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Professor Krish Sankaran
Indian Institute of Technology Bombay
Lecture No. 12
Boundary Conditions

So we have looked in the earlier modules both the absorbing boundary conditions for one and
two dimensions and we also introduced one of the most important absorbing body conditions
which is the perfectly matched layer and we said that the perfectly matched layer is a very
important technique that you will not only used in the finite difference algorithm but also in
other algorithm. Later on when we discuss other advanced methods and alternative methods
for example finite volume method will discuss more about the perfectly matched layer itself
but now we are going to look into some examples for modelling practical electromagnetical
problems using both the absorbing boundary conditions and using perfectly matched layer.
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So let’s now look into the first problem that we are interested in is basically simulating a horn
antenna for example you can have horn antenna with radiation pattern and when you want to

simulate it two dimensional space
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You have a physical space which is infinite and obviously we cannot simulate them for
infinite space,
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We have to have a finite simulation space and when we talk about a finite simulations space
the question is what kind of boundary condition we are going to use so in this case we can

have a choice of using an absorbing boundary condition
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or using a perfectly matched layer
(Refer Slide Time: 01: 32)

’ HORN ANTENNA

Which BCs to use?

Simulation Space
(Finite)

b s nea e

Y
NPTEL
As | said before the idea of using a perfectly matched layer is to bring the boundary closer to
the object of our interest itself so with that in mind as we can see in this example what we
have done is we have we have brought the perfectly matched layer closer to the domain of
our interest.
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For example in this slide you see the previous example what we had is if we are using only
and absorbing boundary condition we will place the absorbing boundary condition at the
point where we have the PEC where is when we are using aPML we are bringing the PML
inside and closer to the object of interest and that was the motivation for using the PML we
can bring the boundary closer and closer in fact the boundary what this simulated space is
going to look is this particular boundary here and obviously what we are going to do is we
have to truncate also the PML what we are doing is we are truncating and using a PEC
boundary condition and we looked at PEC boundary condition also before when we dealt
with special interface condition show the motivation for using aPML is to bring the boundary
from a faraway distance to closer and closer distance in order to make the simulation domain

smaller and also the accuracy better.
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So we can also see a similar example when we are modelling a particular problem for a
waveguide truncation so in this case when you are interested in truncating a waveguide so
assume that we are interested in an infinitely long in X direction and infinitely long in Y
direction in a finite dimension in Y and we are simulating this particular waveguide and
obviously we cannot use the particularly large physical space we have to truncate this and
this waveguide is going to be excited by a port so this is a source direction and When the
source is in a particular direction we have to truncate this waveguide using a boundary
condition.
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So what we are going to do is we are going to reduce the infinite space into a finite

simulations space and the question is what we are going to put at the end of this simulation

space.
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One choice is to use a simple boundary condition from Enguist Majta or Silver Muller
boundary condition this is the case of ab ¢
(Refer Slide Time: 04: 00)
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And as | said before in the case of a p m | interested in bringing the boundary closer and
closer to the actual domain itself that is what you see the end point of the abc will be domain
truncation itself and we will put the PML closer to the domain of interest itself so we are
going to come closer to the domain since the actual interface is going to be closer to the
simulation object of our interest so if we are interested in what is going to happen at this point

we are coming closer this might be easier to explain using the example on the paper.
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So what I am doing is | have a infinitely long waveguide and let’s say | am measuring what
is happening at this point the source is coming on this angle so if | have to put an ABC | am
putting the abc at this point so let’s say this has certain distance for example 10 Lambda so
what | can do is with the PML | can come closer to this particular point let’s say a thickness
and this distance is 9 Lambda so | am able to reduce the computation domain a little bit and
even for most of the practical problem we can come even closer to the order of 4 to 5
Lambda.

In some cases this Lambda value will change but the idea here is the computational cost that
we are going to incur because of the PML should be justified by the reduction in the

computational phase itself .
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So that’s what we are seeing here in the waveguide problem our PML is going to reduce the
actual simulation space to certain level.
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So another problem that we can look into is the problem of simulating a space with apportion

wave.
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For example | am interested in a physical space and | am simulating the space with a
Gaussian wave and instead of simulating this in an infinite space;
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I can simulate this in a finite space and | can reduce the space in such a manner that | can
truncate it using certain boundary condition one way of doing it is to put a b ¢ and we will see
this in our examples we will truncate it using the radiation boundary condition and we will
see how this radiation boundary condition is implemented in the matlab and like in the case

before we can also put perfectly matched layer.
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see here instead of ABC you can come and truncate the domain even
closer than the abc condition itself so that will be a PML condition so what we are going to
is both the case of truncating using a absorbing boundary condition

radiating absorbing boundary condition and using a perfectly matched layer the one which we

described in the previous module.
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@ MATLAB Window Help
o

EDITOR

New  Open  Save

ABC_2D_FDTD.m

= o) WOXE Thu2215 Q
Editor - /Users/Krish/Desktop/IiT-B Lectures/CEMA/FOM/Matlab Example/ABC_20_FDTO.m

PUBLISH

H \ad Find Fiies
L Compare v GdGoTow
v g v
ik -

Weakpoints  Run  Runand | Advance  Runand
- - m =l m

e v
R W L — (7]

+
can be published to a formatted document. For more information, see the publishing video or help.
% \5‘%“\%%“\‘%\s%\*\ﬁ%\s%\%\%\i\ﬁ’s%%\s%%\\‘%\\s‘%\%\%\sﬁ\%ﬁ\%ﬁ%ﬁ\s\ﬁ-

x

close all;
clear all;
cle;

’s’a’oﬁ’e’e’uﬂs’c‘\s’e’oﬂs’s’a%’a’o’e%’e’a’e\s%%%%%%zs’e%%%’e%’e%%’a%%’e’a%’a’a’e’o’e’s’a‘\s
%Define parameters for the simulation
R A A A A A L A e LY

%Computational Domain in x (xdim) direction

¢ = 3e8; % speed of light
freq_in = 3e7; % frquency in Hz
eps_r = 1; % relative dielectric constant of medium

n 1

Col 1

So let's start looking at the MATLAB program here so what we are doing here is we are

initialising certain simu

lation parameter.
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L Editor - /Users/Krish/Desktop/IiT-8 Lectures/CEMA/FOM/Matlab Example/ABC_2D_FOTD.m

PUBLISH

2] ene |- Ed 2 B pjaesan @
New Open Save L Somprs. = LGl OO TO.2 ton Wespons  Run Kunand | Advance  Run and
- i-i""‘ Aoy, CTE A0 - Advance Time
R 7T, S M—
ABC_2D_ fDTDm + L
1) This file can be published to a fi d For more inf see the lishing video or help. x
13 959 % % %% % %% % %% % %% % %% % % %% % %% %696 % % %% % %6 % %6 6 % % %6 % N 6% % 6 6 % 6% % s % % "
14
15 %Computational Domain in x (xdim) direction
16 - c = 3e8; % speed of light
17 - freq_in = 3e7; % frquency in Mz
18 - eps_r = 1; % relative dielectric constant of medium
19

L
20 - lamda = (c/freq_in)/sqrt(eps_r);
21 - xdim = 100;

22 - dx = lamda/10; % x-position step
23 - X = @:dx:xdim ;

24 - xsteps = length(x);

25

2677\ %Total simulation time

For example the speed of propagation the frequency of excitation relative permittivity and
permeability so on and so forth.
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ABC_2D_FDTD.m * |
1) This file can be toafi d For more infi see the video or help. x
19 s
20 - lamda = (c/freq_in)/sqrt(eps_r);
21 - xdim = 100;
22 - dx = lamda/10; % x-position step
23 - X = @:dx:xdim ;
24 - xsteps = length(x);
25 [}
26 %Total simulation time
27 - time_tot=400;
28 - Rx = 0.5; % courant constant of stability R < 1 => dispersic
29 - c = 3e8; % speed of light
30 - dt = qudx/c;
31 = Q:dt:time_tot;
N7 tsteps = time_tot;
i ) tn 1 Col 1

Wy | memwm=g

And we’re setting the simulation time here and we are also setting the Courant limit for

simulating this problem we have set it into 0.5 because we are in explicit method here.
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1) This file can be lished to a fe d For more inf see the video or help. x
28 - Rx = 0.5; % courant constant of stability R < 1 => dispersic"

29 - ¢ = 3e8; % speed of light

30 - dt = Rx*dx‘c:

31 % t = 0:dtitime_tot;

32 - tsteps = time_tot;

33

34 %Grid Dimension in y (ydim) direction

35 - ydim = 100;
36 - Ry = 0.5;
37 - dy = cxdt/Ry;

38 - y = 0:dy:ydim ;
39 - ysteps = length(y);
40

41;?’”“ % position of source

And we have set the value of Delta T based on the Courant condition And The Delta X that
we have computed or which we have assigned and we are going to set also the grid
parameters in X direction and Y direction.
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) This file can be hed to a f d d For more infi see the video or help. x
39-  ysteps = length(y); a
40
41 % position of source
42 - xsource=floor(xsteps/2);
43 - ysource=floor(ysteps/2);
44
45 % Initialize of field vectors
46 -  Ez=zeros(ysteps,xsteps);
47 = Hx=zeros(ysteps,xsteps);
48 - Hy=zeros(ysteps,xsteps);
49
50 - Ex2=zeros(tsteps,xsteps);
51 - Exlast_l=zeros(tsteps,xsteps);
52775 Ey2=zeros(tsteps,ysteps);
()
tn 1 Col 1

And the position of the source itself; and we are initialising the speed value remember we
have to give both the initial and the boundary condition so this is the initial condition for E z
H x and H y fields.
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® =) Editor - /Users/KristyDesktop/liT-8 Lectures/CEMA/FOM/Matlab Example/ABC_2D FOTO.m

PUBLEN
v O \a fioet e parin £ P2 ij (2 Run Section (L
New Open save Wi Compe > GHGOTO T o0 |y pun munand |4 Advance  Kunand
Y i AL Db LT WL, ... L
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ABC_2D_fDTD.m + |
) This file can be lished to a f d For more inf see the video or help. x
57 - for m = 1:ysteps=1 ]
58 - Hx(m, 1) = Hx(m, 1)=Ry*(Ez(m+1,1)=Ez(m,1));
59 - end
60 - end
61 ~
62 for ml = 1: ysteps
63 - for 11 = 1:xsteps-1
64 - Hy(m1,11) = Hy(ml,11)+Rx*(Ez(m1,1+41)-Ez(m1,11));
65 - end
66 - end
67 -
68 for m2 = 1: ysteps
69 ~ for 12 = 2:xsteps
70775 Ez(m2,12) = Ez(m2,12)+Rx*(Hy(m2,12)-Hy(m2,12-1) )-Ry*(Hx(m2,
N tn 1 Col 1

And we are setting the equation into a loop us to compute the value of H x H y and E z so
these are the three values we are computing based on the Maxwell equation.
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1) This file can be published to a fi d For more see the video or help. x
72- end -
73 - end
74
75
76 %% absorbing boundary condition - usihg one-way wave equation.
77 %% performance deteriorates for off-normal incidence.
78
79 % in x-direction
80 - Ex2(n,:) = Ez2(:,2);
81 - Ez(:,1)= Ex2(n-1/Rx,:);
82 - Exlast_1(n,:) = Ez(:,xsteps-1);
Ez(:,xsteps) = Exlast_1(n=1/Rx,:);

And we are setting the absorbing boundary condition which is here a one way wave equation

similar to the Enguished Majta equation that we saw before.
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L/Compae ¥ CiGoTov .

New  Open  Save Breakpoints  Kun  Kun and |4 Advance RKun and

- -

v pyhim v - 2 v Advance - Time
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ABC_2D_FDTD.m +

1) This file can be to a fi d d For more infi see the video or help. x
78 =
79 % in x=direction

80 - Ex2(n,:) = Ez(:,2);

81 - Ez(:,1)= Ex2(n-1/Rx,:);

82 - Exlast_1(n,:) = Ez(:,xsteps=1);

83 - Ez(:,xsteps) = Exlast_1(n-1/Rx,:);

84 I

85 % in y-direction

86 - Ey2(n,:) = Ez2(2,:);

87 - Ez(1,:)= Ey2(n-1/Ry,:);

88 - Eylast_1(n,:) = Ez(ysteps-1,:);

89 - Ez(ysteps,:) = Eylast_1(n=1/Ry,:);

90
9157
| 9k
\.) n 1 Col 1

El

And it is going to be assigned the value E z like the way we computed before.
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1) This file can be published to a fi For more infi :elhni video or help. x
104 %% Assigning source &
105 - Ez(ysource,xsource) = source; % Hard source acts as Metal
106 % Ez(ysource,xsource) = Ez(ysource,xsource)+source; % soft
107 % Ez(ysource+ysource/2,xsource+xsource/2) = source;
108 % Ez(ysource-ysource/2,xsource=xsource/2) = =lssource;
109 % Hy(xsource) = source;
110
11 %% Plotting Ez-wave
112 = mesh(x,y,Ez, ' Linewidth',2);
113 - xlabel('X \rightarrow');
114 - ylabel('\leftarrow Y');
115 = zlabel('E_z \rightarrow');
116 - titlestring=('\fontsize{20}Plot of E_z vs X & Y for 2D FD1
117_,:;.-?? title(titlestring, 'color','k');
) e
n 1 Col 1

And we are going to see what is going to be the value of the field by plotting it here so we are

plotting here the E z wave.
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So Let’s run this program; so what you are seeing is Gaussian wave excited exactly at the
centre and this domain is a square domain like the way we saw before what you see is as the
wave is coming towards the boundary it’s going to just go without any reflection theoretically
but there are going to be some reflection and this reflection is going to depend on the angle at
which particular boundary is going to see the incoming wave so what you see is a classical
example for the boundary equation and the value of the E z field at the boundary is also going
to change with respect to time and we see that the wave is going without any problem and the
the simulation runs without any instability issue.

So this is a classical example for an absorbing boundary condition. | will give you these
quotes for you to try for yourself and simulate the problem for various Delta x and Delta y
values and also for various time stepping so that you can see the accuracy of the one way
Wave Equation for absorbing boundary conditions so what we will do next is we will
simulate the same problem using a PML condition and we will see instead of the wave
propagating as if the domain is infinite the wave will start to decay inside the medium that is
important for you to know because the wave is going to see the losses inside the medium as

we have explained it in the previous module.
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1) This file can be published to a fi d d For more inf see the video or help. x
16 -  freq_in=3e7;% frquency in Hz =
17 = eps_r = 1; % relative dielectric constant of medium
18
19 - lamda = (c/freq_in)/sqrt(eps_r);
20 - xdim = 100;
21 - dx = lamda/10; % x-position step
2 - x = @:dx:xdim ;
23 - xsteps = length(x);
24
25 %Totag time
26 - time_tot=400;
27 = Rx = 0.5; % courant constant of stability R < 1 => dispersion,
28 - c = 3e8; % speed of light
2975, dt = Rx*xdx/c;

Let’s now simulate the example for the perfectly matched layer let us start running this
program so we are defining the grid like the way we did before we have the Lambda value
which is the frequency value we have to know this for us to set the thickness of the perfectly
matched layer
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® [2) Editor - JUsers/Krish/Desktop/l1T-B Lectures/CEMA/FOM/Matlab Example/PML_FOTD_TM.
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ABC_2D_FDTD.m PML_FDTD_TMz.m + |
1) This file can be published to a formatted document. For more information, see the publishing video or help. x
20-  xdim = 100; =
21 - dx = lamda/10; % x-position step
22 - x = @:dx:xdim ;
23-  xsteps = length(x);
24
25 %Total time
26 - time_tot=400;
27 - Rx = 0.5; % courant constant of stability R < 1 => dispersion,
28 - ¢ = 3e8; % speed of light
29 - dt = Rx*xdx/c;
30 % t = 0:dt:time_tot;
31- tsteps = time_tot;
32
33775%6rid Dimension in y (ydim) direction
LS
' N scnpt tn 7 Col 11

And we have set the time and Delta T and so on and so forth like the way we did before we

have set the X and Y direction the source is going to be in the same place.
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PUBLISH VIEW (’ﬂ'-ﬂ . i
28 g e 2. Ed 2 W pjuesen B
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1) This file can be published to a fi d d For more inf see the video or help. x
37 - y = 0:dy:ydim ; 3
38 - ysteps = length(y);
39
40 % position of source
4 - xsource=floor(xsteps/2);
42 - ysource=floor(ysteps/2);
43
44 % Defining PML parameters
45 - length_pml_x i xsteps/5; % width of PML along x-direction
46 - length_pml_y = ysteps/5; % width of PML along y~-direction
a7
48 - xn = zeros(1,xsteps);
49 - yn = zeros(1,ysteps);
50475 fil = zeros(1,xsteps);
)
s script tn 7 Col 11

The PML parameters are defined here so we are going to increase the thickness of the PML

in 5 steps.
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i) This file can be toa For more infi see the video or help. x
41 - xsource=floor(xsteps/2); =
42 - ysource=floor(ysteps/2);

43
44 % Defining PML parameters
45 - length_pml_x = xsteps/?; % width of PML along x-direction
46 - length_pml_y = ysteps/5; % width of PML along y-direction
47
48 -  xn = zeros(1,xsteps);
49-  yn = zeros(1l,ysteps);
50 - fil = zeros(1,xsteps);
51 - fi2 = ones(1,xsteps);
52 = fi3 = ones(1,xsteps);
53 - gi2 = ones(1,xsteps);
547,913 = ones(1,xsteps);
-G
N script tn 7 Col 11

We can also increase it in a parabolic way so on and so forth here we have done it in 5 steps.
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) This file can be published to a fi d d For more inf see the video or help. x
41 - xsource=floor(xsteps/2); &
42 - ysource=floor(ysteps/2);

43
44 % Defining PML parameters
45 - length_pml_x = xsteps/5; % width of PML along x-direction
46 - length_pml_y = ysteps/5; % width of PML along y-direction
47
48 - xn = zeros(1,xsteps);
49 - yn = zeros(1l,ysteps);
50 - fil = zeros(1,xsteps);
51 - fi2 = ones(1,xsteps);
52 = fi3 = ones(1,xsteps);
53 - gi2 = ones(1,xsteps);
54 77,913 = ones(1,xsteps);
e
script tn 7 Col 11

And we have set the values for various fields initially to zero.
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65 - xnum = length_pml_x-ii ; % making the transition at proble™
66 - xn(ii)=0,333%((xnum/length_pml_x)"3 );
67 - fil(ii)=xn(ii); % for 1-side of PML inyx-direction
68 - fil(xsteps-ii)=xn(ii); % for 2nd-side of PML in x-directi
69 - f12(11)=1/(1+xn(ii));
70 - fi2(xsteps-1i)=1/(1+xn(ii));
71- fi3(ii)=(1-xn(ii))/(1+xn(ii));
72 - fi3(xsteps-ii)=(1-xn(ii))/(1+xn(ii));
73 = 912(i1)=1/(1+xn(ii));
74 - gi2(xsteps-ii)=1/(1+xn(ii));
75 - g13(11)=(1-xn(11))/(1+xn(i1));
76 - gi3(xsteps=ii)=(1=xn(ii))/(1+xn(il));
77 - gaz(:,1i)=1/(1+2%xn(ii));
787 gaz(:,xsteps-ii)=1/(1+2%xn(ii));
-6
~ script tn 7 Col 11

And we are computing the value of the of the PML fluxes that we need for one side PML in
X direction the second side PML in X direction so on and so forth.

And we have done that also for the Y direction
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161 - Ez(ysource,xsource) = source; % Hard source acts as Metal ™
162 % Ez(ysource,xsource) = Ez(ysource,xsource)+sourc
163

164 % Ez(ysource+ysource/2,xsource+xsource/2) = source;
165 % Ez(ysource-ysource/2,xsource=xsource/2) = =lssource;
166

167 % Hy(xsource) = source;

168

169 %% Plotting Ez-wave

170 - mesh(x,y,Ez, ' linewidth',2);

171 - xlabel('X \rightarrow');

172 - ylabel('\leftarrow Y');

173 - zlabel('E_z \rightarrow');

titlestring=['\fontsize{20}Plot of E_z vs X & Y for 2D FD1

n 7 Col 11

script

And we are substituting the value accordingly into the field and we are updating the E z H x
and H y field so now we are also simulating the problem like the way we did for the EZ field
and we are going to plot it and see how does EZ field is getting absorbed.
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So let’s simulate this problem in this case the wave should be decay where at the edge where
the conductivity of the losses are going to be maximum the wave should not be seen at the
end of the boundary itself as we excite the wave is coming inside is not reflecting out and we
see that it is also getting absorbed as it should be and we don’t see any wave almost at the
boundaries it’s a good sign for the perfectly matched layer and we also see that the wave is
not seeing any reflection and there is no instability as it should be.

So | encourage you to also simulate this and test for yourself how the PML is working and

also see what are the parameters we can change and adapt and how this PML will behave for



various parameters in this case we did the step by step increase of the losses you can also
increase as a parabolic as we discussed in the previous module with that being said we have
seen various applications for using the absorbing boundary condition and also the perfectly
matched layer. | encourage you and also request you to really look into the different types of
boundary conditions because we will be using them for various applications not only in the
finite different problem but also for finite element finite volume and algebraic problems so
for you to be fully comfortable with modelling problems for electromagnetic application
absorbing boundary conditions are key tools for you to master so | encourage you to test it

and try it for yourself.



