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Lecture - 32
Basic Feasible Solution

Hello, welcome back to this series of lectures on numerical optimization. In the last class
we discussed some of the properties of solution of a linear programming problem. In
particular we saw that for a linear program, the solution always lies on the boundary of
the feasible set. And when the constraint set is compact, then the solution also lies at an
extreme point or vertex. We also saw that any linear program can be written in the
standard form where the objective is to minimise C transpose x subject to the constraint

A x equal to b and x non-negative.
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Consider the liner program in standard form (SLP):

min  ¢’x
3B Ax=15)
x>0
where A € R™*", rank(A) = rank(A|b) = m.

Let B « R™*™ be formed using m linearly independent
columns of A. Therefore, the system of equations, Ax = b can

be written as,
@ N[ *)=b
XN o

Letting xy = 0, we get

Bxy=b = xy=B'b. (x4 : Basic Variables)

xi 0)7: Basic solution w.r.t. the basis matrix B

So, we will continue working on the linear programs in standard form. And in today’s
lecture we will find a way to characterize an extreme point of a constraint set. So, let us
consider linear program in standard form; minimize C transpose x subject to A x equal to
b, x greater than or equal to 0 where A is m by n matrix and rank of A is m and rank of A
is equal to rank of A appended with b indicates that the system of equations x equal to b
is consistent. Now, let us take m linearly independent columns from A and form a matrix

B. Now, since the rank of A is m we can always get m linearly independent columns



from the matrix A. And without loss of generality we assume that these columns are the

first m columns of the matrix A.

So, this is still A x equal to b can be written as B and N which are the parts of the matrix
A and then the vector x is split into two parts; x B and x N. Therefore, A x equal to b is
written in this form which if we expand we get B x B plus N x N equal to b. Now, if we
let X N is equal to 0 in that in this system, then what we get is B x equal to b. And since
B contains m linearly independent columns, B is invertible; so we can write X B to be B
inverse b and x B is called the basic variable. And in particular x B and x N are the two
components of the vector x and if you set x N to 0 and find x B using this; that is called a

basic solution to the system A x equal to b.

Now, the word solution here is misnomer; in the sense that we are not talking about the
solution of the linear program in the standard form which is shown here. But we are only
talking about the solution of the system of equations A x equal to b. So, in some text
books this is also referred to as basic point rather than the basic solution to avoid any
confusion. But we will continue to use the word basic solution because that has been the
common practice in many text books or in the literature. So, this basic solution is
associated with the basis matrix B and hence it is called the basic solution. Now, if the
basis matrix changes the basic solution also changes in particular the first part or the first
component of the x B changes. Note that we are letting x N to be 0; so this part remains
the same, only the first part changes.
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Basic Feasible Solution

If xp =0, then (xy 0)7 is called a basic feasible solution of

Ax =b

x>0

w.r.t. the basis matrix B.

Theorem
Let X = {x :Ax = b. x > 0}. x is an extreme point of X if
and only if x is a basic feasible solution of

Ax = b g“‘

x>0 Y

Now, let us look at basic feasible solution. So, we get the solution x B 0 and if in
addition to that x B is also nonnegative; then it is a it is called the basic feasible solution,
the system A x is equal to b and x nonnegative with respect to the basis matrix B. So, the
component X N is always 0 and then the component related to the basis matrix is
nonnegative. So, x B is called the basic variable and x N is called the non-basic variable.
So, B is the matrix associated with the basis variable and N is the matrix associated with
non-basic variable. So, the columns of the matrix A which are associated with B are
called the basic variables. So, we denote them by the set B and the columns associated

with the matrix N we call them as non-basic variables and denote by the set N.

Now, let us look at an let us look at an important theorem which gives the
correspondence between the extreme point and the basic feasible solution. So, let us
assume that x the said X is the set of all x s that A x is equal to b and x nonnegative and
x is an extreme point of X; if and only if x is a basic feasible solution of A x equal to B
and x equal to x greater than or equal to 0. So, what it means is that if we are given an
extreme point of X, then that extreme point is also basic feasible solution of the system.
And if we are given a basic feasible solution of the system of equations, that is also an
extreme point; so this an algebraic way to characterize an extreme point of x. And as we
saw in the last class that an extreme point or the solution of a linear program lies at an
extreme point if the set x is compact. And therefore, it is enough to look at the extreme
points of the constraint set to get the solution of a linear program. And although this



method uses a way to find out the solution of a linear program, we do not have any
algebraic characterization of extreme points. So, this theorem gives us an algebraic

characterization of an extreme point. So, let us first prove this theorem.
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Proof.
(a) Let x be a basic feasible solution of Ax = b.x > 0.

Therefore, x = (xy,...,. e v 0). Let B = (a)|as| . .. |a,)
N . “—p—

=0 n—m
whereay;, ..., a,, are linearly independent. So.

a

xXa + ...+ 58, =b.

Suppose x is not an extreme point of X,
Let yzeX, y#zand x=ay+(l —a)z, 0 < a < |.
Since y.z > 0, we have

Vg1 ¥Yn = 0 and B g ST Y@y = b
('.":0 :1a|+---+:mam=b

1l

<m |

~Since ay,. .., a,, are linearly independent, x =y =z, a
'i_ﬁf}mtrmiiclinn. So, xis an extreme point of X.

So, we assume that x is the basic feasible solution of A x equal to b and we want to show
that x is an extreme point of the set x; set x which is obtained by this system A x equal to
b, X nonnegative. So, to show that it is an extreme point, we have to show that; that point
cannot be represented as a strict convex combination of any two other points and we
prove this by contradiction. Now, since x is the basic feasible solution of A x equal to b,
we know that x has two components corresponding to the basis B and corresponding to
the non-basic matrix N. So, without loss of generality, we assume that the first m
components of x are associated with the basis matrix b and they are nonnegative. And

remaining n minus m components of x are 0.

Now, let us choose the m linearly independent vectors from the matrix a and matrix B
which contains a 1 to a m as it columns and a 1 to a m are linearly independent. And
these are the these are the components of the matrix B associated with the first m
components of the vector x. And therefore, we can write X, we can write b as
combination of a 1 to linear combinations of the vectors a 1 to a m; so we have x 1 a 1

plus X 2 a 2 up to x m am equal to b.



Now, let us assume that x is not an extreme point. So, if X is not an extreme point x can
be written as a strict convex combination of two different points. So, let us take those
points as y and z. So, if x is not an extreme point, let y and z belongs to the set X; so set
X is the set formed using this A x equal to b and x nonnegative. So, y and z belong to the
X set X and y not equal to z; such that x is a strict convex combination of y and z z. So, x
equal to alpha y plus 1 minus alpha z; where alpha is in the open interval 0 to 1, so which
means that it is a strict convex combination of y and z. Now, y and z belong to the set X;
so that means that y and z are nonnegative. So, all the entries of the vectors y z are
nonnegative. And here we are assuming that x is written as alpha y plus 1 alpha z; so
alpha is a positive fraction and 1 minus alpha is also positive fraction. And therefore, if x
has this n minus m components 0, then the corresponding n minus m components of y

and z also have to be 0.

So, since y and z are nonnegative the last n minus m components of y and z are 0. And
therefore, if they are 0 then we can writey 1 a1 plusy 2 a 2 plus y ma m equal to B and
zlalplusz2a?2pluszmamequal tob. Now, altoam are linearly independent; so
there exists a unique combination of unique nonnegative combination of a 1 to a m
which uses the vector bb. And therefore, y is equal to z and which implies that whatever
we assumed here was not correct and therefore, x has to be an extreme point of x. So,
since a 1 to a m are linearly independent, we have y equal to z and therefore, x equal to y
equal to z, which is a contradiction. Because we assumed that y not equal to z and x is
strict convex combination of y and z which is a contradiction. And therefore, x is an
extreme point of the set x. Now, we can show the other part by assuming that x is an

extreme point of X and then show that x is a basic feasible solution.
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Proof.(continued)

(b) Let x be an extreme point of X.
xeX = Ax=b x>0
There exist n linearly independent constraints active at x.
@ /m active constraints associated with Ax = b.
@ n — m active constraints associated with n —m
non-negativity constraints
x is the unigue solution of Ax = b. xy = 0.

Ax=b = Bxy+Nxy=b = x3=B"'5>0

Therefore, x = (x5 xy)" is a basic feasible solution. O

. . fn
Number of basic solutions < ( )
m

./‘- - . - . - .
[ i}nough to search the finite set of vertices of X to get an optimal
o
Fnlunnu

So, let us assume that x is an extreme point of the set X. Now, since it is an extreme
point, we know that there are n linearly independent constraints which are active at the
extreme point. Now, X belongs to the set X which means that A x equal to b and x
nonnegative and being an extreme point there exists n linearly independent constraints
which are active at X. Now, out of these n active constraints, the m constraints come from
the equality that A x equal to b. So, there are m equality constraints; so all the equality
constraints are active at a feasible point and extreme point is also a feasible point in our
case. So, there are m active constraints associated with A x equal to b and the remaining
n minus m constraints have to come from the non-negativity part which x greater than or
equal to 0. So, there are n such constraints, inequality constraints; out of them n minus m
have to be active at the extreme point A at the extreme point. So, n minus m constraints
come from this inequalities and m constraints come from equalities; this together form

the n active constraints at the current point x.

Now, this n minus m constraints, nonnegativity constraints which are active; which
means that for them the value of the component of x is equal to 0 and they correspond to
the x N part of the variable x and the x B part comes from the m active constraints. And
therefore, x is the unique solution of A x equal to b and x N equal to 0. And therefore, A
x equal to b which implies B x B plus N x N equal to b and that implies x B equal to B

inverse b and that has to be nonnegative; because we have assumed x is a feasible point.



So, we have x B which is nonnegative, x N which is 0; so these two components of X, x

B and x N together indicate that X is an extreme point.

The n minus m components are 0 and the m components associated with the basis matrix
B are nonnegative and therefore, x can be written as x B and x N as two parts and it is a
basic feasible solution. So, this is an important result which gives us the characterization
of an extreme point. So, if the constraint set is convex, then the solution of a linear
program if it exists lies at an extreme point and an extreme point is characterized by
basic feasible solution of the type x B, x N; where x B is nonnegative and x N equal to 0.
So, it is finding an extreme point just amounts to finding a basic feasible solution at that
particular point. Now, there are m possible ways of choosing a there are m m columns
that we have to choose from n. And n choose m is the number of possible ways of

choosing those m columns from the set of n columns.

So, therefore, m choose m is an upper bound on the number of basic feasible solutions
that we can have; because not every time the m columns that one chooses are linearly
independent. So, therefore, at the most m choose n is the number of ways of choosing m
columns from the set of n columns. And since there is a correspondence between an
extreme point and a basic feasible solution, we can say that there are finite number of
extreme points for a given linear program. And therefore, any algorithm which looks at
only the extreme points of a constraints set will converge in finite number of iteration
because only finite number of extreme points exists for a linear program with compact
constraint set. So, the number of basic solutions is n choose is at the most n choose m
and therefore, that since that number is finite it is enough to search this finite set of

vertices X to get an optimal solution of a linear program.
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Theorem

Let X be non-empty and compact constraint set of a linear
program. Then, an optimal solution to the linear program exists
and it is attained at a vertex of X.

r

Proof.

Objective function, ¢”x, of the linear program is continuous

and the constraint set is compact. Therefore, by Weierstrass’

Theorem, optimal solution exists.

The set of vertices, {x,...., X}, of X is finite. Therefore,

X is the convex hull of x,...., X

Hence, for every x € X.x = 3"\, ax; where

T Zf:l a=-I,

Letz" = min,<;<; ¢'x;. Therefore, for any x € X,
z=cx =Y ae’x, > Y\, a; = 2. So, the minimum
(. jj\inlue of ¢'x is attained at a vertex of X. Y

Shirieh Shegle  Nogercy ¢

Now, we will formally show that if the constraint set of a linear program is compact and
nonempty, then an optimal solution to the linear program does exist and it is attained at a
vertex of that constraint set. Now, first of all we note that the objective function C
transpose x of a linear program is continuous. And the constraint set we have assumed
that it is nonempty and compact. So, therefore, if you want to minimize a continuous
objective function over a compact constraint set by Weierstrass theorem we know that

the solution exists.

So, optimal solution exists due to Weierstrass theorem in this case. Now, we have
already seen that there is a one to one correspondence between the extreme points or the
vertices of a constraint set and basic feasible solution. And increase in the number of
basic feasible solution is finite the number of vertices of the constraint set is also finite.
So, let us denote this set of vertices as x 1 to x k; there are k vertices. So, since the
constraint set is a convex set any point in the convex set can be written as a convex
combination of this k vertices or x is the convex hull of this k vertices. And any x in the

set X can written as sigma alpha to sigma x i, where alpha is nonnegative under some.

So, let the optimal objective function value be z star and z star is minimum of C
transpose X i are going from 1 to k. So, therefore, for any x which belongs to the set X, z
is equal to C transpose x. And C transpose X can be written as any point x can be written

as sigma alpha x i; where alpha’s are nonnegative and sigma alpha is 1. And this quantity



is greater than or equal to z i star into sigma alpha i and that is nothing but z i star since
sigma alpha is 1 alpha i’s are nonnegative, because of our definition. So, at any point x
which belongs to the set X, since it belongs to the convex combination of the vertices;
the optimal objective the objective function value at x which is z is always greater than
or equal to z star which is the objective function value at the vertices. So, therefore, the
minimum value of C transpose X is attained at a vertex of x. So, from this theorem it is
clear that we need to search only over the set of finite vertices of a linear program to find

out an optimal solution if it exists.
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Consider the constraints:

Now, let us consider the constraints x 1 plus x 2 less than or equal to 2, x 1 less than or
equal to 1, x 1, x 2 is greater than or equal to 0. Remember, that every vertex
corresponds to an extreme point or a basic feasible solution and that is not necessarily an
optimal solution of a linear program. Now, let us denote this set of constraints using
figure. So, x 1 plus x 2 equal to 2 is the constraint is shown by the line, x 1 equal to 1 is
another constraint and then the intersection of all this x 1 plus x 2 less than or equal to 2,
x 1 less than or equal to 1 and x 1 x 2 nonnegative is shown here. And A B C D are the
vertices of this feasible region. So, if you want to minimize any objective function, linear
objective function with respect to this constraint set; it is enough to look at the objective
function values at A B C and D. So, what we show now is the correspondence between

the extreme point and the feasible solution basic feasible solution.
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The given constraints

X TXp S 2
Xj S |
Xy x>0

can be written in the form, Ax = b. x > O

2

Xy =Xy - X3 =
X1 +Xy = l
Xy, X2, Xi, Xy > ()

SBL. VTR
] 00 | = (a0 |@> @@y ) AN = I .
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Now, to show that we first write this set of constraints in standard form, where we have
only equality constraints and nonnegativity constraints. So, this set of constraints can be
written in the form A x equal to b, x greater than or equal to 0 by adding slack variables
for the first two constraints. So, these slack variables are x 3 and x 4, for the first two

constraints and now we have 4 variables and all are nonnegative.

So, first we bring the given set of constraints to the form A x equal to b, x greater than or
equal to 0 and then we form the matrix A, the vector B as the columns of the columns
related to different variables. So, if you take the first constraint; so if you take the
coefficients of x 1 x 2 x 3 and x 4, so those are 1 1 1 and 0, so those are included here.
And the second constraints the variables are x 1 and x 4 and the corresponding
coefficients are 1 0 0 and 1; so those are written here. And let us denote themasala2a
3 and a 4; the 4 columns of the matrix A will be denoted byal a2 anda3andad4. The
right hand side will be denoted by b; so b is equal to 2 and 1. Now, finding the basis
matrix from the set A amongst to choosing n linearly independent columns. Now, in this
case the rank of A is 2; so we can we choose at the most we can choose 2 linearly
independent columns from the matrix A. So, we can choose say first and second column,
first and third column they are linearly independent, first and fourth column they are

linearly independent.



So, suppose if we start with second column; then we cannot choose the third column
because second column and third column are not linearly independent. But instead we
can choose second and the fourth column or third column and the fourth column; that
will be that will form the basis matrix b. And once we have the basis matrix b the
suppose we choose the first 2 columns. So, each column is associated with a variable; so
first column is associated with the variable x 1, second with x 2, third with x 3 and fourth
with x 4. So, if we choose the first 2 columns as our basis matrix b which means that x 1
and x 2, the associated variables form the basic variables and x 3 and x 4 become non-
basic variables. So, this way we can get different combinations of basic and non-basic

basis variables and those will correspond to different vertices of the feasible region.
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A= Loo 1)= (a |as|aslas) and b = |
(1) B=(ala) = w4
i I 0
Xp = (.\'| .l':)T = B_Ib = (I I)r and Xy = [‘\'l .1'4)?- = (“ “)’
x = (x5 xy)" corresponds to the vertex C.
!‘l
—x, =1
N

N 0100

x.+x.§-2 C¢1

So, we will see that now. So, let us choose the first 2 columns of the matrix A. Now,
these 2 columns are linearly independent. So, if we choose the first 2 columns of the
matrix A and form the matrix Bas 1 1 and 1 and 0; then x B will be x 1 x 2. And x 1 x 2
are the basic variables associated with the basis matrix B. And x B can be written as B
inverse b. So, if we take the inverse of this matrix and multiply that by the vector B, what
we get is 1 1. Now, the remaining two variables are the non-basic variables; so x 3 and x
4 are the non-basic variables, their values are 0. And we can denote this in the figure as

the basic variables are 1 1 and the non-basic variables are 0 O.



So, note that in this representation the first entry denotes the x 1 variable, the second
entry denotes the x 2 variable and so on and last entry denotes the x 4 variable. So, the
basic variables are shown in the magenta colour and these are the x 1 and x 2 basic
variables whose values is 1 1 and is obtained using B inverse b. So, this basic variable,
this basic feasible solution x which is 1 1 0 0; because now it is a 4 dimensional vector.

So, this corresponds to the vertex c.
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A = 1 00 | = (ﬂ|i(]’3|ﬂ;:ﬂ'4) and b= I
(2) B = (a)|la;) = ]
- 4 I 0
xp=(xp0) =B'b=(11) andxy = (x2 x4)7 = (00)".
x = (xz xy)" corresponds to the vertex B.
11
i ‘_ i ,1-'
N

Now, similarly, if you take the first column and the third column of the matrix A; they
are linearly independent. And therefore, we can form the matrix B using a 1 and a 3 and
once we formed the matrix B, if we find out B inverse b that will gives us the values of
the basic variables associated with this basis matrix. So, let us see. So, Bis1 1 and 1 0;
then x B so x 1 and x 3 are the basic variables, x 3 and x 4 are the non-basic variables.
So, x B is x 1 x 3 and that is nothing but B inverse b and that is equal to 1 1. And x N as
usual these are the non-basic variables; so their values are 0 and O and that will be
represented in the constraint set figure as vertex B. So, you will see that x 1 and x 3, the
magenta colours coloured numbers are basic variables; they have the value 1 1 and then

the x 2 and x 4, they have the value 0.
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I BT O . _ 5
= 1 0 0 | = (a,|a:|as|a;) and b = )

)
(3) B = (a,|lay) = (: (l)

xp=(xx) =B"'b=(2 — 1) andxy = (x2 x3)" = (0 0)".
x=(xp .r,y)' is not a basic feasible point
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Now, we can do this exercise. So, if you take x 1 and x 4 as our basic variables; they
clearly these 2 columns are linearly independent. So, if we can form the matrix B using a
1 and a 4. So, x 1 and x 4 are the basic variables and then their values are obtained using
B inverse b. And if we do find out B inverse b and we get 2 and minus 1 as the
components X 1 and x 4. And x N will be x 2 and x 3; the components corresponding to
the non basis vectors and that will be 0. Now, you will note that this entry which is
minus 1 is not possible in our constraint set because all the components of x have to be
nonnegative. So, this combination of basis vector does not lead to a feasible point of the
set X. So, this given x which is a combination of x B and x N is not a basic feasible point
as far as the given constraint set is concerned. So, not every combination of linearly
independent columns would give us a basic point which is also feasible. In this case we

do not get feasibility of point.
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A= = (a,|a;|as|a;) and b =

1 0
(4) B = (az]ay) = ((] l)

I

x = (xp xy)" corresponds to the vertex D.

__"' =1

(1,1,0,0)

x,+l,.-2

B(I,o.i.n) \'

|

Now, if you repeat that exercise, so if you consider columns 2 and column 4 as our basis
matrix and that means that x 2 and x 4 are the basic variables and x 1 and x 3 are the
non-basic variables. So, if you take the B inverse b, we get the values of x 2 and x 4 and
that turns out to be 2 1 and x 1 and x 3 are non-basic variables. So, their values are 0 and

that will be indicated by the vertex D. So, X 2 and x 4 correspond to the basic variables

and x 3 and x 1 correspond to the non-basic variables.

(Refer Slide Time: 33:29)

A= = (a,|a,|asjay) and b =

0
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Now, similarly, by choosing x 3 and x 4 as our basic variables one can find out the
representation in terms of the vertex. So, this corresponds to the vertex A where the basic
variable is 2 1 and the non-basic variable basic variable are x 3 x 4 whose values are 2 1,
non-basic variables x 1 x 2 whose values are 0 and that is shown here. Now, now if you
look at this figure you will see that, if you consider vertex C, x 1 and x 2 are basic
variables and x 3 and x 4 are non-basic variables. And if you consider the adjacent vertex
of the vertex C which is suppose B, then you will see that x 1 and x 3 are basic variables.
So, the variable x 1, basic variable x 1 is common between B and C. And in in the case of

the vertex C, x 2 was basic variable (()) x 3 is a basic variable.

So, between the adjacent vertices there are some common basic variables. Now, if you
consider C and D we will see that x 2 is a common basic variable in this case. And here
is a basic variable, while here x 1 is not a basic variable but instead x 4 is basic variable.
So, when we move from one vertex to the adjacent vertex, one basic variable and one
non-basic variable gets swapped. Same is true when we consider say A and B and A and
D. So, in A x 3 and x 4 are basic variables; while if you move from A to D, x 4 still
remains a basic variable. But then x 3 and x 2 they get swapped; so x 3 becomes a non-
basic variable at D, while x 2 becomes a basic variable and which was non-basic at A.
So, similarly, if we consider vertices adjacent vertices A and B, we will see that x 3 is a
basic variable in both the cases while in the case of A, x 4 was the basic variable; while
in case of B, x 1 is the basic variable. So, x 1 and x 4 they get swapped between the basic

and non-basic variables case, as far as the vertices A and B are concerned.



(Refer Slide Time: 36:21)

Example:
min  —3x; —x;

st +x <2

n

HPTEL

Now, if you look at the objective function values at the vertices because we are mainly
interested in getting the optimal solution of a linear program and we are mainly
interested in looking at only the vertices of the constraint set. So, we have seen one point
earlier that vertices there is swap of basic variable and non-basic variable. So, suppose if
we start from a vertex of a feasible set and then move to the neighbouring vertices by
swapping appropriate variables, we can see that we can decrease the objective function.

So, suppose if we start from A and by swapping A x 4 and x 1 we go to the vertex B.

Now, you will see that the objective function value which is shown in the boxes adjacent
to the variable values. So, objective function value is 0 at point A becomes minus 3, at
point B. So, that means that we have decrease the objective function value. Now, if you
keep doing this experiment again and again every time going from a vertex to the
neighbouring vertex, such that the objective function value decreases. And since there
exist only finite number of vertices, we will reach a point where we cannot decrease

objective function value further.

For example if we are at B, now one way to move is to point C; where the objective
function value decreases. Because from B if we move towards the point A, the objective
function value the objective function value increases and we do not want that; because
we want to minimize the objective function. So, from B we can move to the point C by

swapping the second and the third variables from the basis and the non-basic vector set



and we got to the point C. At this point the objective function value is minus 4. Now, that
is that value is the least among the objective function values at the 4 vertices. So,
suppose we are at a point C, then if we go to any adjacent vertex the objective function
value increases. Because if you move from C to D the value of objective function value
becomes minus 2, on the other hand if you move from C to B the objective function

value becomes minus 3.

So, this is a point where the objective function value is least and we cannot make any
progress as far as the objective function is concerned. Now, this is to irrespective of any
starting point. So, for example, if you start from point D at which the objective function
value is minus 2; then in this case D has two neighbours, A and C. If we move from D to
A, objective function value is going to increase. So, the only alternative would be that is
left is to move from D to C. And if you move from D to C the objective function value is
going to decrease. And from C as we saw earlier, the objective function value cannot
decrease further. So, this point this vertex is an optimal point. So, this gives us an idea

about how to solve a given linear program.

So, the first step is to write the linear program in standard form. And then find the
objective function value at the current point and see by swapping with basic and non-
basic variable can we improve the objective function. Now, if you repeat this procedure
again and again every time where we find out the variables which need to be swapped
between the basic and non-basic (()); so at to move to the adjacent extreme point. And if
this procedure is repeated; since there exist only finite number of vertices, we will
certainly reach a solution if solution exists. Note that, sometimes linear program could
have an unbounded solution. So, we should be able to find out the whether the linear
program has a unbounded solution and if not, if it does not have a unbounded solution
then the solution exists. And we should be able to find (( )) visiting only the extreme
points. And the algorithm becomes very simple that one simply has to go to the adjacent
extreme points which gives the which gives the decrease in the objective function value.

So, now we will see that algorithm for solving a linear program.
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LP in Standard Form:

min  ¢'x
sit. Ax=D>b
x>0

where A € R™*" and rank(A) = m.

e Convex Programming Problem
@ Assumption:
o Feasible set is non-empty
e Slater’s condition is satisfied
e First order KKT conditions are necessary and sufficient at
optimality
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So, let us consider the linear program in standard form which is minimize C transpose x

subject to A x equal to b, x nonnegative and A is a m by n matrix and rank of A is m. So,

A has m linearly independent rows.
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Let x be a nondegenerate basic feasible solution corresponding
to the basic variable set B8 and non-basic variable set N.
Let B denote the basis matrix.
Ax = b
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So, let us assume that x is nondegenerate feasible solution corresponding to the variable

set B and the non-basic variable set N. So, what | mean by nondegenerate is that the x B

is greater than 0. Now, the (( )) phase B will be used to denote the basis matrix. So, as

the difference between the basic variables set B; so which contains the variables x 1 to x



n and the remaining n minus m form the non-basic variable set, and B denotes the basis
matrix which are the m linearly independent columns of the matrix A. And without loss

of generality we assume that these columns are the first m columns of the matrix A.

Now, we have A x equal to B which can be written as B x B plus N x N equal to m
associated with the basis matrix B and the non-basic matrix N and x B and x N are the
basic and non-basic variables respectively. Now, since B is the basis matrix the columns
of B are independent, linearly independent; so we can invert B and write x B as B
inverse b minus B inverse N X N. Now, this is a general solution of the system A x equal
to B. Now, in particular by letting x N to be 0, we get the solution x B equal to B inverse
b and x N equal to 0. So, this is a particular solution which is also feasible if x B is

nonnegative. Now, let us look at the objective function value at the current point.

So, C transpose X is the objective function; now that can be split in to two parts to every
vector C and every the vector x can be split in to two parts corresponding to the basic
and non-basic variables. So, C transpose x can be written as C B transpose x B plus C N
transpose x N. And x B is nothing but B inverse b minus B inverse N x N; so we plug-in
that value here. So, this becomes C B transpose B inverse b minus C B transpose B
inverse N x N plus C N transpose x N. Now, if we consider the particular solution x B
equal to B inverse b and x N equal to 0, then C B transpose x B is nothing but C B
transpose B inverse b. So, that is the value of the objective function which we are going
to denote by z bar. So, z bar is the current objective function value at x and we can write

this equation the right hand side as C B bar transpose x B plus C N bar transpose x N.

Now, so there is no term involving x B. So, we assume that C B bar transpose is 0 and C
N bar transpose is nothing but C N transpose minus C B transpose B minus inverse N. In
the linear programming literature these are called the relative cost factors. So, relative
cost factors denote how much change is expected, if a particular vector becomes a basis
vector. So, we will see a different interpretation of this from the theory that we have seen
earlier in term of a Lagrangian multipliers. So, as we know that the linear program is a
convex programming problem. So, the set of solution from a convex set we make some
assumptions. One of the assumptions we make is that the feasible set nonempty and this
other important assumption that we make is that the Slater’s condition is satisfied, so
which means that the feasible set has a nonempty interior. So, there exists at least 1 point
which lies in the interior of the feasible set. So, under this condition under Slater’s



condition, we know that for a convex programming problem the first order Karush Kuhn
Tucker or KKT conditions are necessary and sufficient and sufficient at optimality. And

we make use of that to give an algorithm to solve a linear program.
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So, let us look at the Lagrangian function associated with a given linear program. So,
there are some equality constraints and some inequality constraints. So, the Lagrangian is
a function of Lagrangian multiplier associated with the equality constraints. So, we are
going to denote those Lagrangian multipliers by mu and the Lagrangian multipliers
associated with the inequality constraints we are going to denote them by lambda. So, the
Lagrangian is the objective function plus mu transpose b minus A X minus lambda

transpose X.

And, since the KKT conditions are necessary and sufficient at optimality for this convex
programming problem, let us write down those conditions. So, the first order KKT
conditions at optimality are the primal feasibility. So, the feasibility of x with respect to
this program which is also primal program; A x equal to b and x nonnegative. Then the
second condition is that the gradient of the Lagrangian with respect to x should be 0. So,
if you take the gradient of the Lagrangian with respect to x, what we get is C minus A
transpose mu minus lambda that equal to 0. So, which means that A transpose mu plus
lambda equal to C. So, this condition should be satisfied at optimality and the

complimentary slackness condition which is lambda x i equal to 0 for all i.



So, the complimentary slackness condition is important. So, we will see its use sometime
later. So, this KKT conditions give us an idea about the algorithm. So, if you move from
a extreme feasible point to another extreme point, we know that these conditions will be
satisfied. So, we just have to make sure that this other two conditions are satisfied at the
optimality. And there is another important condition that we want to keep in mind is that
the nonnegativity of the Lagrangian multipliers. So, lambda i has to be nonnegative. So,
this is a very important condition which can be used for stopping our algorithm. So, we

will see that now.
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Let x be a nondegenerate basic feasible solution corresponding
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So, let x be a nondegenerate feasible solution corresponding to basic variable set B as we
saw earlier. And the non-basic variable set N and x equal to x B x N where x B is greater
than 0 and x N equal to O; this is basic feasible solution. Now, at optimal x lambda mu,
what we want is that lambda B should be equal to 0 and lambda N not equal to 0. So, if
the current x lambda mu equal to 0, we know that x B greater than 0 and x N equal to 0.
And in order to satisfy the complimentary slackness condition what we want is that the
Lagrangian multipliers corresponding to the basic variables have to be 0 at optimality.
And the Lagrangian multipliers corresponding to the non-basic variables are nonnegative

because of the complimentary slackness condition.

The gradient of Lagrangian with respect to x equal to 0 implies that A transpose mu plus

lambda equal to C. So, if we expand this in terms of C B and C N; so what we get is that



C B is equal to B transpose mu plus lambda B and C N is equal to N transpose mu plus
lambda N. Now, lambda B is 0; so C B is equal to B transpose mu. Now, that gives us a
way to find out mu; because B is known, C B is known and B is invertible. So, that can
be used to find mu. So, C B is equal to mu transpose mu plus lambda B and C N is equal
to N transpose plus mu equals lambda N. And lambda B equal to 0 implies mu is equal to
B transpose B inverse C B. So, we get the variable mu at a given point which is B
transpose C inverse B. Now, remember that mu’s are the Lagrangian multipliers

associated with equality constraints; and therefore, mu’s are unrestricted in sign.

So, at a given point x which is feasible; we can use this equation to find mu. Now, if the
current point x is optimal, what we want is that the Lagrangian multipliers corresponding
to the basic variables have to be 0. And Lagrangian multipliers corresponding to the non-
basic variables have to be nonnegative. So, if we assume that corresponding to the basic
variables lambda B equal to 0; then what we should get is lambda N to be nonnegative.
And if you do not get lambda into be nonnegative; that means, that the point is not an
optimal point. Because we know that at optimality this conditions have to be satisfied;
this conditions are necessary and sufficient. So, lambda N nonnegative; it requires that C
N minus B inverse N transpose C B. So, if you plug-in this value of mu in this equation;
then we can write lambda N to be C N minus B inverse N transpose C B and that should
be greater than or equal to 0. And you would notice that this quantity it is nothing but the

relative cost.

Another explanation for this is that as we had seen earlier in our discussion on
Lagrangian multipliers. The one of the interpretations of Lagrangian multipliers is that
they indicate the rate of change of objective function. So, if the Lagrangian multiplier is
a negative; that means, that there is a scope for improvement in the objective function in
this case. And that is what we will utilize while determining our algorithm. So, at
optimality what we want is that C N minus N transpose C B greater than or equal to 0
which is nothing but the relative cost associated with the non-basic variables has to be

nonnegative.

So, this is an important point that the current basic feasible solution x is not optimal if
there exist x g belonging to N such that lambda q is less than 0. Because for a given x we
can find mu and for a given x B if you set lambda B to be O; then what we need to find
out is lambda N. And if lambda N turns out to be negative for some variable non-basic



variable x; so that clearly shows that that non-basic variable can be made basic and the
objective function can be decreased for further. So, this condition which is lambda N
greater than or equal to O plays a very important role in deciding which non-basic
variable can be made basic. Or in other words which non-basic variable can be increased
from O to some positive value by certain amount, so that the objective function value

decreases.

Now, as we have seen earlier that making a non-basic variable basic requires that one of
the existing basic variables has to be made non-basic; so that we can move to the
adjacent vertex. And how do we select of basic variable to be made non-basic and then
how do we move from one vertex to the adjacent vertex will be the part of our discussion

in the next class.

Thank you.



