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Lecture -3
Mathematical Background (contd.)

Welcome to this third lecture. So, this is the continuation of our previous lecture, where
we were talking about vector spaces. Then, we talked about various properties of vector
space, sub space, basis dimension of a vector space. Then, we moved on to mutual

orthogonality of vectors.
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Mutual Orthegonality
Definits

Vectors X, Xz, ... ... % < " are said to be murually orthogonal if
X; - X; = Oforall i # j. If. in addition. ||x;|| = | forevery . the set
{Xy. %2, ... .. X4 } is said to be orthonormal.

)
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So, vectors x 1, x 2 up to x k are said to be mutually orthogonal, if you take any distinct
vectors in that set, there dot product is 0. Now, if in addition, the norm of each vector is
1, then we say that the set of vectors is ortho normal. So, for ortho normal vectors, if you
take a, if you take any distinct vectors in the set dot product is 0, the norm of individual

each of the vectors the set is 1.
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Now, what is the advantage of this ortho-normality? So, suppose | have this vector,
which is ortho normal to this vector. Then, what | can do is that | can project given
vector x along each of those directions and those components. So, the vector x can be
represented as the component x 1 into the ortho normal vector in this direction plus the

component x 2 into the ortho normal vector in this direction.
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If x;. X3, . . . . X4 are mutually orthogonal nonzero vectors, then they
are linearly independent.
We need to show that

k
Zn,x,- =0=>mm=0 VL

=1

Proof.

Leto® +ao¥p + ... +ogig =0

Therefore, (ayXy + 0o%s + ... +ogx) X =0, on.
E".‘,nm{x; =i

This gives ayaly = O which implicsay = 0
Similarly we can show that each a; is zero.

Now, we also saw last time that this set of ortho normal vectors are linearly independent,
and we showed that for linear independents. We need to show that if the left hand side



holds, then of the left hand side of the implication holds. Then, the right hand side should
hold. So, we started with this left hand side. Then, we took one vector x 1 and took a dot
product of this with x 1. Then, we show that alpha 1 has to be 0 as x 1 has the unit norm
or x 1 has a non-zero norm because we are talking about non zero vectors. So, alpha 1 is
0, which essentially implies that all alpha i are 0 by taking the dot products with the
respect to vectors. Then, we show that these orthogonal non zero vectors are indeed

linearly independent.
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Mathematical Background

Suppose x; and X; are orthonormal.
Given any vector X. we can write X = (¥ x;)x; + (x %2 )%5.
We require orthonormality of given set of vectors.

Now, given a set of ortho normal vectors as we saw that if we have vector X, then the x
can be easily represented using x 1 and x 2. So, what we need to do is that we need to
take a dot product of x with respect to x 1 and dot product of x with respect to x 2 and
then this component into x 1 plus this component x 2 will give us the vector x. But then,
we started with the assumption that x 1 and x 2 are ortho normal. That may not always be

the case in practice.
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Quesrion: How to produce an orthonormal basis starting with a given
Xn?

So, how to produce an ortho normal basis starting with any arbitrary basis x 1 to x n for a
vector space. So, here is the basis x 1 and x 2, you can see that they are not orthogonal
and also they are not ortho normal. Now, from this, we need to generate the basisy 1 and
y 2, which are ortho normal and the norm of the individual vectors is y. So, there is a
well know procedure called gram Schmidt procedure to do this orthogonalization. We

are going to study that procedure now.
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Gram-Schmidt Procedure
e Given X;. X>. X3. a basis in R*
@ To produce an orthonormal basis ¥;. ¥2. ¥s.
o Without loss of generality. set ¥ = iy
@ Consider x> and remove its component in the ¥, direction.

n=x—(Xy)n
® 2> is orthogonal to ¥,
® Sety: =g
& Start with X3 and remove its components in the ¥, and ¥>
directions.
=3 — (X¥)¥ - (S¥2)¥:

® Z3 is orthogonal to ¥y and ¥»

7 @ Setys= i
™§ e Easy to extend this procedure to a basis in R*  /\}




So, let us take a simple example. Let us assume that we are given x 1, X 2, x 3, which is
the basis in 3 dimensional space. Our aim is to produce an ortho normal basisy 1,y 2,y
3. So, what it means is that the norm of the individual components y 1, y 2, y 3 should be
1. They are this set of vectors is mutually orthogonal to each other. Now, without loss of
generality, what we will do is that we will take the vector y 1 to be the first vector x 1
divided by norm of x 1. So, that means norm of y 1 is 1. Now, let us consider the vector
x 2. So, if you look at this figure, so we had x 1. From that, we derived a vector y 1,

which is along the same direction, but which are the unit norm.

Now, let us look at vector x 2, which is the second vector in the basis. What we do is that
we remove the component of x 2, which in the direction y 1. What will be left with if the
component z 2? So, in short the z 2 is nothing but x 2 minus the component of x 2 along
the direction y 1 removed. So, this is explained here. Now, we have got z 2. You can see
that z 2 is orthogonal to y 1. So, if you take a dot per out of z 2 with y 1, what you get is

x 2 transfers x 1, x 2 transfers y 1 minus x 2 transfers y 1 into y 1 transfers y 1.

Now, y 1 transfers y 1 is 1. This is by design. So, x 2 transfers x 1 minus x 2 transfers x 1
will make it z 2 transfers y 1 to be 0. So, it clearly shows that z 2 is orthogonal to y 1. So,
we have got a vector, which is orthogonal to y 1. Now, our next job is to make z 2 make
define a vector y 2, which which is along the same direction at z 2, but has the unit norm.
So, that is done using y 2 is equal to z 2 by norm rate 2. So, this will make it make y 2
unit norm vector. Now, we start with x 3. So, we take the third vector in the set x 3 and

remove the components along the previous 3 2 difference directionsy 1 and y 2.

So, the component of x 3 along the direction y 1 is removed from x 3. Then, the
component of x 3 along a direction y 2 is also removed. What we get is z 3. Now, one
can easily verify that z 3 is indeed orthogonal to both y 1 and y 2. So, we have got a
direction, which is ortho normal to both y 1 and y 2. Now, we have to just make sure that

the y 3 vector the unit norm vector.

So, we do do it in a similar way as we did earlier. So, y 3 isa z 3 by norm z 3. The
procedure can be extended to a general basis in R n. So, given a general basis in R n, one
can use a gram Schmidt to to get a ortho normal basis y 1 y R in R n. So, this procedure
is going to be very useful in our optimization algorithms, in some of the optimization

algorithms. So, that is why | spent some time discussing about this.
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Matrices

e A= R"™" Aisamatrix of size m x n.

o

An Ap
Ay Ax

A=

Ami Am2

@ A;; denotes (i_j)-clement of A

e A= (ay.m a,) wherea; < R™. i= 1

o The rranspose of A. denoted by AT is the i x
(i. j)eclement is Aj.

Now, we will go to the topic of matrices. So, here is the matrix, which is shown here. So,
a matrix, which of dimension m by n means that it has m n elements. We in this of
course, we will always be worried about the matrices with whose entries are real
numbers. So, that is why we have a written test R m cross n. So, it is the m by n matrix

consisting of real numbers.

Now, each A adds A denotes i j element of this matrix. So, you can think of matrix has a
collections of vectors appended to one another. So, if if if A 1 denotes the first column,
A 2 denotes the second column and A n denotes the n th column, then we can write the
matrix A has A 1 A 2 up to A n where each A i is a vector in m dimensional space in this
case. Now, the transpose of A will be denoted by A transfers and it is A n by m matrix
whose i j entry is A j i. So, when we transpose it, this row will become, this first column
will come the first row, the second column will become the second row and so on. So, a

transpose in short can be written as the individual columns are transposed and put there.
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& O . 1

,r") e Lower Triangular Matrix (L) : A square matrix_

R} L=0.i<j

Now, we can define the square matrix lambda, where you have only non zero entries
along the diagonal and 0 entries the half diagonal limits. Some of these lambdas could be
0, but not all will will be 0. So, such a matrix is called diagonal matrix, where half
diagonal elements lambda is unequal to O for all i are not is equal to j. Now, a special
case of this diagonal matrix is the identity matrix, which will be denoted by I, where all
the diagonal elements are 1 and half diagonal elements are 0. So, another definition is a
lower triangular matrix. So, it is a square matrix, where the entire upper diagonal, all the
elements above the diagonal are 0 and above all the elements above the below the main
diagonal not all of them are 0. So, such a matrix is called a lower triangular matrix. So, i
J elements of that matrix is 0 is i less than j. So, that means that all the elements above

the diagonal are 0.
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® Let A e R™
Definiti

The subspace of R™. spanned by the column vectors of A is called the
column space of A. The subspace of R”. spanned by the row vectors
of A is called the row space of A

Definiti
Colimn Rank : The dimension of the column space
Row Rank : The dimension of the row space

Definits
The column rank of a matrix A equals its row rank. and this common
&:\mhdﬁihrﬁﬂh

-

Now, let us look at some definitions. So, the subspace, let us consider matrix A, which is
of the size m by n. Now, the subspace is spanned by the column matrix of A is called the
column space of A and subspace spanned by the row vectors of A is called a row space
of A. so, the column space is the subspace of R m because that is spanned by the vectors

in R m and are row space is the subspace of R n.

Now, the dimension of the column space will be called the column rank. The dimension
of the row space is called a row rank. So, for a given matrix, what is the rank of a
matrix? So, here, we have one result, which says that the column rank of a matrix equals
its row rank. This common value is called the rank of the matrix. So, for any embed
matrix, the column rank is always is always equal to the row rank. This common value,

which is column rank equal to row rank; that value is called the rank of the matrix.
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Mathematical Background

oleaA=(", %7 %) mok(A) =2
o The rank of a matrix is 0 if and only of it is a zero matrix.

e Matrices with the smallest rank - Rank one matnices
Example:

)I.‘ I —1)=w’

@ Every matrix of rank one has the simplest form. A = uv’.

Now, if you consider matrix A, which is the 2 by 4 matrix, you will see that this matrix
has a rank 2. For example, the second column is 3 times the first column. Then, the
fourth column is A minus 2 times the third column. The first column and the third
column are independent. So, you we will see that the rank of this matrix is 2. Now, only
the 0 matrix matrix, which contains all 0 s has a rank 0. So, in our course, we will come
across some situations where we will have to add some matrix of smallest rank to the

existing, some existing matrix.

Now, the matrix with the smallest rank is non rival matrix with the smallest rank is a
rank 1 matrix. So, one such example of a rank 1 matrix is given here. So, you will see
that the first column is 3 times the second column. The third column in minus 1 times the
second column. So, there is only 1 independent vector in the space span by the columns.
Therefore, the rank of this matrix is 1. Now, this matrix can be written in this form. If
you consider this vector as u and this vector as v, so you can write this as u v transpose.

So, every rank 1 matrix can be written in the form A equal to u v transpose.
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Matrices

Definition

A square matrix A is said to be invernibie if there exists a matrix B
such that AB = BA = L There is at most one such B and is denoted
by AL

Easy 1o verify that.

{ d -b ca
=dd-hr(—l' - ) if (ad —bc) =0.

-1
/A © :
B = ( 0 I ‘\:) if 4\|. .\3 =

Now, let us assume that we have square matrix A. So, m will be equal to n. now, such a
matrix is said to be invertible if there exists a matrix B such that A B is equal to B A is
identity and there is at most 1 such B that is denoted by A inverse. For example, you can
verify that the inverse of this matrix is nothing but 1 over a d minus b ¢ into the matrix b
minus b minus c as if ad minus b ¢ is not 0. If lambda 1 and lambda 2 are not 0, then the
inverse of this matrix is 1 over lambda 1, 1 over lambda 2. So, it is easy to see that
diagonal matrix matrices, if they have non zero diagonal entries, they can be easily noted

for 2 by 2 matrices. One can use the formula like this.

(Refer Slide Time: 14:42)

Matrices
A product of invertible matrices is invertible and

{A.}_I 5 .-'A_'

@ We denote the determinant of a matrix A by det(A).

If det(A) = 0, then A is invertible.

o The matrix (‘: ") is invertible if

d
a b
~ )
Le. ad - be

\%{9 @ The matrix Q is orthogonal if @' = Q7.

BB TEL



Now, a product, if you consider product of 2 matrices when is it invertible, so this
product A B is invertible if the individual matrices are invertible. We have this result,
which says that A B is inverse is nothing but B inverse into A inverse. So, you will see
that the order of the matrices is just when we expand is inverse. So, this is the similar
result can be extended if you have multi or you have if you have product of more than 2
matrices. So, the order gets reversed. So, we will denote the determinant of A matrix by

determinant of A like this.

Now, there is the important result, which says that if the determinant of A matrices is
non zero, then it is invertible. So, this means that this matrix a b ¢ d is invertible if
determinant of a b ¢ d is not 0, which means that a d minus b ¢ is not equal to 0. So, you
will see that when we talked about this the same matrix earlier, we wrote that a d minus b
¢ should not be 0. So, if the determinant is not 0, then the matrix is invertible. Here is one
definition. The matrix Q is an orthogonal matrix if Q inverse is Q transpose. So, every

column of this vector of this matrix Q is an ortho normal vector.
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Matrix-vector muitiplication. Ax
eA=(35)adx=(!}).
® Ax=(3)

x1

Now, here is an important term said that we will keep using in our course and which the
matrix vector multiplications. So, suppose if you are given a matrix A, we will talk about
the square matrices. So, if you are given the matrix A and A vector X, what is the effect

of the multiplication of A matrix of p, multiplication of a vector by A matrix? So, here is



a simple example where you we have A matrix consisting of orally means 2 by 2 matrix

and a vector x consisting of 2 elements.

Now, this is shown in the here in the figure. The x vector is shown like this. Now, when
we pre multiple x by A, what we get is a vector 5, 2. So, you will see that the original
vector got rotated to a new vector and not only that, its magnitude also got increased. In
some cases, it may so happen that the matrix will rotate the vector and the magnitude
will get reduced. So, if you want to rotate any vector X, it is a good idea to re multiplied
by a suitable matrix A, so that the vector gets rotated. So, in our course where we talk
about different optimization methods, we will require this concept that the rotation of a

direction by a appropriate pre multiplication of a matrix. So, this is an important concept.
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Matrix-vector muitiplication. Ax
eA=(35)mdx=(3).
eAx=(})=4(}) =4

Now, there could be some cases that the pre multiplication of A vector bio matrix Aa
will result in the vector in the same direction. So, | have considered the same matrix as
we considered in the last case, but | have considered the different vector. So, this vector
is x is equal to 2 and 1. Now, if you compute A X, you will see that the x is at 4. That is
nothing but 4 times the original vector x. so, what we have seen is that instead of the
usual rotation of a vector the u vector is along the same direction as the original vector,

only thing is that it got expanded or it got stretched.

So, it may happen sometimes that you could get a vector in exactly the opposite

direction. So, minus of 2 1; that is also a possibility. So, it is not always necessary that it



will always point in the same direction. It could be a negative of that direction. But, the
point is that the original vector gets sometimes stretched or sunk. So, this will lead to an

important concept of Eigen values and Eigen vectors.
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Let A € R*". The eigenvalues and eigenvectors of A are the real or
complex scalars A and n-dimensional vectors x such that

Ax=Ax. x# 0

e Ax=)x=(A-\M)x=0

@ )\ is an eigenvalue ofA if and only if
det(A — M) =0 (characteristic equation of A)

® This equation has n roots and are called the cigenvalues of A.

So, suppose that we are given a square matrix n by n. Then, the Eigen values and Eigen
vectors of A are the real or complex scalars lambda and n dimensional vectors x such
that A x is equal to lambda x. So, we saw in the previous case that x equal to 4 x. So, in
this case, x is an Eigen vector and Eigen vector of A and 4 is the corresponding Eigen
value. So, if this whole is x equal to lambda x where x not equal to 0, then lambda is
called the Eigen value of A and the corresponding Eigen vector is X. Now, if you rewrite
this expression, we can write it as A minus lambda I into x equal to 0. So, it means that

the matrix m minus lambda | should lose its rank, which will not be a full rank matrix.

So, that means that determinant of that matrix has to be 0. So, determinant of A minus
lambda | has to be 0. So, lambda is an Eigen value of A only determinant of A minus
lambda is equal to 0. So, this is called the characteristic equation of A. The quantity on
the left side is a characteristic polynomial of the matrix A, of the matrix A. So, this
polynomials in lambda and if the matrix A is of five is n by n, then this is the polynomial
of degree n. Then, by fundamental theorem of algebra, this equation has n roots. Now,

remember that these roots, all the roots need not be real roots. Some of them could be



complex roots. So, this n roots are called Eigen values. Solving this equation, we will get

the Eigen values of A.
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Mathematical Background

Eigenvalues and Eigenvectors
elera=(}73)
e Characteristic equation:

M(J—.'\ -5 ) —

Z =3-A
=(N=-A=-2)=0

2 A=2mA=—1

e \; = 2. (A = \I)x; = O gives X; to be a multiple of (5.2)7.
o \x=—1(A—\M)x: =0 gives X2 tobea ml.l.ltlplcol'(l_!]r_
e Eigenvalues of A - 2 and — |

o The corresponding cigenvectors of A - (5.2)7 and(1. 1)7

So, here is the simple example. Let us consider a matrix 2 by 2 matrix. So, if you write
its characteristic equation, so determinant of A minus lambda I, lambda gets subtracted
from the diagonal entries. That gives, that is the 2 degree polynomial or a quadratic in
lambda. It has 2 roots, lambda equal to 2 or lambda equal to minus 1. So, these 2 are the

Eigen values of this matrix A.

Now, how do we get the corresponding Eigen vectors? So, we substitute this 2 in this
equation. So, A minus lambda 1 I into x 1 should be 0. So, if you solve this, you get x 1
to be a multiple of 5 comma 2. Similarly, by putting lambda 2 equal to minus 1 in this
equation, we get x 2 to be a multiple of 1, 1. So, this matrix A has 2 Eigen values 2 and
minus 1, which are the roots of the characteristic equation. The corresponding Eigen
vectors are 5 and 2 and 1 1. Remember that | have said here that x 1 is the multiple of 5,

2. So, any x 1 in this direction is an Eigen vector.
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Mathematical Background

Svmmetric Matrices
Definit
Let A € R™". The matrix A is said to be symmerric if AT = A.

e Let A = R*™" be symmetric. Then.
o A has n real eigenvalues Ay M. ...\ and
» a corresponding set of cigenvectors {X;.Xz. .. .. X, | can be
chosen 10 be orthonormal.

* S=(X.%.....%) isan orthogonal matrix (S§ ' =§").
N O . D

So, in this course, we will come across symmetric matrices, which have some special
properties. So, a matrix is symmetric if the transpose of the matrix is same as the original
matrix. So, remember that we are talking about you know n by n matrices. Now, one can
show that a symmetric matrix has real Eigen values. So, these are lambda 1 to lambda n.

Then, corresponding to the Eigen values, | can choose a basis, which is ortho normal.

So, if the Eigen values are distinct, then | can show that the Eigen vectors can be the
Eigen vectors have to be orthogonal to each other. Then, if the Eigen values coincide,
some side of Eigen values coincide, then corresponding to them, one can choose an
orthogonal set of basis. So, once we have orthogonal set, if basis for the space, then one

can use procedure like this procedure to get a ortho normal basis from this.

Now, if you have a matrix S, where the Eigen vectors of x 1 2 Eigen vectors of the
matrix A X 1 to x n are arranged column wise, then you can verify that S inverse is
nothing but s transpose. This is because it is a orthogonal matrix. So, S transpose S can
be written like a diagonal matrix, where the diagonal can tend the Eigen values of the

matrix A. Let us call this matrix as lambda.
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e

Quadratic Form
@ Let A = R be a symmetric matrix
@ Consider f(x) = X’ AX. a pure quadratic form

A 15 saud 1o be if
positive definize (pd) x’ Ax > 0 far every nonzero x = R”
peosirive semi-definire (psd) Y Ax > Oforeveryx = R”
negarive definite (nd) x’ Ax < 0 for every nonzero x < R”
negative semi-definite (nsd) YAx < Oforeveryxc B”
indefimite A is neither positive deiils

Now, let us look at quadratic form. Consider a symmetric matrix A. The quadratic form
A, pure quadratic form can be written as f of x is x transpose x. Now, here is a definition
IS says that A is said to be positive definite if x transpose x is greater than 0. That means
that quadratic form has to have positive value for every non zero x in R n. Similarly, we
have definitions for positive semi definite matrices negative definite and so on. Now, the
question is that how do we check whether a matrix is a positive definite because this
definition is very difficult to verify. It says that for every non zero x in R n, this should

hold. So, it is very difficult to verify.
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Mathematical Background

Quadratic Form
Let A € 7" be a symmetric matrix
Consider f(x) = X" Ax. a pure quadratic form
Eigenvalues of A 0 A N F LA,
Orthonormal Eigenvectors of A X xa. .0,

S [KLXJ.....N”}




So, in the pure quadratic form, where f x is x transpose A X, let the Eigen values of A be
lambda 1 to lambda n. Let us consider the corresponding ortho normal Eigen vectors of
A, which are x 1 to x n. Since, x 1 to x n are Eigen vectors are non zero, so note that A is
a symmetric matrix. Now, if we arrange the Eigen vectors in the matrix S in the form n
columns, then the matrix S will look something like this, where the n Eigen vectors of A

are arranged.

Now, if you consider the quadratic form x transpose A x and if you write A as A lambda
A transpose as we saw earlier, then x transpose x can be written x transpose S lambda S
transpose x. Now, let us define y to be S transpose X. Since, the x s are deign vectors,
they are non zero. So, transpose X is a non zero vector. We have x transpose x written as
y transpose lambda y. You expand it further. We get that sigma lambda y i square. So,
this matrix lambda is a diagonal matrix and on its diagonal is the Eigen values lambda 1
to lambda n of the original matrix A. So, the quadratic form is simplified to sigma
lambda y r square. If lambdas are positive, then we have x transpose x to be greater than
0 because y square is always a positive quantity since y is obtained using S transpose X.
Now, whenever we have lambda is greater than 0, x transpose x is greater than 0. Now, it

is the converse to this.
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Mathematical Background

To prove that X' Ax = 0 = Every eigen value of A is positive.
o Given, x’ Ax -lltﬁn'c\cl'_\ x#0
@ Therefore. xf AX; = O forevery eigen vector X,
o Thatis, \x!x; = () for every eigen vector X

o Thus, A; = () for every eigen vector X,

So, we show that x transpose x is greater than O implies that every Eigen value of A is

positive. Now, note that we are given external source X is greater than 0 for every x non



zero in the n dimensional space. Since, that whole for A, every x in the n dimensional
space, which is non zero can be written as that x r transpose X i is better than 0 for every

Eigen vector of x i. That can be written.

Since, x i is Eigen vector and the corresponding Eigen value is lambda A, so we can
write X r transpose x greater than 0 implies that lambda i into X i transpose X i is greater
than O for every Eigen vector X i. Since, X i transpose X i is non zero, lambda has to be
greater than O for every Eigen vector x i. So, this shows that matrix A, which is
symmetric is positive definite if and only if, all its Eigen values are strictly positive.
Now, this result can be extended to positive semi definite matrices, where we say that
symmetric matrix A is positive semi definite if and only if, all its Eigen values are non

limitable.
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Mathematical Background

Let A € R""" be symmetric. Then.

A is said o be if and only if. all the eigenvalues of A are
positive definire (pd) positive
positive semi-definire ( psd) non-negative
negarive definire (nd) negative
negative semi-defimire (nsd) non-positive

@ A is indefinite if and only if. it has both positive and negative
eigenvalues.

So, this is the same result what we have written earlier. But, it is said to be positive
definitive. x transpose X is greater than 0 can be equivalently written as A is positive
definite if and only if, all the Eigen values of A are positive. Similarly, one can write the
other result in terms of Eigen values of A. Now, A is indefinite if and only if, it has both
positive and negative Eigen values.
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Mathematical Background

Some other ways of checking pesitive definiteness
Let A € R™™" be symmetric.
e Sylvester's criterion: A is positive definite if all its leading
principal minors are positive.

a b C a b C a b «
b e Fl.lb e F).Qb e |
c f g \e . F 8 e f g

@ A is positive definite if there exists a unique lower triangular
matrix L € R"*" with positive diagonal components such: that
A = LLT &holesky Decomposition).

Now, apart from checking the Eigen values of matrix side to find out whether matrix is
positive definite or not, there are some other ways. So, again we start with a symmetric
matrix. So, there is a criterion called Sylvester’s criteria. He says that A is positive
definite if all the leading principle minus are positive. So, let us consider 3 by 3 matrix.
So, what it says is that you take the leading matrices and take the principle minor. Then,

you take the determinant of those leading matrices.

So, leading L by L matrix A, itisitis A L by L matrix. So, its determinant is A that has
to be positive. Then, you take a leading 2 by 2 matrix, which consists of a, b, b, e. So,
determinant of these should be positive and then the determinant of the third leading
matrix that also has to be positive. So, if all the determinants are positive, then according

to Sylvester’s criteria, the matrix is positive definite.

There is another important criteria, which says that if if there exist a unique lower
triangular matrix L, which is again of the size n by n such that it has all positive diagonal
components, then A is equal to L L transpose. Then, A is said to be positive definite. So,
this decomposition of the matrix A into L L transpose, this is called cholesky
decomposition. It is a very useful concept; especially while solving sustains of equations.
So, remember that this L matrix is unique lower triangular matrix with positive diagonal

components A is decomposed has L A is equal to L L transpose.
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0
2 —1 | is posinive definire
0 -1 2
(The cigenvalues are 2 — 224+ 2and2).
bl

2 -1 -l
e | -1 2 —1| ispositnve semi-definite
-1 -1 2

¥ g

2 0 ) is indefinite

0 -7

Now, here are some examples. So, this matrix is positive definite. One can also find its
Eigen values that are known to be 2 minus root 2, 2 plus root 2 and 2, which are clearly
positive. So, this matrix is positive definite. One can also look at the Sylvester’s criteria.
So, if you take 2 is positive, then, that determinant of this 2 by 2 matrix is positive and

the determinant of 3 by 3 matrixes is also positive.

Now, you look at this matrix. So, | have just changed this 0 to minus 1 here. Now, if you
look at the Eigen vales of this matrix, there are 3 Eigen values. One of them is 0. So, this
makes this matrix a positive semi definite matrix where because the other 2 Eigen matrix
are Eigen values are positive. Now, here is another example where the matrix is

indefinite. So, it has some positive Eigen values and some negative Eigen values.
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e

Solutionof Ax = b

e Let A € R, symmetric and positive definite

e Solutionof Ax=bisx" =A"'b

@ Instead. use Cholesky decomposition of A. A = LL”

® The given system of equations is LL'x = b

@ Solve the rrianguiar system. Ly = b using forward substiturion
logety.

@ Solve the rriangular L'x = y using backward substi
) o

@ Cholesky decomposition is a numerically stable

Now, so in this course we will require to solve this system of equations x is equal to b.
So, let us assume that they are consistent. The solution exists. So, there is 1 way to solve.
So, let us assume that A is symmetric positive definite matrix. Therefore, what one can
do is that one can simply take the inverse of A. Since, it is positive definite, all the Eigen
values are positive determinant is non zero. So, one can take the inverse of this matrix.
So, x star is equal to A inverse b, but this low separation is numerically non trustable

operation.

So, instead of that, what one can do is that one can use cholesky decomposition of A. So,
suppose that the cholesky decomposition of A is L L transpose. Then, the given system
of equation can be written has L L transpose x is equal to b. Now, this system of
equations can be solved in 2 steps. So, first solve the triangular system L y equal to b.
Remember that L is a lower triangular matrix. This system of equations can be easily

solved using forward substitution to get y.

Once you get y, then L can solve a transpose X is equal to y to get is in backward
substitution to get x star. This cholesky decomposition is a numerically stable operation
and that is always preferred. So, whenever we want to find out something like A inverse
b, so one can treat it has the system of equation x is equal to b and then assuming if the
matrix is symmetric positive definite. Then, one can do the cholesky decomposition of

that and then solve it.
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o= fag o) e

® Cholesky decomposition of A = LL” gives

1.4142 0 0
L= | -=0.707 1.2247 0

0 -08165 1.1547

0
e Solutionof Ly = bgivesy = | 3.2660
— 11547
o Solution of L'x = ¥ resuits in

So, here is the simple example, which is worked out. So, | have symmetric matrix, which
is positive definite and b is given vector. So, x equal to b is the system that we want to
solve. So, we do the cholesky decomposition of the corresponding L matrix is like this.
Now, you will see that all the entries are in the diagonal are positive. Now, we solve L y.
The system L y is equal to b. Since, L is lower triangular, it is very easy to solve this
system of equations. After having obtained L y, one can solve L transpose X is equal to y,
which gives us x star is 1, 2, minus 1. So, you can check that this is indeed the solution
of the given A x is equal to b.
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Now, here are some references for linear algebra. So, there is a good book by Strang and
also there is a book on matrix competition by Golub and Van Loan. So, you will see
some details about cholesky decomposition and other decompositions, other types of
decomposition of symmetric positive definite matrix in this book. So, we will now look

at some other background, which will be needed for this course.
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We will see this now.
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Leta. b € B The closed intervai [a. b} denotes the set.
freR:a<x< b} Theset {x< R:a < x < b} rcpresents the
open intervai (a.b).
Examples:

@ [3.2]: aclosed interval

e (1. x): an open interval




So, this is mainly from the calculus and analysis view point. So, suppose a and b are real
numbers. Then, the close interval a, b, which is been denoted in the square bracket, a
comma b is a set real numbers as that a is less than r equal to x less than r equal to b. The
set a less than x less than b is will be called and open interval. So, here is an example of a
close interval minus 3 comma 2. So, it can solve real numbers within the range minus 3
to 2 and inclusive of minus 3 and 2. Here is an example of an open interval, which

contains all the elements in the range 1 to infinity and 1 and infinity not included.
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Letxp € B”. A norm bail of radius r > 0 and centre X, is given by
{x€R": |lx— xo|| <} and will be denoted by Bfxq. r].

Note: We will use B(Xg. r) to denote {x = R” - ||x — x| < r}.
e Blo.r]

Now, we define a norm ball. So, a norm ball of radius r greater than O and center x
naught, where x naught is the point in R n is a set of points, which are at the distance at
most r from naught. So, this norm defines the distance. So, we collect all those points,
which are at a distance at most x r from x naught. We will denote it by a closed ball
because we are taking the points on the boundary also, which we will denote it by B
open square bracket x naught comma r, close the bracket. Similarly, we define an open
ball, where we can consider all the points whose distance from x naught is less than r.
So, | have shown here a ball of centered around origin. So, it contains all the points on
the boundary as well as in the interior. So, this is an example of a closed ball and the

norm defines the distance.



(Refer Slide Time: 38:18)

Letx € § C R™. xis called an interior point of 5 if there exists r > 0
such that Bfx. r] C 5. The set of all such points interior to § is called
the interior of § and is denoted by int(S).

A set S C R" is said to be
an open set if § = int(S).

Exampies:
o B(0.r)

e (1.2)U(3.4)isan
open subset of R

Now, let us define what is called interior point. So, let x be any point of the set S. So, it
is called the interior point of S, if there exists some r greater than 0 such that the close
ball of radius r around x is contained in X. So, if there exists 1 r such that this close ball
lies in the set S, then x is called a interior point. Now, the set of all such points, which

are interior to S is called the interior of S.

Now, if you look at this, so this is a open ball centered at O and radius r. now, the
boundary is shown here by a dotted line. Now, the interior point r are the points which
are in which are inside this boundary. So, interior point of this side is shown by a shaded
region here or colored region here. Now, the set is said to be open set if this set is same
as the interior of the set. So, this open ball is a open set. Another example of a open set is

say union of the intervals 1, 2 and 3, 4. So, this is an open set.
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A set § < R” is said 10 be closed if its complement in B”.
R"S={xcR":x &5} isopen

Example: [1.2] U [3. 4] is a closed subset of R
Definiti

Let § C R”. x € R" belongs to the closure of S.ci(S) if for each
€ > 0,501 Bfx. ] # 0. The set S is said to be closed if S = ci(S).

Exampie: Let S = (1. 2] U [3.4). Thencl(S) = [1.2] U [3.4] and
nt(S) = (1.2) U (3.4).
Remarks:

@ [f 5 is open. then int(S) = S.

(/9 e [f §is closed. then cl(S) = 5.

So, one can also define close set. So, a set S in R n is said to be closed if its complement
in R n is open. So, the complement of R n is all those elements in R n, which are not in
complements of S in R n is all those elements in R n, which are not in S. So, this union
of these closed intervals is also close set. A close interval is a close sub set of R. Now,

we define the closure of a set.

So, the closure of a set is defined in such a way that if x is a point in if x is a pointin R n
and is the sub set of R n, then x belongs to the closure of S. We will denote it has c | of S
if for each epsilon is greater than 0, the intersection of S with the close ball of radius
epsilon around x is not not empty. The set is closed if and only if S is equal to closure of

X.

So, if you take this example, then the closure of set is union of the 2 closed intervals and
the interior of this set S is the union of the 2 open intervals. Now, the set is open if its
interior of that set is equal to S and it is closed if closure of S is S. Remember that we are
working with a set of real number, sub sets of real numbers. So, most of the results are

easy to follow.
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Definiti
The boundary of a set § is defined as bd(S) = cl(S)\ ine(S).

Definiti
A set § C R” is said to be bounded if there exists R (0 < R < o) and
x e B suchthat § C B(x.R).

Examples:
e (1.2] U 3. 100): a bounded set
@ [0. xc): not a bounded set
Definiti
A set § in R” is said to be compact if it is closed and bound

7~ JExample:
T8 e [0.100] U [1000. 10060]

Now, the boundary of the set is defined as the closure of S minus interior of S. so, if we
take this example S, so the closure of S is like this and the interior is this. So, closure of
S minus interior of S minus interior of S will consist of 4 points 1, 2, 3 and 4. So, the
others will others will be others will form the boundary. Now, a set is said to be bounded

of it can be put in a ball of finite non zero radius.

So, here is the example of a bounded set. So, this set can be put in a ball of finite radius.
On the other hand, this this interval is not a bounded set. It cannot be put in a ball of
finite radius. Then, in R n, we need one more important concept, which is called a
compact set. So, a set Sin R n, S is said to be compact if it is closed and bounded. So,
here is an example of a compact set, where we have a closed set. Also, it can be put in a

ball of finite radius.
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Sequences

eSCR"

e {X'} : A sequence of points belonging to §
Definiti

A sequence {x'} converges to x", if for any given ¢ > (), there is a
positive integer K such thar

I = <e. YE>K.

We write this as x* — x* or limg_. ¥ = x".

Definiti

A sequence {x*} is called a Cauchy sequence if., for any given e > 0,
@heinmmxmmu;‘ — x| < e forallk.m > K.

We move on to the definition of sequences. So, let be S be a sub set of R n and x can be a
sequence of points belonging to the set S. So, the sequence x k converts to x star, if for
any given epsilon is greater than 0, there exist of positive number K, which could be
which could be large such that the distance between x k and x star is less than or equal to

epsilon for all the elements of the sequence index whose index is greater than k.

So, the sequence, we will see that the points in the sequence the points in the sequence
are ridicules to x star there at the distance of the most epsilon. So, we write this as x k
tends to x star or limit has k tends to infinity x k equal to x star. Now, a sequence is
called a Cauchy sequence if, for any given epsilon, there is a positive integer so that if
you take any 2 points of that sequence beyond K, then the distance between them is at

the most epsilon.
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Sequences
Exampiles:

® The sequence {x*} where ¥ = (1 +27*_1/k)’ converges o

(1.0).
@ The sequence {+*} where t* = (—1)* does not converge.

So, we have a sequence, which is given here. So, you will see that this sequence
converges to 1 comma 0. On the other hand, if you take a sequence, which condense
points minus 1, 1, minus 1, 1, so this does not convert to a point.
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Continuous Functions
Definit
Let S CR". A function f - § — R is said to be comrinuous at X < §if
for any giveme > 0 there exists a4 > () such that x < § and
|lx— | < & implies that [f(x) — f(T)| < e
Note:
o The function f is said to be continuous on A C R* if it is
continuous at cach point of A.

e When we say that f is continuous. we mean that f is confinuous
on its domain.

Now, we will look at the definitions of continuous functions. So, let S be a sub set R n
and function define from S to R. Now, such a function is continuous at x bar. If given
any epsilon greater than 0, there exists some data such that if x belongs to S. Then, the



distance of x from x bar is less than delta implies that the function value has the

difference in the function value at those 2 points is at the most epsilon.

So, for any epsilon, there exists some delta shows that the distance between x and x bar
is less than delta. It implies the difference between the function value is at the most
epsilon. Now, we say that the function f is continuous on A, if it is continuous at each
point of A. When we say that f is continuous, we mean that it is continuous on its entire

domain. So, let C denote, script C denote the class of all functions.
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Now, here is an example of a continuous function. So, you will see that you take any
epsilon greater than 0. Given any epsilon greater than 0, there exists some delta, which is
greater than 0 such that if you take any 2 points in the domain x and x bar, then the
distance between them is at the most delta. That implies the distance between the f s will
be at the most epsilon. So, if you take any point x bar, then the distance between x and
any x and x bar, if it is less than delta; that implies that the function value the differences

at the most epsilon.
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Now, here is the definition. Here is an example of not continuous function. So, you will
see that a function, which is not continuous, has these breaks. You can verify that the

definition of continuity does not hold here.
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Gradient

R

A continuous function. f : R* — R_is said to be continuously
differentiable at x € R”. if £ (x) exists and is continuous.

i=h....x

e (' : Class of functions whose first partial derivatives are
confinuous
e Assumption: < '

Definition:
We define the gradienr of  at x to be the vector

o i

® A

Now, we look at another important concept, which is a key concept. It will be used quite
often in our course. That is called the gradient. So, suppose that we have a continuous
function from R n to R. That is said to be continuously differentiable at x if the partial of

f at with respect to the individual x size at x exists and it is continuous. So, let us denote



the class of function whose first partial derivative to our continuous price script C 1 and
it is assumed that f belongs to C 1. Then, we define the gradient of f at x to be the vector.
So, we will denote the gradient by g x, which is same has gradient of f of X. so, you take
the partial derivative of f with respect to x 1 with x respect to x 2 and so on. That is a

gradient is the column vector.
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Now, here is the interpretation of gradient. So, we have this function passing through x
dash. So, the equation of this function is f x equal to f of x dash. So, this is our contour of
this function f of x. Now, at x dash, we will draw a tangent line. So, this is the tangent
line at x dash. So, a tangent line also can be thought of has the approximation of the
function f linear, a fine approximation of a function f at x dash. Now, we take a

perpendicular to this tangent.

Now, on side of this tangent, f of x is greater than f of x dash. On the other side f of x is
less than f of x dash. So, you will see that there is a gradient always points towards the
direction, where the function value increases and the negative of the gradient points in
the direction, where function value decreases. So, this concept will be useful when we

talk about the minimum of a function.
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Now, here is a function where which is continuous. But, it is not differentiable at x
naught, while you see that this function is continuous at every other point except at x

naught.
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Here is the example of a function, which is continuous as well as differentiable.
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Let S € R* be anopen setand f : § — R. £ continuously
differentiable in S. Then. for any x € § and any nonzero d € R”. the
directional derivative of f at X in the direction of d. defined by

f(x+ ed) — f(x)

249 =

exists and equals VF(x)"d
Define o : R — Ras oft) = f(x + rd).

o @) = Vf(x+d)'d
__ Substituting a = () gives

a')f_,Jr
wm-wm:

We will also need the concept of directional derivatives. So, let S be a subset of R n. We
have an open set and f will be a function from S to R. That is continuously differentiable.
Then, for any x and any non zero d, the directional derivative of f in a direction d is
defined as partial of f with respect to d validated at x. So, this is nothing but limit has
epsilon tends to 0, f of x plus epsilon d minus f of x by epsilon. So, you make a small
movement epsilon along the direction d from x. In the limit has epsilon tends to 0, how

does this behave?

So, this is called the directional derivative of f at x along the direction d. This equals
gradient of x transpose d or g, g of x transfers d. It is easy to see that suppose that if you
define a new function phi from R to R, which is parameterized using d phi t is nothing
but f of x plus t d, then delta f by delta d at alpha equal to 0 will give us gradient of f of x
transpose d. That is the directional derivative of f at x along the direction d.
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Hessian

Definition

A continuously differentiable function f - R” — R is said to be nwice
continuously differentiable at x & R”.if ;Z1_(x) exists and is
Continuous.

@ (' : Class of twice continuously differentiable functions

Definition
Letf € 2. We define the Hessian of f at x to be the matrix

e i& -
H(x) = Vf(x) = s

R

We now move to the second order derivatives. So, the function which is continuously
differentiable is said to be twice continuously differentiable, if the secondary derivative
exist with respect to every pair x i and x a. So, let C 2 denote the class of twice
continuously differentiable functions. Let f be f belongs to C 2, and then we define the
hessian of f at x to be the matrix containing all this secondary vectors. So, you will see
that this is again n by n matrix.
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Let § C R” be anopen setand f : § — R. f twice continuously
differentiable in S. Then. for any x € § and any nonzero d € R”, the
second directional derivative of f at X in the direction of d equals
&V (x)d

.:. o>




You will also see that this is the symmetric matrix. So, this is the important thing. So,
that is why, we studied some of the properties of the hessian symmetric matrices when
we reviewed a linear algebra background. Now, similar to the first directional derivative,
one can have a second directional derivative and that derivative that derivative transpose

to be d transpose brad square f x into d.
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Mathematical Background |

Example
@ Consider the Rosenbrock function.

flx).x2) = 10000 — 57)* + (1 = x1)°
The gradient of f at x = (x;..x:) is

g(x) = Vf(x) = (—-l“l_ﬁ(;’:ﬁit-:i)_—r;:]“ - .1.]))

The Hessian of f atx = (x;. x2)7 is

120027 — 40003 + 2 —.un:.)

o el ( —400x, 200

o

Now, here are some examples. So, we say we have seen the Rosenbrock function in the
first lecture. That function is like this. So, its gradient at any point x 1, X 2 turns out to be
this. The hessian turns out to be this matrix. Now, you will see that the hessian is a

symmetric matrix. So, that is very important.
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Exampie
e Consider the function.

f(.t|_11) = .'l'|¢" _‘i_'éb

The gradient of f at x = (x;.x2)" is
)

—l([.t:t'( = ‘:)

&%) = VF(x) = (

The Hessian of f at x = (x;..x2)7 is

(4x] — G el 21 - 203)el=ri-D)
=20p(1 = 25)el =173 (depg — 2xy Jel =)

H(x) = Vi(x) = (

Let us look at another function, which is f of x 1 x 2 is x 1 into x e to the power minus x
1 square minus x 2 square. So, here are the gradients and the hessian a gradient vector

and the hessian of this function evaluated at any arbitrary x 1, x 2.
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Taylor Series

C™: Class of all functions for which the denvative of any order is
confinuous.

Leaf:R—R. feC™.

Let x” be the point about which we write the Taylor series.

) = F) + F () — ) + () - OF + ..

Suppose we use only f*(x”). Then f(x) at x” can be approximated by
fle) = f(") + £/ (") x = x°).

Similarly. using f*(x") and £ ("), then the quadratic approximation
of far?is

@ 78 = £0°) + £/ 60 — o) + 3" () —

So, we will now need a concept of Taylor series. So, suppose that we consider a class of
functions, which are whose derivative of any order is continuous. So, let f be a function
from R to R. It belongs to C infinity. Then, we can write the Taylor series of f around x

naught in this form. So, it is an infinite series. Now, suppose that we decide to use only f



dash x naught. Then, the function value, the function f of x at x naught can be a fine
function using only the first 2 terms. So, we do not use the remaining terms. Similarly,
the quadratic approximation of f has x naught can be written like this by ignoring the

remaining terms.
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Truncated Tavlor Series ( First Order)

Laf:R*" —RfecC'.XcR"
Then. forevery x € R”.

f(x) = f(x") + Vf(%) - (x —x")

where £ is some point that lies on the line segment joining X and x": £
depends on x. x” and f.

Truncated Taylor Series (Second Order)

Letf:R* —RfFcCLx®cR"

Then. forevery x € R”,

£00) = () + TF") - (x— ) + 2 (x — Y F(®)(x - )

7~ where X is wm:]point that lies on the line segment joining x and x: £
i onx. x’ and f.

AT I

Now, we will see what the truncated Taylor series are. So, truncated Taylor series
restricted basically to the functions were the f belongs to C 1 and it belongs to C 2. So,
this is the truncated Taylor series of first order. So, f of x around x naught can be written
has f of x equal to f of x naught plus gradient of f of x bar into x minus x naught, where x
bar is the point on the line segments joining x and X naught. It depends on f x and x
naught. It depends on f x and x naught. Now, these ideas can be extended to the second
order truncated Taylor series. So, we will need this truncated Taylor series when we
approximate functions f at different points.
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Mathematical Background

Proofs of Theorems
eaA=>8

o [fA 15 wue. then B 15 true.
o Direcr Proof - Assume A and denve B.
o Proof bv comradicrion : Assume “not B” and dernive “not A*

eA—8B

o Al and only if B
o Bis a necessary and sufficient condition for A.
o We musi prove A = Band B = A

Now, we will look at some important things about the proofs of theorem. So, in this
course, we will come across situations where we have to show that given that A is true, B
is true. For example, if p is an even number, then p square will be an even number. So,
this is the 1 way implication. Now, that can be proved by assuming that A is true and
then one proves that B is also true. So, there is other way, which is called the proof by
contradiction, where we assume that B is not true and then show that A is not true. So,

we will use either of these ways to prove this implication.

Now, when it comes to 2 way implication, where A implies B and B implies A, so which
means that A is true if and only if B is true. So, one can think of it has B is a necessary
and sufficient condition for a. Now, the important point to be noted here is that we must
prove that A implies B and B implies A. A common example of this is that if p is the
prime number, then 1 and p are the, if p is the prime number then 1 and p are the only
factors of p. It is the other way also that if 1 and p are the only factors of p, then p is a
prime number. So, we can write it as p is the prime number, p is the prime number if and
only if 1 and p are the only factors of p. So, this is the 2 way implication. So, while
proving it, we have to make sure that we prove both A implies B, and B implies A.
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Mathematical Background

Proef by Mathematical Induction

| denote the set of namral
numbers and let M C N. If the followng properties hold:
@ lisinM. and

=} |fn:5|n_.:tl.ﬂrrln~ lisin M.
them. M = N.
Exampie: Define S, =1 + 2+ ...

N A—=123

Claim: S, =
Let M denote the set of natural numbers for which the above claim is
rue.
Ern=1.5 =1="2 Hence | isinM.
Nuw.mumthntn:;m.bla.mlcmshhsh.,
Sori =Su+(m+1) =20 (n4 1) =[otiiies)

. So.m+lisinM. ’ :

{\f}mm the induction principle. M = N and hence the claim is proved.

So, here is another interesting concept that will be used sometime in this course. That is
called the proof by mathematical induction. So, this proof is based on induction
principle. So, let N be a set of natural numbers and M be a sub set of N. Now, if suppose
the following properties hold that 1 is in M that means the number 1 is in M, the set M;
and if nis in M, then n plus 1 is also in M. Then, the two sets are equal; M equal to N.

So, we can conclude that by induction principle, this holds M equal to N.

Now, here is an example. So, let us define a sequence S, define some S n to be some of
first n positive integers, so n going from 1 to 3 onwards. Now, you must, must have seen
this result earlier that the sum of the n positive integers, the first n positive integers is n
into n plus 1 by 2, where n goes from 1 to 3. Now, we want to prove this by principle of
mathematical induction. So, let M denote the set of natural numbers for which this claim

is true.

Now, if n equal to 1, then S 1 equal to 1 and that is nothing but 1 into 2 by 2. Therefore,
it belongs to M. So, the first property is satisfied. Now, assume that n is in M and
consider the sum n plus 1. So, S n plus 1 is nothing but you take S n and add n plus 1 to
it. That can be written as n plus 1 into n plus 2 by 2. So, this satisfies this property that if
nisin M, n plus 1 is also in M. Therefore, from the induction principle, M equal to n.
Hence, the claim is proved. So, this is the way to prove the claims using mathematical

induction. So, we will need this somewhere during this course.
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e Thomas G. B. and Finney R. L.. Calculus and Analytic
Geometry, Addison Wesley, 1995.

e Royden H. L. Real Analysis. Prentice Hall. 1988,

Now, there are some references for this. So, there is a book by Thomas and Finney on
calculus. There is a book by Royden real analysis. So, one can look at this to get some
more details about calculus in a real analysis. So, in the next class onwards, we will start
looking at one dimensional optimization problem and then convex sets on its functions
and so on. So, this mathematical background should be enough for this course. You can

always look at the references for more details.

Thank you.



