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Hello, welcome back. So, we are discussing the Inverse Kinematics of Manipulators, in the
last class we briefly mentioned about the method by which we can solve the inverse
kinematics and we took a very simple example of a 2 degree of freedom planar manipulator
to show how the equations can be solved and then we consider a 3 degree of freedom

manipulator a planar manipulator as shown in the slides.

And we identified the DH parameters and then we got the forward kinematics relationship.
And once we have the forward relationship, we write down the equations which actually
represent the matrix and the using the arm equation we will try to solve the solve for the joint
variables. So, here you can see that PX was 11 c1 plus 12 ¢12 PY is this and then nx, ny, sx sy,

so this is the way how we get the equations.

Px=1C, +1,C,
Py = ILIISI ‘H‘2S12

n, = C123; n_l' = 8123

S =_SIE3; ) :C123

X ¥



So, we write down these equations and then try to solve for the joint parameters. So, we start
with these two equations PX and PY and we found that the PX square plus PY square if you
write you will be able to get this in terms of c12. So, we will be writing this as c2 is this c2 is
PX square plus PY square minus |1 square plus 12 square divided by 2 11 12. So once we get
c2, we do not directly get (theta), use c2 for getting the theta 2 we will try to find out s2.

P} +P! =1} +13 +211,C,
Prz + Rz _('le +I22)
241,

=0 =
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: | The function atan2 denotes a four
'Sz = ij\“1 G quadrant version of arctan function. It

_ ) 3'" C allows us to recover angles over the
s atan2(§,, (") entire range of [ - to ]

Solving eqn.(5).(6)forf), if x= y = 0, then the result is indefinite,
: = A if x>0and y=0, then atan2 = 0,

Pre=kG-hS ) if x< 0and y=0, then atan2 = r, else
Py=kS,+k,C;; where(k, =/, +L,C, (K, =1,5,) if y < 0, then -n < atan2 < 0,
e if y> 0, then 0 < atan2 < x.
Substituting
ki =reosziky=rsiny where,r= k' +kiiy7=atan Zik:,k:)
T *’_I" el
We get, ~~=cos ycos ), =sin ysin 0
B
)
—-=cos ysin 0, +sin y cos ),
z
b
=cos(y+0)=—
—_—r 7
I)
sin(y +0,) = <
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And from s2 we will using s2 and c2 we will find theta 2 using the function atan 2. So, this is
what we discussed in the last class the atan 2 gives you the value of joint angle in the correct
respective quadrant. And then, so once you get theta 2, we will go for solving for theta 1, so
solving for theta 1 is not that easy, so we need to do some substitution, so what we do? We
assume that k1 is 11 plus 12 c2 and k2 is 12 s2, so we assume this because since we know c2

and s2 and we can say that k1 is |11 plus 12 c2 and k2 is 12 s2.
k=1 +1C,k, =15,

And then we write PX is k1 ¢1 minus k2 s1 and PY is k1 s1 minus k2 c1. So, now this is in
terms of theta 1, so PX and PY are expressed in terms of theta 1 here. Since k1 is known k2 is

known this would be only these are all constants. Now, we cannot directly again solve this



directly, we need to do one more substitution, so what we do, we will write the k1 as r cos
gamma and k2 as r sin gamma, where r is k1 square plus k2 square and gamma is a tan 2 k2

k1. Again, since k1 and k2 are known, we will be able to get r and gamma.

k, =rcosy;k, =rsiny wherey = k] +k; ;7 =atan2(k,,k,)

p

P U

~2 =cos ysin @, +sin y cosé,
r

X

= cos(y+6,)=

¥

P
-

sin(y +6,) =
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y+0=atan2(P./r,P./r)=atan2(P,P)

; atan2(P,P)-atan2(k, k)
From eq. (1) and (2), we have

atan2(n ,n ) =0,

e —  p—
20,20, -0,-0,
1
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So, we will write k1 is r cos gamma, k2 is r sin gamma. Now we will write this equation PX
is can be written as PX by r is equal to cos gamma cos theta 1 minus sin gamma sin theta 1
and PY by r is this one and therefore cos gamma plus theta 1 can be obtained, similarly, sin
gamma plus theta 1 can be obtained and since we know this, since we have this, we will be

able to get gamma plus theta 1 as atan 2 of this.



y+6 =atan2(P,/r,P./r)=atan2(P,,F,)
0, =atan2(P,,P,)—atan2(k,,k,)

From eq. (1) and (2), we have

atan2(n ,n )=06,,

5.0,=6,,—-6,-6,

So, we will be writing this gamma plus theta 1 as a tan 2 PY by r PX by r and so it will be PY
PX and theta 1 is a tan 2 PY PX minus a tan 2 k2 k1. So, this is the way how we get theta 1.
So, now theta 1 and theta 2 we obtained, now we need to get theta 3, so to get theta 3 we will
find out theta 1 plus 2 plus 3 and then find out theta 3. So, theta 1 plus 2 plus 3 can be
obtained from this relationship, so ny nx can be used to get theta 1 2 3 because ny is sin theta

1 2 3 and this is cos theta 1 2 3 so there will be a tan 2 of this will be giving you theta 1 2 3.

And once you get theta 1 2 3 you would be able to get theta 3 as theta 1 2 3 minus theta 1
minus theta 2. So this is the way how you can actually solve for all the join angles theta 1,
theta 2 and theta 3. Now you can see that there are lot of substitutions we did to get this. So,

one question will be how do we know what to be substitute and how to we actually solve it?

So, this is one challenge in inverse kinematics because for each manipulators the equation
will be different, there is there is no standard equation that you can see for the manipulators
depending on the number of degrees of freedom depending on the configuration of the robot,
your PX the relationship PX, PY, PZ extra will be completely different and the if you have to
solve this we need to know how to approach the problem and then how to solve it, that is a bit

complex that is why the solution inverse itself is a difficult area.

To make it simple, we normally what we do is to identify some trigonometric identities and
then or standard trigonometry relationship and then get the standard solution for that, so
whenever we can actually convert this equations to some standard form, then we will be able
to easily solve it, or there are standard solution for the such standard forms so we will try to

convert these equations to some standard forms and then solve it.

(Refer Slide Time: 6:01)
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0 =0 +atan A\ 4a’h’ -1 1)

where 1=(c*+d*=a* =b")

So, we will they see what are the standard form that we can use, or what are the commonly
used equations in this kind of equations and then how do we solve it. So for example, if you
have a is equal to b sin theta as a form, if a is equal to b sin theta then we can write sin theta
is equal to a by b and cos theta is square root of 1 minus a by b square and therefore, theta

can be written as atan 2 a by b square root of 1 minus a by b square.

Similarly, a is equal to b cos theta, that also we can theta is equal to atan 2 square root 1
minus a by b square a by b, so this is the way how we can actually get the solution, these are
simple one so we can directly get it. Now, suppose we have another one as a is equal to b cos

theta c is equal to d sin theta, so here a is b cos theta c is equal to d sin theta.

Egq. a=bsmn(f)
Sofurion:é‘:atanZ(a:’b, (1—{.:1;’&)2)

Eq. a=bcos(d), c=dsinf
Solution: 8 = atan2(c/d,a/b)

Eq. asin(@)+bcos@)=c
Solution: 8 = a tan Z(a,b)—f— atan Z(im, c)
Eq. acos(@)+bcos(@,)=c

asm(@,)+bsin(@,)=d
Solution: 6, = atan2(d ,c)+ atan E(im, s)
where s=(a’ -b"+c’ +d’)/2a
6, = 6, + atan2(14a’b’ - 1)

where t=(c"+d* —a*—b")




So, again we can write sin theta is equal to ¢ or d and cos theta is equal to a or b so you will
be getting theta as atan 2 this format. So, these are all standard formulations and similarly
next one is a sin theta plus b cos theta is equal to 0, suppose we have relationship like this a
sin theta plus b cos theta is equal to 0, then we can write theta is equal to atan 2 minus ba it is
atan 2 minus ba because we can actually get it as a sin theta is equal to minus b cos theta, that

is why we get it as theta as atan 2 minus b a.

So, another important formulation is a sin theta plus b cos theta is equal to c, a sin theta plus b
cos theta is equal to c is a formulation with a format or a standard equation, then solution will
be theta is equal to atan 2 a b plus atan 2 plus or minus a square plus b square minus ¢ square

comma c, that is a sin theta plus b cos theta equal to c.

So, whenever you see an equation like this or whenever you are inverse problem comes up of
the equation or you can actually bring down that equation into this format, then you do not
really go for substitution, you what you need to do is to use this rule and then get the theta
because this is a standard solution for this equation. So, what we are doing is atan 2 a, b plus
a tan 2 plus or minus square root of a square plus b square minus ¢ square comma c, so that is

the solution.

Now, suppose you have something like a cos theta i plus b cos theta j equal to ¢ and a sin
theta i plus b sin theta j is equal to d, then the solution is this one theta i is this and theta j is
this this and the solutions come from using the substitution and then solving it since it is
standard equation that is a standard solution, so we do not need to really solve it, we can just

substitute this and then get the answer.

So, this kind of thing will be normally coming like a cos theta 1 a cos theta 1 plus b cos theta
2 is equal to ¢ something like that is the format here. Similarly, a sin theta 1 plus b sin theta 2
is equal to d, if this is the format, then this is the solution for theta 1 and theta 2, that is what

actually it says. And you will often encounter this kind of equations in inverse problem.

(Refer Slide Time: 9:56)
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‘ Eg. a=bsin(0) Fg. a=bcos(0)
Solution: 0= atan Z‘u /b, (1-(al by’ Solution: 0 =atan 2(\ (1-(al by .al h]

Eq. a=beos(0), c=dsinf. Eq. asin(0)+bcos(0) =0
—
Solution: 0= atan c/d.alb Solution ‘_‘”_:w

FEq. (asin(0)+beos(0) = ¢ ! e,

Solution: 0= atan2(a,b)+atan 2\’ +b* -¢* ¢)
—

Eg. acos(0)+hcos(0) =c¢
— e,

asin(0)+bsin(0)) =d

Solution [0 = atan2(d.c)+atan 2(2c* +d* =5* 5)

where ,\Ei B+ +d°) 2

0,=0 a2\ da'h -1 1) b(’J 3
'le'v t=(c* +d* =d* =b’) » 0\ 5 l’k ’/A
Eq. asin(0)+beos(0)=c¢ C /be"
aco@)=bsin(0)=d G
Solution: 0=atan2(ac=bd.ad+be), also a*+b =¢* +d* »
I — e YT @l’ 1

Another one is, this is a sin theta plus b cos theta is equal to c, a sin theta plus b cos theta is
equal to c, a cos theta minus b sin theta is equal to t, that is the relationship, then solution is
this one, ac minus bd ad plus bc a and c are known b and d are known therefore you can
directly get this as theta is equal to this. So, this is again format of a s1 plus b c1 equal to ¢

and ac 1 plus, ac 1 minus minus b sl is equal to d that is the format here.

Eg. asm(&)+bcos)=c
acos(@)—bsin(f)=d
Solution: @ = atan2(ac—bd.ad +bc). also a*+b*=c’+d’

So, theta 1 can be obtained using this relationship theta 1 is atan 2 ac minus bd ad plus bc, so
that is the way how we can solve this equation.

(Refer Slide Time: 11:02)
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Eq. a=beos(0), c=dsinf.
Solution: 0 =atan2(c/d.alb

‘ kg a= \ln(())
Solution : !l ulln"‘u b (1-(alby

Commonly used equations and their Solutions

FEg. a=bcos(0)
Solution: 0= atan 2(\ (1-(al by .al h]

kg, asin(0)+beos() =0

Solution ‘_‘”_:w

Solution’ 0= atan2a,b)+atan 2\’ +b* -¢* ¢)

———

FEq. (asin(0)+beos(0) = ¢ 3
Y:q acos(0),+0,)+beos(0]) =¢

o Al
asin(@ +0,)+bsin(0))=d

Eg. acos(0)+bcos(0) =c¢
g PRI B Loy
asin(0)+bsin(0)) =d

where s=(a"=b"+c¢ +d*)/2a

0 =0, +atan 2(=4a’b* =1 1)

'Flt’l'l’ t=( +d* =d* =b")
Eq. asin(0)+beos(0)=¢
acos()-bsin(0)=d

Solution[0) = atan2(d.c)+atan A\ ¢ +d* =5 )

Solution: 0=atan2ac-bd,ad+be). also @ +b* =c*+d*
T T Rom

.\'nlulmu:cm(l[)=(r: +d* =a* =b)/2ab
o A T

sin( )=, 1-cos 2 ()

0 =atan 2(rd - se,rc + sd), where
= LT S TR e e

r=acos( )+b,s =asm(0 )
e O e
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The next one is another format a cos theta i plus j theta i plus theta j plus b cos theta i is equal

to ¢ a sin theta i plus theta j plus sin theta is equal to d, that is you have a cos theta 1 plus

theta 2 plus b cos theta 1, so it is a cos | will write it as 12 a cos 12 plus b cos 1 equal to ¢

similarly, a sin 12 plus b sin 1 equal to d.

Eq. a=bcos@)

Solution: 8 = atan2(1,,'(1 —(a/by ,ar’b)

Eq. asin(@)+bcos(@)=0
Solution: 6 = atan2(-b,a)

So, this is a very common thing that you will be seeing in the inverse kinematics ac 12 plus
bc 1 is equal to ¢ and as 12 plus bsl is equal to d. So if this is the format, c12 stands for c
theta 1 plus theta 2 cos theta 1 plus theta 2. So, if this is the format that you are having, then

the solution is this, theta j so theta 2 will be this and the cos theta j is this and sin theta j is

this, therefore you will be getting this as atan 2 sin theta j

Eq. acos(f,+6,)+bcos(b,) =

cos theta sin theta j cos theta j.

c

asin(6,+8,)+bsin(6,) =d

Solution: cos(@,) = (c*+d*-a’

sin(@,) = \/1-cos’(8,)
0, =atan 2{51’11(9}. ), cos{ﬂj )

~b*)/2ab



And then theta i is atan 2 rd minus sc rc plus sd where r is a cos theta j plus b s is equal to a
sin theta j so this is the way how you will be getting the solution. So, this was the same thing
what we actually we saw in the previous example also where we tried to substitute for all
these values and then try to get the solution, but now if you get this kind of a formulation,
then directly you can write the solution as theta i and theta j in this format, you do not need to
really go substitute and then solve for it.

6. = atan 2(rd — sc,rc + sd ), where
r=acos(@)+b,s =asmn(d,)
Px=I1C +1C,
Py=158 +L5,
PI+ P} —(If +13)
2 21,

(Refer Slide Time: 13:12)

Commonly used equations and their Solutions

Lq. u':m_ Fg. a=bcos(0)

.\'ulu/wn:‘I_7_=ul.'m2‘u boy(1-(a h):) Solution: 0 = atan 2(\(l—(u b.a h'

Eq. a=beos(0), c=dsinl. Eq. asin(0)+beos() =0
e —— T P
Solution : 0=atan2(c/d.alb Snluuuuw
Eg. (asin(0)+beos(0) = ¢
; Eq. acos(0,+0)+beos(0)=¢
Solution: 0= atan 2(a,b)+atan 21:\:1‘—11‘—&;.:.) asin(@ +0,)+bsin(0)=d 0
— : :
Eg. acos(0)+bcos(d) =c¢ Solution ; cos(0) )=(r”utﬁ—_}v‘) 2ab
T T T T e AL
asin(0)+bsin(0) = d sin(0)) = 1-cos*(0,)

Solution| ) = atan Ad.c)+atan 2\ +d* =5 .5)

where \E: -b+c+d*) 2

; r=acos(0 )+b,s =asin(0 )
el A

TS Pe=I1C +1,C,
where t=(c*+d" =a"=b") L

0 =atan 2(rd - se,rc + sd), where

Eq. asin(0)+beos(0) =¢ Ig .
O T =d Cu ol

Soldion: O=amdao—bd,ad+be) abo a+¥=c+d = U
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So, in the previous example actually we solved it and then got the same result what we are
seeing here like PX is 11 c1 plus 12 ¢12 and PY is 11 s1 plus 12 s12 it is the same format that
you can see. So, 11 ¢1 plus 12 ¢12 11 s1 plus 12 s12 and then we saw that c2 is PX square plus
PY square minus 11 square plus |12 square by 2 11 12 which is the same as this and the same

way we actually solved it for solved for s2 also by substitution.

So, once you have this equations in this format or if you can bring down the equations into

any of these standard commonly used equations, then you can use the solution of that



equation to get the to solve the problem. So this is, again you do not need to remember these
equations, I mean this standard formulations and all, so you can actually take it as a reference
and then use this reference and then solve for the inverse, but you need to bring this the
equations in the inverse problem to any one of this format and then you will be able to solve
it.

(Refer Slide Time: 14:18)
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So, with that background let us take an example of an industrial manipulator and then see
how to solve for the inverse kinematics of this manipulator. So, this is a 5 axis articulated arm
Rhino XR-3 we have discussed this in one of the example in forward kinematics. Now, you
want to solve this for its inverse kinematics, that is if I know this position | want to find out
what should be the joint angles to make this tool point reach is this position or whatever may
be the position I give this PX, PY, PZ | want to know what should be the joint angles to reach

this position, that is the solution and that is the problem here to be solved.

And once you have a solution for a given manipulator, that is there always no you do not
need to worry about that manipulator again because every manipulator first we need to find a
solution then that can be applied for any other situation. So, it is all very specific to the
manipulator, so if you if you design a new manipulator, you need to see whether you can
actually get inverse solution either by close form method and if you can get into a closed-

form, then you can solve it and then use it for all other applications.

So here, this rhino RX-3 is an industrial robot 5 axis robot and the DH parameters are given

here, so we can actually find it out from the method that we discussed already. So try to find



out the DH parameters and then get the forward kinematics solution, so that is the first step in
solving the inverse we need to have the forward kinematics solved so that we will be able to

write down the relationship the arm matrix to be solved.

Axis | 0 d a o
1 e, 260 0 -90
2 e, |0 228 0
3 e, |0 228 0
4 e, |0 90 -90
5 O, 171 0 0

And for that we need to get the DH parameters and then use the DH parameters to get the
transformation matrix and then get the arm matrix. Once you have this relationships, so let us
see how do we get this, so we can actually write it as like this, so you have PX will be getting
the forward relationship like this PX is equal to c1 multiplied by a2 c2 plus a3 c23 plus a4
€234 minus d5 s234.

P =G (azcz +ayCy3 +a,Chyy —ds Sy, )(1)
P, =8 (@,C, +a,Cy3 +3,Cr3y =58, (2)
Pz=d, -a,S, —a;8,, — 4,85, —dsC3,(3)

And this will be PY equal to s1 multiplied by the same factor and PZ is d1 minus a2 s2 a3
§23 a4 s234 d5 ¢234 and then and next so this is PX, PY, PZ then you can see nx is this, ny is
this, ax is this, ay is this, of course you can get others also from the forward relationship. It is
a 5 axis robot so any arbitrary orientation is not possible, you can solve for 5 joint angles

here, theta 1 to theta 5 can be solved.

n, =CCyuCs+ 8,85 h, = 8,C,34Cs = G,

a,=—CSy =a,=-55:

So, the first question is about the solubility of the manipulator, so we know that the necessary
condition is that the points should be within the workspace and there we do not give any
arbitrary orientation. So, in this case you cannot have arbitrary orientations because it is only
5 degree of freedom, so we can specify only two orientations and then the third one will be

automatically obtained.



So, the sufficiency condition for closed form solution is the next one to be checked, so if
there is not sufficiency condition is not satisfied, then we will not be able to solve, this
relationship will get but the sufficiency is not satisfied, then you would not be able to solve it
using algebraic methods, and how do we check this the conditions sufficiency condition for
closed form solution is that the 3 adjacent joined access should be parallel or 3 adjacent

joined access should be intersecting at one point.

So these are the two conditions, any one condition should be satisfied in order to have a
closed-form solution. So, now if you look at this you can see this is the first axis z0, then you
have this z1, then z2, z3, z4 and this is the z5 and these are the axis 1, 2, 3, 4, 5 axis this is the

final coordinate axis.

So, these are the joined axis up to this is the joint axis. Now, we know that the intersection or
parallel we have to find out, so we can see this one so z1, z2 and z3 they are actually
intersecting, they are parallel so all the three joined axis are parallel they are adjacent, so the
adjacent joined axis are parallel and therefore we will be able to get a closed-form solution
for this manipulator, so that is the first thing that you can get the closed form solution for this
manipulator because it satisfy the sufficiency condition for closed form solution.

And since it satisfies, we know we can actually solve this equation, these equations can be
solved. And one important point you can actually see here is that since they are parallel this
1, 2, 3 are parallel, so this is basically theta 1, this is theta 1, theta 2, theta 3, theta 4, theta 5
so this is the joint angles.

Now, since there is 2, 3, 4 that is the joint 2, 3 and 4 are parallel you will see some
relationship like here, c234, s234 so you will be able to see this. So, whenever the axis are
parallel adjacent joint axis are parallel you will be getting this is as the compound angles
theta 2 plus theta 3 plus theta 4. And once you have this as 2, 3 like this then it is easy to

solve.

Suppose they were not parallel, so theta 4 was not, | mean this axis was not parallel, then you
will be able to getting this as d5 s23 and s4, so this will be d5 s23 s4 if it is in this condition
or it was in this format, then it be difficult to solve this algebraically and that is why we say
that when they are parallel adjacent joined axis are parallel we will be able to solve it because
they are coming as a compound angle and you will be able to solve it, otherwise this difficult

to solve that is from where the sufficiency condition appears.



So now, we got these equations and we know that we can write this PX is this, PY is this and
then this one, now the question is how do I get theta 1 to theta 5 as a function of PX, PY, nx,
ny etcetera that is the question. So, let us see how to solve it but you get to look at this
equation and then try to find a method that is now standard procedure the only thing that we

can do is look at these equations and then see what how we can solve it.

But one thing is sure that we can solve, yes it is a it is satisfying the sufficiency condition so

we are sure that it can be solved.

(Refer Slide Time: 22:07)
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So we will take this, the first two equation, so we will see that PX is this and PY is this and
now looking at this equation, we will be able to see something can be done to solve it. So,
what is the thing that we can do? Now what is PX? How we can write PX c1, can we write cl1

from here? C1 is PX by something sl is this one.

P, =C\(a,C, +a,Cyy +a,C,yy —dsS,,,) F./P,=C/S,
P, =5/(a,C, +@;,Cy; +a,Copy —dsSps,) 6, =atan2(P,,F,)

So, we can actually see that PX over PY so we can say PX over PY or PY over PX, so PY
over PX is equal to s1 over c1. So we can see this because this factor is same for both, so if
you take you divide this equation, then you will be getting this as s1 c¢1 which is nothing but
tan theta 1.



So, we can actually use this one and then get theta 1 as atan 2 PY PX, so theta 1 can be easily
obtained as atan 2 PY PX. So if PY and PX are given to you, you can easily find out what
should be the theta 1 for this robot to reach the this side PY and PX. Now, if you look at the
manipulator if you look at this manipulator then you will see that, see this is in the x0 xz

plane, so this manipulator now it is shown in xz plane.

Now, if you know that if it has to come out of this plane, so if this is the z plane, then if it has
to come out and then reach at y position, the first join has to move, that is by join moving this
theta 1 it will be coming out of the plane and it can actually reach a y position. So, whatever
is the y position given, that is decided completely by this joint angle theta 1 and that is very
clear from your this relationship also, so theta 1 it is basically depending on what is your PY
value and PX value you want to reach that will be decided by theta 1, so you can come out of
the plane using theta 1 only, that is the PY PX.

So, you got the theta 1 now. Now we have to solve for theta 2, 3, 4 and 5.

(Refer Slide Time: 24:51)
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So, let us see how do we solve it, so look at this relationship, ax is given as minus c1 s234 ay
is given as s1 s234. So, if you now cl is known and sl is known because theta 1 is known so

we know what the what is theta 1 cos theta 1 what is sin theta 1.

a,= _C|5234 —=a,= _515234§ 5234 = —(HICI +£I_,.Sl); Cm =—q
0, =atan2(-(a,C, +a,S,)a.)



So, we can write it as s234 is ax minus ax c1 plus ay s1 because this ax is minus c1 s234 this
ay is minus s1, so you multiply ax with c1, then it will be c1 square and this will be ay s1 will
be sl square and if you do this, s234 minus of this, you will be getting s234 and then c234
can be obtained from minus az. So, az is minus s234 c234.

n, =CChCi+ 8,8 n,=80C,,C-CS;
5, =085+ 5,C5; 5, = —5,C3485 — C\C

Ss=n.S8,-nC,

Cs=5.8,—5,C, = 6 =atan2(S;,C5)

So, we know s234 and we know c234 and therefore we can get theta 234 as atan 2 minus ax
cl ay is 1 minus a. So, we do not need to do too much of substitution here, we can directly
look at the equations and then see it can be solved, so we get theta 234 from this relationship.
So, we have theta 1 now and then we have theta 234 but we do not know what is theta 2,
theta 3 and theta 4 but we know the total of 2 plus 3 plus 4 is this.

Eg.1= a,Cy; +a,C, = % +d S8, —a,Chyy
~1

Eq3= a,5;; +a,S, =d, —a,8y, ~d;Cy;, — F.

cos(@,)=(c* +d* —a,’ —a,’)/ 2a,a,

sin(6,) = /1 —cos’(8,)

And again, if you look at the manipulator we can see decide the ax, ay and az that is the
orientation in the plane will be decided by theta 2 plus 3 plus 4. So, the approach vector is
actually decided by theta 2 plus 3 plus 4, that is ax, ay and az so we can see ax, ay, az is used
to get the theta 234, of course theta 1 also besides that one because it is coming out of the

plane, so theta 1 and theta 234 completely decide the approach vector for the manipulator.

Now, so we have theta 1 and theta 2, 3, 4 now look at other equations, we have nx is equal to
¢l ¢234 s5 and ny is s1 ¢234 ¢5 minus cl s5. So in this case, we know this c¢1 and c234 only
unknown is ¢5. Similarly, s1 is known, so s5 is not known, here also sl is known ¢234 is

known c¢5 is not known, here s5 is not known.

Similarly, here also sx is there minus c1 s234 s5 s1 ¢5 sy is minus s1 ¢234 s5 minus cl c5.

So, these are the these are the two equation nx, ny, sx, sy. Now, if you write this as if you



take nx s1 so now you multiply nx with s1 and ny with c1 and then subtract, you will get it s5
because this will be nx s1 will be c1 ¢234 s1 ¢5 and s1 square s5 and this one will be ny c1
will be s1 ¢234 ¢5 c1 minus ¢l square s5 and when you subtract this two terms will actually
cancel, what you are getting will be s1 square s5 c1 square s5 and when you add you will be
getting only s5.

So, you will be getting this is as s5 is nx s1 minus ny c1 and the same way if you substitute sx
s1 so it will be getting sx s1 minus sy cl as c5. So you will get s5 as this and ¢5 as this and
since you know nx | mean since you know sl you can easily find out s5 and c5 and therefore
theta 5 can be atan 2 sy c5 and sy is this one nx s1 minus ny cl, so theta 5 also can be
obtained from the orientation part and you know theta 5 actually decide the orientation, 1
mean the normal, approach vector will be, the sliding and the normal and sliding vector will
be decided by this, so you will be getting it as theta 5.

So, theta 5 is atan 2 s5 c¢5. So, we got theta 5 also, theta 1, theta 2, 3, 4 and theta 5 we
obtained but still we do not have theta 2, and 3 and 4. So, we have to see how to get that one.

Again we have to look at this equations and then see how can we solve this.

(Refer Slide Time: 29:56)
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Now if you look at this part, PX part so look at this PX part, so in PX so PX is equal to cl1
multiplied by something and we know now theta 1, we know theta 2, 3, 4 we know this 2, 3,
4 also.



And therefore, we will be able to write PX over c1 is equal to or px or c1 plus d5 s234 minus
ad c234 is equal to a2 c2 plus a3 ¢23. So, we will be able to write it like this and we know
this term we know and this term we know because theta 2, 3, 4 is known and therefore we
will be able to write down this and c1 is also known theta 1 is also known, so this becomes a
constant now, | mean this is not is a constant now and this is only what is a2 c2 plus a2 ¢c23

we do not know.

So, we can write it as a2 ¢2 plus a3 c23 is equal to a constant b, we will say b is equal to a2
c2 plus a3 c23. And in this one we know 234 and this 234 and therefore we will be able to
write this as PZ again we will be able write this as a2 s2 plus a3 s23 is equal to another
constant d, that is PZ from using the PZ relationship, we will be able to write down the these
two equation using these two equation we will be able to get these two relationship and that is

given here.

So, we can write this as, so PX so P equation 1 gives a3 ¢23 plus a2 c2 is equal to this one
and equation 3 gives a3 s23 plus a2 s2 is equal to this one. So, we get these two relationship
and now you can see that they are actually falling in a standard form as a standard equation
that we discussed earlier. So this is actually in the like it like a3 c23 plus a2 c2 ¢ equal to a

constant a3 s23 plus a2 s2 is equal to another constant.

And this is a standard format that we saw in the one of the slides earlier and since this is a
standard equation, we can use the standard solution for that. So, this is actually in the format
of a3 a cos theta i plus j b cos theta i is equal to ¢ format. So, this is the same format what you

can see here, theta i plus j is theta 1 plus 2, that is this ¢23 and this is b cos theta 2.

So, cos theta a cos theta 23 cos 23 b cos 2 is equal to ¢ format, similarly this also. So and
since we know this ¢, d and a and b, we can write down sin theta j cos theta j is this and sin
theta j is this and theta j can be obtained like this. And similarly theta i theta 2 can also be
obtained. So, theta 3 can be written using this method and theta 2 and theta 3 can be obtained
using this relationship. So, we will be getting cos theta 3 as ¢ square plus d square minus a3

square minus a2 square by 2 a3 a2 cos theta 3.



Eg. acos(@ +8)+bcos(@)=c
asm(f, +6,)+bsm(f)=d

Solution: cos(d,) = (c': +d*—a’-b )/ 2ab
sin(f,) = ,[1-cos*(8,)

8, = atan2(sin(8,),cos(d,))

& = atan2(rd — sc,rc +sd ), where

r=acos(d )+b.s=asm(8,)

6, =atan2(rd —sc,rc+sd)

r=ascos(@;)+a,, s=a;smn(b;)

And sin theta 3 will be 1 minus cos square theta 3, so that you will be getting sin theta 3 and
cos theta 3, therefore theta 3 can be obtained as atan 2, that is the way you get the theta 3.
Now, theta 2 can be obtained again from here, you can see theta 2 will be atan 2 rd minus sc

rc plus sd.

So, apply the same r and ¢ because we know r, r can be calculated a cos theta or cos theta j
and plus b s is a sin theta j and therefore we will be getting theta 2 as atan 2 rd minus sc rc
plus sd, where r is a cos theta 3 plus a2 s is a3 sin theta 3 and therefore we get theta 2 also
here. So, theta 2 we got, theta 3 we got so we got theta 1, theta 2, theta 3 and theta 5 and plus

we have theta 2, 3, 4 also.

So, the only thing what is remaining is theta 4 and theta 4 can be obtained, of course from
theta 234 you subtract 2 and 3 you will be getting theta 4. So, that is the way how you can get
theta 4, so theta 4 can be obtained so theta 4 is equal to, you can write theta 4 is theta 2, 3, 4
minus theta 2 plus theta 3 because we have solved for theta 2, theta 3 and we know theta 2, 3,

4 also and there theta 4 also can be obtained.

And this way you will be able to get all the joint angles solved for this manipulator. So, that
is the way how we get the inverse solution for a manipulator. Now whatever maybe the
manipulator configuration whether it is 6 axis or a 5 axis or a 4 axis we will be able to solve
the equations provided it may satisfy the sufficiency condition for closed form solution. If the
closed form solution is not existing, there is no point in solving it you would not be able to
solve it, you may have to go for a numerical solution, so that is what actually we have to do

to solve any manipulator inverse problem.



So, as you can see it is not a standard formulation for any particular manipulator, you have to
look at the equations of the forward equations or the matrix and then see what is the best way
to solve the equations. | hope you understood the principle of, | mean how we actually how

we actually solve the inverse kinematics problem.

(Refer Slide Time: 36:35)
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So, this is an home work for you, so you can consider a 4 axis SCARA robot, it is ADEPT
one SCARA it is a commercial industrial robot and we need to solve for its inverse problem.

So, we can so this is the configuration, so you can see there is an axis here, and axis here
there is an axis here and then there is a rotational axis also here, these are the 4 axis so you
have one rotation another rotation and one up and down motion and a tool throat so for joint

axis.

And the parameters are given, so the first step is the first step is to so draw a home position,
assume a home position and then identify the DH, assign axis assign all the joint axis and the
coordinate frame and then find out the DH parameters and then find out the forward relation

or the arm matrix. Then, write down the equations and solve.

So, when we before going for the solution, see whether you can actually get a solution or not.
So, the necessity condition is that the three joint axis should be parallel or three joint axis
adjacent joint axis should be parallel or the adjacent joint axis should be intersecting. So, in
this case you can see that these 3 joint axis are parallel, so all the adjacent joint axis are

parallel and therefore it will be always able to solve it with a closed-form solution.



So, that | hope you will be able to solve it, so please try to solve this example and then if you

have any difficulty, please let me know.

(Refer Slide Time: 38:55)
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So, just giving you the DH parameters here going to make your life easy. So, these are the

joint parameters, so you can see a alpha pi in this case because its direction is changed.

Axis | 0 d a o

1 |e, |877]425 |n
2 |e, |0 [375 |o
3 |o |43 |0 o
4 |e, |10 |0 |o

(Refer Slide Time: 39:11)
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So, we discussed about the forward kinematics and inverse kinematics, what time the

manipulator kinematics. We need to see, where are we applying all these things and what is
the significance of this in the real industrial application? So, the inverse and forward
kinematics and of course the coordinate transformation matrix are widely used in industry,
though the user may not be really knowing what is happening inside but as a designer or as an

engineer, we should know where actually we are applying all these things.

So, to give you a very brief idea of what is all these kinematics doing in the robot or in the
industry, let us take a very simple example of a robotic works cell. So, I as | mentioned in one
of the classes, a robot alone cannot do any work or we need to have something around the

robots as a system in order for the robot to do some meaningful work.

And that work environment is called as a robotic works cell. So, a robotic works cell typically
consists of a robot and then a sensor, some sensors to sense the presence of objects and then
some mechanism to convey things from the robot or to bring something to the robot and take
something from the robot or some kind of palate or something to place objects or something

should be there around the robots in order for the robot to do some meaningful task.

So, in this typical works cell, we are consisting of a robotic inspection, a robotic inspection
and sorting of components. So, though it is not a purely robotic inspection per se but there is
an inspection of object and the robot is used to sort the object based on whether this it is good
quality or a bad quality product, so that is basically the robotic inspection and sorting work
cell.



Now, this assume that this is the work cell, so you have a robot here a manipulator as you can
see here, this is the manipulator with the some 4 degree or 5 degree of whatever the degrees
of freedom can imagine and there is the this is the base of the robot and this is considered the
work cell and | mean the work area of the robot and we assume that there is a pass bin and a

reject bin, this is the pass bin and there is a reject bin.

And we assume that there is a conveyor which actually brings the work piece from some
other location to here and then the robot picks the object and places in the pass or reject bin
with the help of sensors to identify the condition of the object. So, now the robot will be the
parts will be coming in this work area and there is a camera here, camera is placed at a fixed
location here a camera is placed here if at a fix location and this camera is collecting the

information from the object.

So, it actually do a visual inspection of the object and if that is perfect in terms of dimension
or whatever the checking it is doing and if that is good one, then the camera gives the
information to the robot and robot picks the object and place it in the pass bin and if it is not
good, it is placed in the reject bin. So, that is the robotic cell, a very simple robotic works
cell, of course you can have much more complex work cells but to explain the working of this

cell I am just showing this.

So now, assume that this object is coming here, camera is at this location and his part need
not be at the same location every time, it may be in different positions and in different
orientations. So, the part may be coming in different maybe something coming like this, but it

will stop here and then the camera captures the image and then passes the information.

So, here we can see that the camera takes the information from here the position of the object
and its orientation as well as the condition of the object good or bad. And that information is
passed to the robots and the robot goes there and picks the object and then place it here or

here and then comes back. So, this is the work to be done.

Now, how is the robot able to do this? Because the camera takes him image of this object or
takes the image and then find out its position, the position and orientation of the part with
respect to the camera base. So, you can actually get the position of the object, so | say the
object is p or the part, the part the position of the part with respect to camera. So, what is the

position of the position of the part with camera?



So | would say, what is the position of the part with respect to camera can be obtained and
then the robot has to this information is passed to the robot base. Then the robot has to
calculate what is the position of the part with respect to its base? So, we need to get the
position of the part with respect to the base.

And then, once we get this position of the what with respect to the base, the robot will find do
an inverse calculation to find out how to what should be the joint angle to reach this position
and then it places picks the of object from that location, and then it does a another inverse
calculation to see how should be the joint angle to reach here or there depending on where

actually it is be placed.

And then the joints move and then it place here and it comes back. So, here you can see there
is a inverse kinematics is involved and the position of the part need to be converted to the
robot based frame, so we need to have a coordinate transformation from this base to this base.
And to convert that one, we need to know what is the position of the camera with respect to

the robot base?

And again, we need to convert that transmission need to be found out and accordingly we
apply this here. So, assume that the T part to camera is known, so the part to camera so the T
part to camera is obtained like this, something like this and then we need to know what is the
base to camera, so what is the camera position of the camera with respect to base because this

is already fixed, camera is in a fixed position so will get the T base to camera as this one.

And then T part to camera is obtained from the camera image frame. Now using these two we
need to find out what is a location of part with respect to the base and that can be obtained by
taking this t part to basis to camera to base multiplied by part to camera which will give you
part to base, that is the transfer transmission part to base. And you will be getting this as the
location of part with respect to base.

So, we can see that by taking camera to base and part to camera, we will be able to get the
position of the part with respect to the robot base, though the robot know that the point is the
object is at 30 distance in x and 15 distance in y and 1 unit in z axis. Once we know this and
orientation is known, then the tool need to be oriented to this orientation and the position has

to be reached at this location and that is to be done using an inverse kinematics application.

(Refer Slide Time: 47:17)
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So, we know this subject grasping by the robot, so the tool gripper orientation is given like
this and therefore the tool to base will be like this. So, now the position of the object is this
but the gripper is in this orientation, so therefore the tool to base transformation is given by
this 1 minus 1 minus 1 30, 15, 1. So, this is the tool to base.

I 0 0 30]
o _|0 =1 015
el 0 —1 1
0 0 0 1|

And if you know the robot configuration, then we will be able to use this robot configuration
to find out the inverse of the do a inverse calculation and find out what should be the joint
angle theta 1, theta 2, theta 3 etc. to reach this position and get this orientation. And once that
is known we will be able to move the robot to this position and then of course can continue

this to place here and here.

So, this actually shows how we can use the transmission matrices and forward and inverse
kinematics to get some work done in the robotic work cell. So, this is a very simple
explanation or extra example for use of kinematic analysis in the robotic work cell in order to
get some simple work done. So we will stop here, we will continue the discussion in the next

class, so till then bye.



