for higher order. Once again we
would like to express the voltage that we are computing in terms of the nodal voltages and
the basis functions. So what we are going to do is we are going to call this as a basis function

and we are going to write them for different elements.
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Let us say we are having three points a, ¢, and b. And the basis function for those a, ¢, and b
are going to be on the form fa, f b, and f c. So f a is going to be given by pa 1l pluspa 2
times r plus p a 3r square. So this is nothing but the same one. | have changed x to r because
we are talking in the radial axis still it holds because it is a one dimensional problem. You
can use x or r, but it is more convenient to write r because we are talking about radial aspects
in this geometry.

For the second one it is going to be given by p b 1plus p b 2 r plus p b 3 r square. For the
third one it is going to be given as p ¢ 1plus p ¢ 2 r plus p ¢ 3 r square.

What you are seeing is a kind of a basis function that I have introduced here initially we had a
basis function which is nothing but a linear element. And in the second case we had a basis
function which was, so maybe it is easier to write it. So this was the first basis function. So
this is the second basis function so linear element. This is quadratic. So for these problems we
are going to use these three basis functions. And these basis functions are going to be on a, ¢

and b. So let me write it down on a separate sheet.
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So our potential value that we are going to compute Phi(r) is going to be the value that | am
going to assign on the inner conductor and the outer conductor the potentials, and also the
central point. So Phi a multiplied by something plus Phi b multiplied by something plus Phi ¢
multiplied by something. Remember in the earlier case for the linear element we used
Geometrical data and they are based on the linear approximation. And here we are going to
do quadratic approximation.
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So we will have f a, f b, and f c. And they are all going to be functions of r.
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As | have described here. So f a is going to be a function of r, f b is going to be a function of
r, and f ¢ is going to be a function of r. And P a 1, P a 2, P a 3, these are coefficients like ¢ 1,
c2,andc 3.
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So this being the case we can write the equation subjected to certain conditions. The
conditions are f a (a) is equal to 1, so this is when r equal to a for f a value will be equal to 1.
fa (b) r equal to b is going to be equal to 0, and f a (c) r equal to c is equal to 0. That means
the first basis function what we are using will have a value 1 for the node point a whereas it
will be 0 for the other ones. Similarly the f b value will be 0 at a, it will be 1 at b and it will
be 0 at c. And the third one will be f c(a) will be equal to 0, f c(b) will also be equal to 0, f ¢

(c) will be equal to 1. So this is the assumption. This means the basis functions are going to



behave in certain manner and that is what we are going to see. And when we plot the basis
function you will see and you will appreciate what we are talking about. So inserting these
values and talking about the boundary conditions into the equations what we had.
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What we get essentially is a kind of a matrix equation. The matrix equation will be of the
form, So | know the value for f which are given by these values and | know that the boundary

conditions of those basis functions are going to behave like this.
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And | know the equation itself. The equation itself is going to be of the form as we discussed
before. And so we will have the following conditions which is [1 a a square, 1 b b square, 1 ¢
c square] and we are multiplying it with [palpa2pa3,]. Thisis going to be for the first
node, so this is going to be [1 0 0]. And for the second one this is going to be [0 1 0].
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As we have described here. So this is the first right hand side. So the second right hand side
will be like this and the third right hand side will be like this.
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That is what we are trying to write here. So the first term the first matrix will be the same for
all the three. The only thing that is going to change is instead of palpa2pa3, it will be [p
blpb2andpb3]. Similarly [pc1pc2pc3]equal to [00 1]. So solving these three sets
of equation for a equal to 1 and b equal to 100. So we set initially in the program we put a
equal to 1 and b equal to 100 in the simulation and we tried to compute the values. So we can
do the same things and we can get the results.
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Before that let me plot the basis functions and the r coordinates. So what we have is r and
then we have the basis functions. So the basis functions are going to have certain behaviour. |
said it is going to go from let us say this is 1 this is 0. So let us the 0 be here and this is 0.
Something let us say minus 0.2. It is going to go from here to here. So let us go into the code

itself and let us see the way we have computed various parameters for the quadratic case and



let us understand how we can simulate the higher order basis functions and compute the value
for our problem that we have been discussing so far.
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So let us go into the code. So we are going into the second order approximation, So Matlab
code for calculating capacitance, using quadratic element.
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CoaxialCapacitor.m CoaxialCapacitor_part2.m triangularMeshFEM.m | HeatConduction_FVM.m +

13 b

14-  close all;

15-  clear all;

16 - cle;
17 - epsd = 8.854e-12;
18

19- a=1; b=100; c = (a + b)/2;
20- phi_a=@; phib = 1;

21 - ar = ones(3, 3);

22

23~ ar(1, 2) = a; ar(1, 3) = a=a;

24 - ar(2, 2) = b; ar(2, 3) = bxb;
= ¢; ar(3, 3) = cx¢;

an

25~ ar(3, 2)
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So we are going to like before set the values for epsilon 0 so we have a equal to 1 and b equal
to 100. And like before our initial values for potential internally for the inside conductor and

the outside conductor are given by this.
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23-  ar(1, 2) = a; ar(1, 3) = a*a;
24- ar(2, 2) = by ar(2, 3) = b#b;
25 - ar(3, 2) = ¢; ar(3, 3) = cxc;
26

27- f = [1;0;0); pa = ar\f;

286- f = [0;1;0]; pb = ar\f;

29- f = [0;0;1]; pc = ar\f;
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And these are the ar values that we are setting. So it is going to be a square b square and ¢
square. For ar (1, 3) ar (2, 3) ar (3, 3). and ar(1,2), ar(2,2), and ar(3,2) are going to be a,b,c so
on and so forth.
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And the value of f, the right hand side of the equation that we had before, so these are the

equations that we had here on the right hand side.
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And this is the value that we have put it as f.
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So it is [1,0,0]; [0,1,1];[0,0,1]. And once we have that we can compute the values of pa, pb
and pc by inverting the ar and multiplying it with f.



(Refer Slide Time: 16: 07)

@ MATLAB  Window Help D) o) 100% BB Sun15:53 Q
@ @ Editor - /Users/Krish/Desktop/IIT-B Lectures/CEMA/Matlab Examples/FEM/Coaxial Capacitor/CoaxialCapacitor_part2.
EDITOR PUBLISH VILW o P e =)

e T A R —_

w : s e

Nowii Opsin o niShomre L L R Ge To = % 8 ygomts  fun Runand | Advance  Runar
- W O 4 f l 3 Al Y 5 i Time

- - n o e ()

CoaxialCapacitor.m CoaxialCapacitor_part2.m x| triangularMes hFEM.m HeatConduction_FVM.m +

= J IT_PLL =@ . \v=aj/gv « v, - T

32
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36

37 - figure

38-  plot(r_plt, fa_plt, 'k', r_plt, fb_plt, 'k', r_plt, fc_plt, 'k’
39-  xlabel ('r')

40 -  ylabel ('Basis Functions')

41 - text (10, .8, 'fa')

42 - text (50, 1.05, 'fb')

43-  text (88, .8, 'fc')
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And we are able to plot the values of various basis functions. The f a, f b and f ¢ will do that.
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And we are now going into the program where we are computing the values of various
parameters that we are going to use in computation. So we calculate k1, k2 and k3, and these

values are going to be used as a weighting function values later on.
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And we are computing the value of Phi ¢, remember Phi a is given Phi b is given Phi c is not
given, so we have to compute the value of Phi c, and we are using this equation to do that.
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And based on that we are going forward to compute like before the total energy that is being
stored in the capacitor.
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Once we get that we are able to compute the value of exact and the theoretical value and we
are able to plot the error. So once we run this for the problem on hand we will be able to see
how the code is behaving.
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So what you see here is the potential goes from 0 to 1 and it follows a kind of a curve it is not
linear like before. And the value is kind of also computed for the geometry that we have
chosen.
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There is also another graph that chose the value of the basis function so the basis functions
are going to have values for example in the domain what we had, we had the entire domain
basis function. So the basis function for the entire domain is going to have this behaviour. So
what you see is f(a) is going to have the maximum value at a and it will have 0 values in both
c and b. So this is the centre value so both at ¢ and b it will be having 0 value.

Whereas it goes to some 0 level in between c to b. Similarly the value for b will be 0 in both a
and b whereas it will have the maximum value at the centre. And the ¢ value is going to have
the maximum value at the end. Whereas it is going to be 0 in between. So in this case a is this
point, b is this point, and c is this point. And if you are changing the locations also the basis
function should change accordingly. So what we have got is the three basis functions for the

problem what we have chosen.



(Refer Slide Time: 18: 59)

@ MATLAB Window Help

.,}»

o)) 100% B8 Sun1bs7 Q

e 0 & MATLAB R2016a

% a3 / » Users » Knsh » Documents » MATLAR

Current Folder v Command Window

B Name v New to MATLAB? See resources for Cetting Started.
15' Comp C [pF), Exact C [pF), % Error
11 19.289286 12.080188 59.677033
12 s >>
13
14
15
16 ¢
17
18 2
19 | workspace ®
20 | Name a vah
&5 1

g; .:;:ns 1.5
| ’ ) lllt;'

\r sn
I“ NPTEL

And we are able to simulate the problem in such a manner that we are able to compute the
value for the potential and let us see now what is the error function what we are getting. So
when you compute this result and see the error function. What you see is the exact value what
we are computing is here. It is 12.0818; the computed value here is 19.289 whereas the error
here is 59 percent. So if you see this program where you have three points and you have
simulated it using second order quadratic basis function.
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@ MATLAB  Window Help - o)) W00% B8 Sun1568 Q

@ @ Editor - /Users/Krish/Desktop/IIT-B Lectures/CEMA/Matlab Examples/FEM/Coaxial Capacitor/CoaxialCapacitor.m

PUBLISH

\ EDITOR

L.IJ \J H L"’M’“’ "J . C — ‘Tl Ix ‘:—‘1 bg “f_}' '»c—;.lﬂlk(lbn &
New Open Save H/ComBUe ° GiCoTow Comment % 8 23 oo us Runand | . Advance  Runar
v 4 A LU a4 find ~ Indent || &1 (2 v = Advance Time
it NAVICATE 0N MIAONTS K s
CoaxialCapacitor.m CoaxialCapacitor_part2.m | triangularMeshFEM.m | HeatConduction_FVM.m | +
1) This file can be opened as a Live Script. For more information, see Creating Live Scripts,
21 u
22 % Top of loop for adding regions
23
24 = max_iters =1|; % Number of subdivision cycles
25
26 - disp('# Nodes, Comp C, Exact C, % Error')
27
28 - for iter = 1 : max_iters
29-  array = spalloc (n, n, 3);
30- f = zeros(n,1);
3
.. % coefficient array

script n 24 Col 13

If you go back into the old code where we had a linear element, this is a coaxial capacitor
with a linear element; we have two points let us increase it to three points. And let us

simulate it for only one iteration and we see the result also.
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€ MATLAB Window Help = 0 o)) 100% B8 Sun1558 Q
e 0 Figure 1
File Edit View Insert Tools Desktop Window Help

Dade h C\KNOBVEL-QA 08 n@

== cab
00
CoaxialCapacitot /
= 08 e ¢
) This file can be x

21 j 07 - -
22 % T 0n
23 s
24-  max] &%
25 o4
26- disp
27
28 - for s
29- |arrd o,
30 - f=

o 10 2 30 “©0 %0 o 7 0 L 100
co f
's!!! ftn 24 cCol 13
R — ——

So it is giving us not nice curved line what we got whereas we got a two lines which are
having certain errors.
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M % O 51 B/ v Usens v Ensh v Dotuments + MATLAB

Current Folder
| Hay v Hew 1o MATLAR? See resaurces far Cetting Staned

Comp € [pF], Exact C [pF], % Error
19.289286 12.080188 59.677033
== CoaxialCapacitor

| Thig # Nodes, Comp C, Exact C, % Error

21 -3 21.56138@ 12.080188 78.485463

2 |

24

254 perails ~

gg -V Workspace

ag

29 =itiam 1.2

30 SLATS L.

“ .

2 INPTEL

-

What is interesting to see is we can see the value of the error that is being computed. So we
did this calculation using the quadratic element. And this one is using the linear element. So
here also you have three points and here also you have three points. And what you see is the
computed value here is 21.56 whereas the computed value with a quadratic element is 19.28.
And the exact value in both the cases are the same 12.08 and the error in the quadratic
element is 59 percent whereas the error in the linear element is 78 percent which is quite high
compared to what we get with the quadratic element.



(Refer Slide Time: 21: 01)

s -
e Gy

So what we have done here essentially is we have shown you side by side both the linear
approximation and the quadratic approximation. How the two basis functions are going to
give me different kinds of calculated value and what is going to be the exact value and what
is going to be the error function. So it will enable you to see how one can compare a linear
element approximation versus quadratic element approximation. And also get a very clear
error percentage. That is what this code is helping you to do.
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a / » Users » Krish » Documents » MATLAR

‘older v Command Window

Lo New to MATLAB? See resources for Cetting Started

Comp C [pF], Exact C [pF], % Error

19.289286 12.080188 59.677033

>> CoaxialCapacitor

# Nodes, Comp C, Exact C, % Error

3 l21.561380 12.080188 78.485463
S>>

NPTEL

And | encourage you to always compare results in this manner so that you can see when | go
higher up in the basis function order. So going from a linear to a quadratic or from quadratic

to third order or fourth order so on and so forth. What is the gain | am getting?
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MATLAB R2016a

£ 51 I/ » Users » Krish » Documents » MATLAB
L New to MATLAR? See resources for Getting Started.

Comp C [pF], Exact C [pF], % Error
19.289286 12.080188 59.67]’33
>> CoaxialCapacitor
# Nodes, Comp C, Exact C, % Error
3 21.561380 12.080188 78.485463
fx >>

Error

What is the gain | am getting in terms of the percentage error is going to be a very important

aspect that you should learn.
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@ Editor - /Users/Krish/Desktop/IiT-B Lectures/CEMA/Matlab E ples/FEM/Coaxial Capacitor/CoaxiaiCapacit

PUBLISH

Db 2 | ~mB A Ll LD s
(i) Compare v GfCoTo » Comment 7% g 9§ reakpoints Runand! |24 Ad
HLE | NAVIGATE i . BRIACPOINTS [

paxialCapacitor.m CoaxialCapacitor_part2.m* triangularMeshFEM.m | HeatConduction_FVM.|

close all;

clear all;

cles

epsd = 8.854e-12;

a=1; b=10; c = (a +b)/2;

phi_a = @; phi_b = 1;

ar = ones(3, 3n

ar(1, 2) = a; ar(1, 3) = a%a;

P42, 2) = b; ar(2, 3) = bxb;

ig‘ﬁ , 2) = ¢; ar(3, 3) = cxc;

NPPEL

script tn 19

And that being said what you can practice is you can practice playing with certain
parameters, so instead of going from a equal to 1 to b equal to 100. What will happen if my b

value reduces to 10?
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I Fila Fdir View Incart Tanle DNackian Windaw Haln wi

» =) MATLAS R2016a
BodBUI&W
Y ] 1 / v Users » Krish » Documents » MATLAB
.urrent Folder v Command Window
LI * New to MATLAB? See resources for Cetting Started.

Comp C [pF], Exact C [pF], % Error
26.106600 24,160376 ;.055434{
fi >>

Vorkspace

lame & Vah

ja 1

jans oo 1.
7 1

b f} o

5 X

NPTEL

So when | simulate it | can see certain values and | can also see what is going to be my error.
The error is substantially reducing. The previous case what you had is error was 59 percent
and now you see the error for the same quadratic three point approximation the error has
reduced.
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And this is exactly the graph which | showed you before where we are able to see when the
value of b by a is going to come down so when b is comparable to a the error is going to also

reduce. This is what you are seeing.
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& MATLAB Window Help
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1)) 00% B Sun16:02 Q

@ @ Editor - /Users/KrishyDesktop/!IT-8 Lectures/CEMA/Matlab Examples/FEM/Coaxial Capacitor/CoaxiaiCapa

PUBLISH
'LHJ Q h Ly Find Files < Insert | fi Lél ld tfj (3] Ronse
Mmmgcom'gunvcm_é_g_) MMNBM««
IR LIOT, KW IR AR
i | NAVICATE L
) | CoaxlalCapacitor.m CoaxialCapacitor_pan2.m* uunquluMuM[Mm | HeatConduction_FV}
13
14 - close all;
15 - clear all;
16 - clc;
17 - epsd = 8,854e-12;
18
19 - a=1;b=200; c=(a+b)/2;
20 - phi_a = 0; phi_e = 1;
121~ ar = ones(3, 3)}
nnl}zz
W‘mza- ar(1, 2) = a; ar(1, 3) = axa;
amea 24 = ar(2, 2) = b; ar(2, 3) = bxb;
;{f 5~ ar(3, 2) = c; ar(3, 3) = cxc;
1R
b~ script tn 19

Sl

So if you do the problem even for lower b, so for example if | run the same program for let us

say | am reducing the value of b even further. And so let me put 200and simulate it, the value

is here the basis functions are here what is interesting is the value that we are computing.
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@  MATLAB Window Help
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% g3 /0 Uuu » Krish » Documents » MATLAB
Current Folder ¥ Command Window

B Name ¥ New to MATLAB? See resources for Getting Started
Comp C [pF], Exact C [pF], % Error
18.915585 10.499809 80.151696
S>> |
~
Workspace
Name & Vah
o 1
; 1.8
(1,
200

Initially we had for b equal to 100 and a equal to 1, we had 58 percent or so is the error. And
for the same problem with the same basis function and same number of points when | change
the geometry the error is also increasing. So what is important here is what we are doing in

terms of finite element is the number of points that we need.
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Second thing is the quadratic or the linear basis function, whatever basis function we are
going to use is going to impact the result. And this being said these are the most important
parameters that you can tweak in modelling the finite element problem.
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We would like you to code this problem yourself
and ask your doubts in the forum if you have any

Please practice it for yourself and change various parameters | encourage you to try it out for
yourself and learn how we have modelled it what we can learn an how we can extend this
idea to other problems. We have done coaxial cable for the reason because easiest problem
will be a parallel plate capacitor, we will definitely do also a parallel plate capacitor later
module, and we will also complicate the parallel plate capacitor having certain sharp edges so
that we see that singularity effect is coming into play. These are the things that we will
definitely try. But already at this stage using the coaxial cable example what we had you can

learn a lot about finite element method and please try it out and experiment for yourself.



Thank you!



