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The Binary Bayes Filter (with static state)

» Certain problems are best formulated as binary state problems
(i.e with states x and —x), where the robot needs to estimate
a static state from a sequence of sensor measurements.

» Since the state is static, the belief is a function of the
measurements

bely(x) = p(x|z1.¢. t%) = p(x|z1.¢)
Note, in such problems:
bely(—x) =1 bely(x)

The lack of time index indicates static state.
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Welcome back to the fourth lecture in Week 10, and we are going to continue looking at non-
parametric filters. So if you remember, we started looking these filters as a way of doing

recursive state estimation.

So what we are going to look at in this lecture is a very special case, where | really, really want
to know what my state is, what my current state is. And | am trying to keep on making repeated
measurements. And going to continue to refine my estimate of where | am. Such problem

settings are called problems with static state.

So I am basically, I am going to assume that | am either going to, | have, I am not changing my
state, my state is fixed and | am going to only repeatedly make measurements until I am sure

about my state. And we are going to look at a very specific instance.

It is a non-parametric filter as you can see from the slide because it is going back to the original
Bayes filter setup, not making any assumption about what the distribution is. I am just going to

assume that it is a problem with static state. But | am also assuming it is a binary state problem.



So even though now | am presenting to you in the context of you know, recursive state
estimation, we will see later that this binary Bayes filter with static state has other uses and it is
more important in those context that we will see later on but I am just introducing it here for you

so that it stays with all the other filters that we have studied.

So the goal here is to look at problems that are formulated as binary state problems. Basically, I
have a state variable x that can either be true or false. So my states are either x or not x; x can be

the true or it can be false.

And so, the robot just needs to estimate what is the value of x. Is x true or whether x is false. |
mean, it could be something as simple as, okay, is there a door here or no door here, is our door
open or not open? Or as we will see later, is there an obstacle in the cell that I am looking at, or

is there no obstacle in the cell, is it clear? So what, the space in front of me is it clear or not clear.

It is basically, that is it. So it is a binary state estimator. Door open, door closed. You know, do |
have fuel or no fuel. So is simply a single indicator variable which is either 0 or 1 and | am
assuming that I am going to make multiple measurements until 1 am satisfied with my estimate
of that.

Now, since the state is a static state, so the actions do not really matter. So actions do not play a
role here. The actions do not play a role because the state is static. And so, static meaning actions
do not affect the state. And you can see that by the fact that we do not put any time index on the

actions but the observations still have a time index.

So my belief state at time t, so notice that it does not say bel xt anymore, it says bel t of x that is
because my belief still keeps changing. So notice that my belief state is going to be only two

numbers, whether x equal to 0 or whether x equal to 1.

So the probability of x equal to 0 is one number, probability of x equal to 1 is another number.
And so, and that estimate is going to change with time so, therefore, | have a time index on the

belief but x itself is static. Therefore, | removed the time index from Xx.

And so the belief, instead of being the probability of x, given all your observations and all your

actions from the past is basically the probability of x given your observations alone. Given all the



observations you have made up till from time 1 to time t what is the probability of x? In this
case, what is the probability of x being true?

And so, in many, in these problems you should remember that, so 1 minus bel of x gives me bel
of x bar because if x is not true, x has to be false. So 1 minus bel of x gives me bel of x bar and

this is true for every time t. So that is basically the problem setup that | am currently looking at.
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» The belief in such problems is commonly implemented as a log
odds ratio.

s . P _ _plx)
Where, odds of an event x is defined as: A = 1)

log odds of this expression is:

I(x) :=log l_p—LX(XL)

» The Bayes filter for updating beliefs in log odds representation
is computationally elegant.

I: Algorithm binary_Bayes filter(/, . z,):
2 li=1 1‘|uu!—‘%flugl—1";—:f—

3 return 4

So one of the things that we do as you will see in a bit is the belief, instead of representing it as
the probability distribution directly, | represent the belief as something known as the log odds
ratio. So in, you know, in probability theory the odds of an event x is basically defined as the

ratio of the probability that x happens divided by the probability that x does not happen.

So this is something that is, that is quite familiar with some people. Maybe if you look at the
outcome of say, sporting events and things like that people say, what are the odds of that
happening? So when the odds here actually refers to the ratio of p of x divided by p of not x. And
in our case, we can say that it is p of x divided by 1 minus p of x. So this is the odds of x

happening.

And log-odds obviously is going to be log of p of x divided by 1 minus p of x. Is that clear? So
the log odds is essentially log of p of x divided by 1 minus p of x and we are going to denote that

by the symbol I. So | of x equal to log of p of x divided by 1 minus p of x.



Now, | am just going to give you the Bayes filter algorithm for the log odds representation, just
to tell, give you the motivation as to why we are looking at the log odds representation, and then
we will actually go back and derive this. So remember what does my, the Bayes filter algorithm
do? It takes my current belief which is It minus 1 here, which is log odds at time t minus 1, and

my current action and my current observation. The action at time t and observation at time t.

But I do not need my action at time t because | have static state, therefore, | ignore the action. |
only take my observation at time t. And so, It, obviously is going to be my belief at time t is
basically this is additive expression. So | am going to look at It minus 1, which is my belief at
time t minus 1 times log of this expression, which is the probability of x given zt divided by 1

minus probability of x given zt minus log of p of x divided by 1 minus p of x.

So what is this p of x? So this p of x is essentially my prior probability of whether x is true or
not. So p of x is probability that x is true when | have not seen any observation. So this is my
initial belief as to whether x is true or not and | keep, keep basically adding or subtracting these
odds, my initial odds on x every time | make the update. So we will see why that is the case as

we go along the next few slides.

I am just going to read the expression again. So my belief at time t which is represented as log-
odds, so It is equal to the belief at time t minus 1, which is It minus 1 plus log of the probability
that x is true given zt has happened. So zt is observation at time t divided by 1 minus probability

X is true given zt, which is basically the probability that x is not true given zt.

So this is basically the log odds of p of x given zt, minus log of p of x divided by 1 minus p of x,
where p of x is the probability that x is true before | have seen any observations. You can think
of this as the log odds, this whole expression can be thought of as I not, the belief at time 0. The

log odds of the belief at time 0 is essentially what this expression is.

So you can think of this as It equal to It minus 1 plus log of this expression minus | not. And once
I have done this computation, | just return It. Note it is fairly straightforward. It is very simple
additive expression and the nice thing about it is because I am working in this additive space and

with these, the logs, | can handle more effectively numbers that are very, very, very small.



So if I am in a situation where the log odds of something being true or being false is very small,
or if the probability of something being true or false is very small, using the log-odds expression,
allows me to be more stable in my updates. Numerically more stable in my updates and allows

me to handle this more elegantly. So that is the reason we go in for this log odds.

And later, when we look at where we use these, especially in places like map estimations, we
will see that the probabilities do tend to be very small, and therefore, using this kind of a, the

adaptation of this binary Bayes filter, it is very useful in such cases.
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» This binary Bayes filter uses an inverse measurement model
p(x|z:), instead of the familiar forward model p(zx).

» Inverse models are often used in situations where
measurements are more complex than the binary state.

» For example, it is easier to devise a function that calculates a
probability of a door being closed from a camera image, than
describing the distribution over all camera images that show a
closed door. In other words, it is easier to implement an
inverse than a forward sensor.

> Here the state is extremely simple, but the space of all
measurements is huge.
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» The belief in such problems is commonly implemented as a log

odds ratio.
Where, odds of an event x is defined as: %% = pr%)

log odds of this expression is:

I(x) := log lf—gx(%

> The Bayes filter for updating beliefs in log odds representation
is computationally elegant.

1t Algorithm binary_Bayes filter(/, ., ):
2 Iy =l,.|+k)g-ﬂ-LLl“;:;'zl) -log-ﬂ-)—l_;(:)
3 return [y
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So one thing | want you to again notice is that in the updates here; | am sorry, so in the update
here, we are using probability of x given zt. Normally, our measurement model is written as

probability of zt given xt.

Normally, we will look at what is the probability of the measurement happening given x but in
this update, you are using what is the probability of x given the measurement has happened. So
and, this is called an inverse measurement model. And the reason we are using the inverse

measurement model here is because our state is actually very simple.

In the normal case, our state would be very, it could potentially be a complex vector; very high
dimensional state space but in this case, we are talking about binary state, so x is either true or
false. So it is a fairly simple state but whereas, the observations could potentially be very

complex.

So let us go back to one of our old examples. The observation could be an image from a camera,
and our state could be whether the door is open or closed. It is a binary state; open or closed. But
the input, the z could be a full-blown image from a camera or like a small, small bit of a video

from a camera, and therefore, the z could be very complex.

So if I am going to learn the forward model, if you are going to represent the forward model,
then basically, we will have to represent the distribution over a very, very complex space, which
is the space of the observation, which is space of all images that my camera could capture. That
is a fairly complicated endeavor.

So what we do here is because the state is so simple, we try to see if we can work with this, this
inverse measurement model. So we have to be, so one of the things that you will be finding out,
as we keep going along is that we are learning a lot of tools. There is nothing like there is one
single tool that is the best thing to use at every point and depending on the application,
depending on the situation that you are actually using these tools, you will have to pick whatever

is the best one for you

So in this case, because the state is simple, observations are complex, | would prefer to use a

inverse model as opposed to the usual forward measurement model.
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The belief can be recovered from the log odds ratio by the
following equation:

bel(x)=1-

1
1+exp(li(x))
Correctness of the Binary Bayes Filter Algorithm

bel(x) = p(x|z1.¢, t1:¢) = p(x|z1:¢)

Using Bayes rule {p(A|B) = E(BT?I);)(&}'
_ Plzxz1e-1)p(x|21:e-1)
- plztlz1:e-1)

_ p(zelx)p(x|z1:¢-1
plz:|z1:e-1)

Applying Bayes rule to the measurement model,

placle) = 2R
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» The belief in such problems is commonly implemented as a log

odds ratio.
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Where, odds of an event x is defined as: A = Topl)

log odds of this expression is:

I(x) := log 1E_£JX(XL)

» The Bayes filter for updating beliefs in log odds representation
is computationally elegant.

1 Algorithm binary_Bayes filter(/, ., z,):
2 ly=1l-) +log —]—-——vl '\’:;':‘H —log J~——| ‘;“m
3

return [
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So now, so once | have the log odds ratio, so we will to come to that in a bit, the rest of the slide,
just ignore that for the time being. Just look at this. Just edit everything | said after this slide

came on.

So | kept saying that the log odds ratio is the belief, but if you want actual belief distribution, the
belief distribution is the probability of x given z1 to t, so | can recover the belief of x at time t by
just doing this. So 1 minus 1 by e power It of x. Here, It, if you remember is the log odds ratio at

time t. So how did that come about?



I will just take you back to the original definition. So if you look at this definition, so | of x
which is our log odds is equal to log of p of x by 1 minus p x. Now, if we take the log to that side
so that becomes e power | of x. And then, | take the 1 minus p X to that side so that becomes e

power | of x minus e power | of X times p x.

So I bring that back here. So I will get p of x into 1 plus e power | of x. | take that back that side.
So I will get e of x; e, | am sorry. e power | of x divided by 1 plus e power | of x. I will simplify

that to get this expression.

So if we take this up, we can see there is 1 plus e power | of x minus 1. So that will go away, so
you will get e power | of x divided by 1 plus e power | of x. So that is, that is essentially the
belief expression. Just little bit of algebra to recover the belief from the log odds.

Therefore, that is the reason | keep saying that the log odds ratio is essentially the belief because
you can easily go back and forth between the one, between each other, and the reason we keep it

this log odds is that our updates are nice and simple additive updates.

So remember that bel x is the probability of x given z1 to t. So bel x at time t is probability of x
given z1 to t. So | am going to use the Bayes' rule, just if you remember that, so I am going to

take just zt alone. So you can think of this as probability of x given z1 to t minus 1 comma zt.

So | am taking that as my p and | am moving things around. So | am going to rewrite this as
probability of zt given x and z1 to t minus 1 times probability of x given z1 to t minus 1 divided
by probability of zt given z1 to t minus 1.

Now, we have the Markov property. So the Markov property does not go away. So as soon as |
have x, my zt is no longer dependent on my previous measurements. So | can remove this. | can
go back to my usual measurement model, which is probability of zt given x. So given my
Markov assumption, | can go back to my old measurement model which is probability of zt

given x and the rest of it carries over.

Now, let me try and simplify the measurement model also. | can apply the Bayes' rule again to
the measurement model, which is probability of zt given x, and that gives me my inverse model

which is probability of x given zt times probability of zt which is the kind of the unconditioned



probability of making that measurement zt divided by probability of x, which is my prior
probability before | have made any measurements.

Remember we already saw that in the Bayes filter algorithm. So we, this is where it gets
introduced here. Now, there are few things which | do not want to compute. Remember | do not
want anything where zt is a variable over which | am defining the distribution because z is a very

complex space.

I would like to get rid of any dependence on or rather any place where | have to compute a
probability over zt. That is the reason we wanted to use the inverse model. So | am happy with
this but | do not like this, nor do I like this.

So probability of zt given z1 to t minus 1 is even more complex to determine than probability of
zt. So | want to get rid of these somehow. So let me plug this back into the expression and see

what we can do.
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Substituting,

plzy) = PPl
Similarly,

plovian) = Hdlnllornge)

Consequently,

_ plxlze) _ p(xlz) p(xlze-1) p(-x)
0dds = o) = o) Moslztact) B

_ _plxlze) _p(x|z1e-1) 1-p(x)
= 1-p(x|ze) 1-p(x|z1.2-1) p(x)
So, l(x) = log —Llf(;(:;zf) +log —J—lfr(f‘;ltl) +log —21;(‘1()"

= IOg 1,‘7(;(;1) - |°g lf(p?)x) + Itfl(x)
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So now, substituting my Bayes expansion of probability of z given x, I get this. Probability of x
given z1 to t which is my belief of x, belief of x at time t is equal to probability of x given zt. So
probability of x given zt into probability of zt divided by probability of x into, so this part is
done, into probability of x given z1 to t minus 1 divided by probability of zt given z1 to t minus

1. So those parts come in here.



So | have probability of x given zt times probability of zt divided by probability of x. Here again,
the rest are remaining terms from the expansion earlier. Probability of x given z1 to t minus 1

divided by probability of zt given z1 to t minus 1.

This is for probability that x is true. I can write something similarly for the probability that x is
false and | would get these quantities. The probability of not x given zt times probability of zt,
probability of not x given z1 to t minus 1, the whole divided by probability of x, probability of zt

given z 1 to t minus 1.

So here is where our thing comes in. So | am going to take odds. So which is probability of x
divided by probability of not x given z1 to t. So this is basically the odds of our belief
representation. Probability of x, this is probability of x is true under the belief at time t, this is
probability of x being false under the belief time t. So | take that and that is my odds. Please edit
that.

So now given that is odds | start dividing this. What is the nice thing when | start dividing? All
these zt terms which are common to both x and not x will go away, so this zt goes away and this
term also goes away. So what | am left with is probability of xt; sorry, probability of x given zt
divided by probability of not x given zt. Probability of x given z 1 to t minus 1 divided by
probability of not x given z1 to t minus 1.

And this will go up and that will stay down. So | will get probability of not x divided by
probability of x. And we all know that probability of not x can be written as 1 minus this so |

basically get this expression. So all the not x parts get simplified as 1 minus x.

Now, what do | do? | take logs on both sides. So this is my log-odds for the belief at time t. So
that is It of x equal to log of px given zt divided by 1 minus px given zt, this is essentially the
second term that we had in the Bayes filter expression, that is the log odds for the inverse

measurement model for the current measurements at t.

And then, | get log of p of x given z1 to t minus 1 divided by 1 minus p of x given z1 to t minus
1, and what is that? That is It minus 1 of x; that is my previous belief. So that is my previous
belief and then | have this term which is log of 1 minus p x divided by p x and | can flip it

around. | will take minus log p x divided by 1 minus p x which is my | not of x as we saw earlier.



So that is essentially my whole expression. So It of x equal to It minus 1 x plus log odds of the
inverse measurement model minus | not which is the log odds of the initial belief before I make

any measurements. So that gives us the expression for the, the binary Bayes filter update.
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» The belief in such problems is commonly implemented as a log

odds ratio.
Where, odds of an event x is defined as: %% = pr%)

log odds of this expression is:

I(x) := log 15{:&)

» The Bayes filter for updating beliefs in log odds representation
is computationally elegant.

1: Algorithm binary_Bayes filter(/, ., ):
A b=l +k)g—LLLl_(P":}':,' -log-ul_;;”
3 return [y
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So we will go back here and so, that is the binary Bayes filter. And it might seem a little silly
here because we are looking at, looking at a single state variable but later on, one of the
applications that we will look at for this algorithm is where there are many, many, many such
binary variables that we are trying to estimate in the world at the same time and having a more

convenient additive updates are very useful. That is it for this week.



