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Welcome to the last lecture on important cuts. So, in the first two lectures or first three lectures
you saw about important cuts, and in this we will use this to give another algorithm for one of the
most important problems in parallel complexity which was whose parametrize complexity was
an open problem for a long time and that was directed feedback Edge Set. So, that will be a goal
to design for this.
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Definition: 4(R) is the set of edges with exactly one endpoint in R
Definition: A set S of edges is a minimal (X, Y )-cut if there is no
XY pathin G\ S and no proper subset of S breaks every X - Y
path

Observation: Every minimal (X, Y)-cut S can be expressed as S
O(R) for some X C Rand RN Y

(FZ~%)
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But before that let us just revise the some of the topics that we covered in the previous lectures,
was that what we did first was if we define this notion of delta R, which will basically set of ages
with exactly one endpoint in R, then we talked about minimal X, Y cut which was nothing but it
is a set of edges, such that there is no path from vertex in X to a vertex in Y and no proper subset
of S does this job.

Meaning if you only delete a proper subset of (()) (01:34), then there will be a vertex X and
vertex in Y such that will be path. And an important observation was that for a minimal edge cut
I can find a set R such that S is nothing but delta R. And what extra property is that X is
contained inside R and R intersection y is empty. And so, for example, look at this for ages these
are like areas emanating out of out of R.
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Definition NPTEL

A minimal (X, Y)-cut o(R) is important if there is no (X, Y)-cut
3(R)) with R ¢ R and [3(R)| < [(R)

Note: Can be checked in polynomial time if a cut is important
(0(R) is important if K = Ry,)

11. !1

Then we define this notion of important cut. And what was an important cut? A cut was
important if there was no other cut which dominated it and what do we mean by this a cut is
called a minimal X, Y cut is important if I cannot find another X, Y cut, with a property that it
covers more vertices that are like and number of edges that are leaving R prime is less than or

equal to the number of edges that leaving R.

For example, look at this cut or is it an important cut and we also saw it showed that we can
actually test whether a particular cut is important or not in polynomial. So, the question was is
this cut important cut.

(Refer Slide Time: 02:50)

Definition

A minimal (X, Y)-cut 4(R) is important if there is no (X, Y)-cut
3(R') with R ¢ R and |a(R")| < [§(R)

Note: Can be checked in polynomial time if a cut is important
(0(R) is important if R = Ryyy)
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And answer was not because you can find an R prime which has as many as leaving as R. So, for
example, there were four edges we have a four blue edges, but it significantly it contains R and
also contains some other set of vertices. So, this particular art was not an important cut.
(Refer Slide Time: 03:10)
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A minimal (X, Y)-cut 4(R) is important if there is no (X, Y)-cut
§(R') with R ¢ R and [d(R")| < 1§(R)

Note: Can be checked in polynomial time if a cut is important
(A(R) is important if K = Ry.y)

But you look at this R and look at these three red coloured edges, you can show that you cannot
find any R prime which contains are properly and has at most three edges leaving. So, any other
vertex you will put inside it will have more number of edges going out which implies that this
particular R is an important cut.
(Refer Slide Time: 03:34)
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There are at most 4" important (X. Y )-cuts of size at most k




And then we had this important theorem who showed that there are at most 4 to the power k
important X, Y cuts at size at most k. And this is very useful because we could use this important
cut to design an algorithm for a problem called a multiway cut.

(Refer Slide Time: 03:48)

Definition: A multiway cut of a set of terminals T is a set S of
edges such that each component of G \ S contains at most one
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Find:
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So, what are the multi way cut? So, multi way cut of a set of terminals T is a set of edges such
that each component of G - S contains at most one vertex of T or alternatively we can say that for
any pair of vertex in T there is no path after we deleted the edge set S. And it is as | told you that
like for if you just give in to what he, say s and t, then this is polynomial because it is nothing but

amins, t cut problem.

But the problem was already NP complete for a fixed number of terminals T greater than equal
to 3 and that is why we sold told that we do not expect to have an algorithm of this nature. In
fact, we do not expect to have an algorithm for this nature, unless P = NP.

(Refer Slide Time: 04:44)
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Definition: A multiway cut of a set of terminals 7 is a set S of NPT
edges such that each component of G\ S contains at most one

vertex of T.

Murrway Cur
Graph G, set T of vertices, inte-

Input:
;i ger k [ 7 —ﬂ@
.. A multiway cut 5 of at most k Ly L

Find: elges

Trivial to solve in polynomial time for fixed k (in time n“*)

Theorem f Y

V1

MULTIWAY CUT can be solved in time 4%+ n%), e, it is
fixed-parameter tractable (FPT) parameterized by the size k of the
solution, ‘ I

But if you recall correctly, we showed that it is trivial to solve the problem in polynomial time
for fixed k, k you just try all possible cases subset and check whether it is a multiway cut or not.
But we design an algorithm using important cut, with running time 4 to the power k into the
power one. In fact, we did not design this algorithm, we actually we talked about this algorithm,

but the running time which we properly analysed was 16 power k and to the power of big O of 1.

But that algorithm can be made to run in 4 to power k polynomially. So, this was a slight, so this
is like covering of whatever we did previously.
(Refer Slide Time: 05:25)
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Let t= T, The Murriway Cur problem has a solution S that
v contains an important (¢, T\ t)-cut
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done,
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We can give a 4" bound on the size of the search tree,



And now let us see what we do and here is your algorithm, so, recall the heart of an algorithm
was the following pushing lemma. What are the pushing lemma? It says that look at any solution
it definitely disconnects T from all of the terminals by some set of minimal cuts which is
contained inside my solution. But what we showed that well, it is not any minimal cut we can

find a solution where this minimal cut can be replaced by one of the important t, T - t cuts.

The moment we had we got this very interesting algorithm that basically said if every vertex T is
in different component, then you are done else you pick up a vertex which is not separated from
a vertices t, T - t, you enumerate one of the important cut of size at most k delete these records
with a new parameter k minus cardinality state. And first, it is very trivial to design a 4 power k

algorithm for this problem, 4 power k squared.

Because in each branch because the budget is decreasing by 1 the depth of the trees at most k and
since each branching factor is 4 to the power Kk, the total running time is 4 to 4 k squared. But
then we use us refine analysis to give 16th power k algorithm, but that algorithm can also be
analysed even more carefully and we can get a 4 to the power k algorithm for the problem. So,
that was the state of affairs till the first three lectures.
(Refer Slide Time: 07:02)
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Input;  Graph G, pairs (s ty), ..., (5. t;), integer k
Find: A set S of edges such that G\ S has no s;-t; path
" for any
Theorem
\MULTICUT can be solved in time f(k. /) - ) (FPT

parameterized by combined parameters k and /)
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And let us see what up so, the first problem that we are trying to talk about today is what is
called multi cut problem. So, what is a multi cut problem? So, unlike multiway cut problem, you



are not given a set of terminals, but you are given a set of request pairs, which are called s 1, t 1,
s |, t I and you are supposed to delete at most k edges with a property that after you delete this

there are no paths between s i and t i for anytime.

And why did they use the word that multi cut generalizes multi way cut? Because given a graph
G and a set of terminal t we can create a request pairs by for every ti, tjin T, i not equal to G
you will create a request were t i and t j. And what does that imply? That now you have reduced
multi way cut to multi cut you could have each request physical with other giving a set of
terminal. And now what | am going to show to you is an interesting algorithm.

(Refer Slide Time: 08:00)
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So, let us see how we can solve out multi cut. So, basically imagine that you have this set S and
we have s 1, t 1, s |, t | here, once you delete this maybe there is a connected component which
containss 1,t3,s2,s4,t5,t7 so on and so forth. So, after | delete this the set of terminal pairs
s1,t1,s2, tlgetsdistributed, but once this get distributed and this is your green colour or your

edges what is the property of this.

So, if a think of this set of s 1, t 3, t 2 as a subset of vertices, then my edges of S actually acts like
a multi way cut.
(Refer Slide Time: 08:44)
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So, this S is basically a multi way cut of this set of you know, this set of terminals here each of
this. So, that immediately induces a partition of the T star, which we T start consistsof s 1,t 1, s
2,t2sl,tl. So, what do I do? So, after I did the edge of s, the terminals in T star gets partitioned
into different connected components.

(Refer Slide Time: 09:17)

h: S |
{

o

e Athke

S T

wal § o

So, my algorithm is going to be you guess a partition and P start suppose theyare T1, T 2, T q, it
is a partition of T star. Now, you first check is this a valid partition meaning if | delete the
solution set S, can we get this partition. What is the meaning of it? S i, T i should not occur in the
same part meaning they should not be the same part because what we are trying to do is to

disconnect every vertex in T i from every vertex in T j.



But we are not caring about disconnecting vertices in the same pair. That is the model of
describing this T i. Now we are going to identify T i into one vertex and which is very simple.
You delete vertices of T i add a super node say T i and make him adjacent to every vertex any
vertex in T i was adjacent.
(Refer Slide Time: 10:11)

So, now for these super terminals what you are going to be done you run your multiway cut
algorithm, but then what your running time of this algorithm because you know that at least one
of the guesses is correct and for that, if you run this multi way cut algorithm then it should
partition them into different parts of with utmost k. So, the running time of algorithm is guessing

the partition which is | to the power | and then running this code to the power k algorithm.

Which means that we can solve the multi cut in f k | into n power big O of one time algorithm.
So, how did we solve multi cut? We solve multi cut by reducing it to a multi way cut
parametrized by k + 1 k + | and this is how you show this theorem that multi cut which is a
extreme generalization of multi way cut is FPT parameterised by number of request pairs as well
as the solutions. So, what are the natural question to study them?

(Refer Slide Time: 11:13)
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Theorem

MurricuT can be solved in time f(k. ) - n”Y) (FPT
parameterized by combined parameters k and ()

Proof: The solution partitions {, t1..... 5. t/} into components
Guess this partition, contract the vertices in a class, and solve
MuErway Cuy

Much more involved:

Theorem
Muprievr is FPT parameterized by the size k of the solution,
MuLTicuT R

So, the natural question to study this is just one line proof for whatever we have been talking
about. So, the one line solution is that whatever parameterised by just k, well multi cut is FPT
parametrized by the size k solution, but unfortunately that requires much more tools and
techniques than just important cuts and hence, we will not be covering this in this course. But |
must insist or I must mention that it also uses the idea of important cut very crucially. But it also
uses much more advanced tools than just important cuts.

(Refer Slide Time: 11:53)
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Directed graphs
However, we will take a slight turn, and what we are going to do is we are going to generalize
the notion of important cuts directed graph. So, it is a very natural that a natural direction. So,

because we are talking about directed graphs, we have all kinds of edges that will leave some set



or edges which will, must be getting inside this size. Given on this you know that you have a

notion of, out neighbours in neighbours.

And so, you can define delta out neighbours of set R delta in neighbour of set R but we will
develop our theory without neighbours only. So, what is the delta R is a set of edges leaving R
and as for undirected graph, we can show that every inclusion minimal directed X, Y cut S and
by directed X, Y cut S you mean meaning you want to delete path from X a vertex X in X to a
vertex of a vertex in Y. But you are not caring about deleting a path from a vertex in white to a

vertex in X.

Then, you can actually; if you are if you want to cut then you can come up with a notion of S can
be represented as Rs which are leaving a set R. So, for example, the set R is valid out, and then
you naturally and of course, X is contained inside R and R intersection Y is empty set. Of course,
there is a natural notion of extension of important cut. What is an important X, Y cut? An

important X, Y cut will be a cut which is not dominated by other X, Y cut.

What is the meaning of this? | should not be able to find another delta R prime, R prime with a
property that the number of out arcs from R prime is less than or equal to R and R prime properly
contains the set R this we should be fine. So, you ask yourself is this R that you have drawn is an
important cut.

(Refer Slide Time: 14:01)



Definition: o(R) is the set of edges leaving R

Observation: Every inclusionwise-minimal directed (X, Y)-cut S
can be expressed as S o R) forsome X CRand RNY =)
Definition: A minimal (X, Y )-cut M(R) is important if there is no
(X, Y)-cut (R') with R c R' and |3(R")| < [3(R)
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Well, no, because you can come up with an R prime that that properly contains a set R and has at
most as many edges leaving R prime as it was R, as in R we had 1 2 3 4 red edges but in R prime
we have three blue edges. So, R is not an important cut but what about R prime? R Prime
important cut. The moment you try to extend R prime by taking any other vertex number of
edges leaving that set will be more than three and hence that is not an important.

(Refer Slide Time: 14:36)
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Observation: Every inclusionwise-minimal directed (X, Y)-cut §

can be expressed as S o R) forsome X C Rand RNY =)

Definition: A minimal (X, Y )-cut 6(R) is important if there is no

(X, Y)-cut 5(R') with R < R' and |3(R")| < |3(R)

The proof for the undirected case goes through for the directed case

Theorem

There are at most 4* important directed (X, Y)-cuts of size at
most k

So, the proof for the undirected case also goes through for directed case and you can show that
there are at most 4 to the power k important directed X, Y cuts of size at most k. And how do

you go about doing this? Exactly like an undirected R if you show that delta hat is a submodular



function, min cut is again equal to max follow for directed graphs. You define R max executes

respect to min cut lambda like extension.

Then you show that R max is contained inside every important cut in directed graph. So, it is a
very, very good exercise that you go back look at each of the undirected lemma we proved and
extend it to the notion of directed important cuts or directed min cuts the way we have defined.
(Refer Slide Time: 15:26)

2
Directed graphs % A g (()

The moment you have this R max the different the algorithm becomes very same; you start with
R max look at the edges which are leaving it say u, v. So, either the u, v is part of the important
cuts you are thinking then you delete u, v you decrease k by k - 1 and recursively find all the
important cuts of size at most k - in G — u, v or you know that u, v is not then you extend X by
including v in and you look for all important cuts of X union v andy.

But because R max is there if you look at any set which contains R max the min cut from there to
why is larger than lambda.
(Refer Slide Time: 16:05)



So, in this case though k remains the same lambda increases by 1. And so, if you look at the
same major mu 2 k - lambda 2 k - lambda will drop in both case. And hence, you can show that
the number of important directed cuts are upper bounded by 4 to the power. So, as again, it is a
very important exercise to go back to every lemma of undirected graph apply with this new
notion of directed cuts and check that it works.

(Refer Slide Time: 16:38)

The undirected approach does not work: the pushing lemma is not

true

Pushing Lemma (for undicected graphs)

Let t € T. The Murrmway Cur problem has a solution S that

contnns an important (1 T\ t)cut

Directed counterexample 1F: LTI

Unique solution with & edges, but it i not an important cut
(boundary of 15, ], but the boundary of {5, 2. b} has same 4ze)
DIRECTED M wAY Cut 10
So, suppose | wanted to solve not undirected multi way cut, but directed multi way cut. So, what
is the director multi way cut? So, in the directed multi way cut, you are again given a directed

graph G, a set T and k and you want to delete k vertices So, that between any pair of vertices in T



there are no directed path. But notice that when it was an undirected graph T, if you have to what

saiduandvinT.

Then deleting a path from u to v is same as v 2, but in directed graph it is not same, you have to
kill paths from u to v as well as kill paths from v to u. So, so how | am going to show to you that
so the main crux why the undirected multi way cut algorithm works is that look, any cut must
disconnect t from T - t by a some minimal cut, but we can replace that minimal it is cut from t to

T-tbyanimportantt T - t cut.

But we will show in a minute that such an object is not possible to show for directed multi way
cut and hence, we cannot apply just an important cut algorithm and hope that it will work out
perfectly fine. So, look at look at this instance of that multi way cut, s 2 t, we have to disconnect
from s 2 t So, there is a unique solution with k = 1 edges a that is deleting the edge a, v.

(Refer Slide Time: 18:21)
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The undirected approach does not work! the ;::r,hm;, emma 15 not
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Pushing Lemma (for undirected graphs)

Let t& 7. The Munrmway problem has a solution S that

conting an important (¢ I\ t)eut

Directed counterexample

Unique solution with & edges. but 1t 1s not an important cut
(boundary of (5, al. but the boundary of {3, 2, b} has same wz¢)

DIRECTED Mupriway C 10
But what happens look, so, this solution is given by the Rs s, a. But it is not an important cut
because important cut boundary of s, a is this R, but the boundary of s, a and boundary of s, a, b
has the same one S curve.
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The undirected approach does not work: the pushing lemma is not NPT

true

Pushing Lemma (for undirected graphs)

Let t ¢ T. The Munrmway Cur problem has a solution S that

contains an important (¢, T\ t)-cut

Directed counterexample

]
s ! ¢
Q
Unique solution with edges, but it i not an impoetant cut
(boundary of (5.}, but the boundary of {5, 2. b) has same ize)
DIRECTED MuLriway Cut 10
Tha undirartad snn/ STPITTEETr-Tmp =™ chiny lamma i nnt

So, definitely s, a, b is like s, a is not an important cut because s, a, b dominates. But you know,
but like if you delete these blue edges is not part of any solution of size at most one. Because
there is a unique solution of size at most k, but then you may ask why is it failing?
(Refer Slide Time: 19:02)
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The undirected approach does not work: the pushing lemma is not
true

Pushing Lemma (for undirected graphs)

Let t & T. The Mupriway Cur problem has a solution $ that

contains an impoetant (¢, T\ t)-cut

Problem in the undirected proof

( ‘, e e
'
t . °
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/
X R \.1 21y
o)
Ao 0
R
Replacing R by R* cannot create a ¢ i path, but can create a
t path

DIRECTED MurTiway Cu1 10 I\
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So, if you just try to look at the undirected graph lemma and try to mimic the proof you will be

able to see why this proof does not work. So, how did the proof work? So, he said look, look at t
look at T - t look at all the vertices which are reachable from t the let us call that R these are
reachable vertices. If delta if R is not an important cut, then there is another important cut R

prime. So, let us extended.



And what you did the way you created a solution is that from S you deleted you deleted delta R
and added delta R prime. Now and then you argued that this alternative solution but we have to
be very careful, it is indeed true that there is no direct path from T to any other vertices T - t but
nobody stops from having a path from some u using like I can, | could use like I could have a

path from u to t.

How because | mean | could have a path from u to some other vertex inside R prime or R. And
since R is a edge because any such path must contain red edges, but the moment it will contain a
red edge you can jump into R and from there because this vertex is reachable from it you can
find a path from here to here and you can reach but create a u, t R. And like I mean this is not

right, but what | am saying that it could possibly happen that I can jump from you to this.

And you do this | can come inside are because of the backward arc and from there I might be
able to reach it. It is possible I may not be able to reach but | might also be able to reach and that
will violate that s prime that you have constructed like this is a solution.
(Refer Slide Time: 20:45)

The undirected approach does not work: the pushing lemma is not j

Pushing Lemma (for undirected graphs)
Let t & T, The Muvrway Cur problem has a solution 5 that

contains an impoetant (¢, T\ t)cut

Using additional techniques, one can show

Theorem
DIRECTED MULTIWAY is FPT parameterized by the size & of

the solution

It is indeed possible to show the director multi way is FPT parametrized by size k of the solution.
But it requires again additional set of techniques which is very similar to the techniques we need
for undirected multi cut, but again it is beyond the scope of this course. So, we will not talk about
it.



(Refer Slide Time: 21:04)

Input:  Graph G, pairs (8.t §. 1), integer k

: Aset S of edges suchthat G\ Shasno s, -+ t; path
Find ¢ ‘

1o any

11 is W1J-hard parameterized by &

DIRECTED MuLrict 11 I\

What about directed multi cut? So, what is the directed multi cut again? It is like an undirected
multiple cut, you are given a directed graph D, you are given arequestpors1,t1,sl, tlinterior
k and you need to delete a set of edges that G - s has no s i, t i path for any. If you notice, this
also generalizes directed multi way cut, as a gate; because for a set p you write all possible pairs

like on ordered pairs as a request pair.

And that that is an instance of predicted multi cut and then you are done. But marks and Rajgon
showed the directed multi cut is in fact W 1 hard parameterised by k. What is the meaning of
this? It is just mean that we do not expect to have an algorithm which running type f of k only in
and that is all that. So, whenever you see W 1 hard, W 2 hard, W 3 hard. It just means that you
should not expect the problem to be fixed parameter tractable.

Parametrized by the parameter in which the; problem is shown to me some w hard. We talked
about this little bit in our first lecture and we will cover this in detail in the last week of our
course.

(Refer Slide Time: 22:21)



Input:  Graph G, pairs (5, ¢ &, 1), integer k
A set S of edges such that G\ Shasno 5 - ¢, path

Find '

O any

Theorem

17 is W{1J-hard parameterized by &

But the case can be reduced to Dinkcrin My

So, directed multi cut is W 1 hard parametrized by k, of course, we cannot expect the problem is
FPT just parameterised by I, because even for | = 2 the directed multi cut problem is that one is
NP complete and so on. But what about the case | = 2? What about directed multi cuts when the
number of requests pair is constant or we can use number of request pairs to be a parameter what

happens? So, | = 2 actually can be reduced to directed multi cuts.

So, you have like you want to kill all the parts froms 1tot 1 and s 2 to t 2. What you do? You
add two additional vertex x and you add an edge from x to s 1. So, basically andt 1 to ty, so,
basically this is trying to capture all the paths from x to y and you add t, ttox and handy to s 2
and this is trying to capture path fromy to x.
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\7J
Dikect leenc Ny
Input:  Graph G. pairs (51,1 (8. 1), integer &

, Aset S of edges such that G\ S hasno 5 - ¢ path
Find:
tor any 1

=
Theorem

Dirkcren Muericrr is W{i|-hard parameterized by k
But the case (= 2 can be reduced to DIRECTED MULTIwAY (€
X 5 fy . ¥
T
DIRECTED MULTICUT 1l

And you can show that directed multi cut is equivalent to directed multi-way cut with terminal
set T x, y. So, it is a very simple reduction or they say please try to do it yourself. But, so, what
does this means? That for what then the natural question that will arise.

(Refer Slide Time: 23:47)
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Input:  Graph G, pairs (5. 1y) ($.1,), integer k
X A set S of edges such that G\ Shasno s - ¢ path
Find
tor any 1
Theorem
DirkcTED Mok is W1 |-hard parameterized by k
Corollary
Dingeren Meericvr wath £ = 218 FPT parametenzed by the

size k of the solution

Open questions:

? Is DnecTen Meprievr with £ = 3 FPT?
. Is DikECTED Munticrt FPT parameterized by & and (7
DIRES '

— iz....:_g._.u._ll “ m
(erent  veoLlilc %

Are whatever directed multi cut with | = 3? Whatever directed multi cut is directed multi cut FPT
parameterised by k and 1?
(Refer Slide Time: 23:58)



And some of the recent progress, not recent progress per say, but like in roughly in 2016 Philip
juke and Wahlstrom showed the following, the directed multi cut is W 1 hard even when you
have | = 4 terminals. So, what does it imply? It immediately implies that you cannot have an
algorithm parameterize by f k, | because that will imply FPT for | = 4 case. However, when | = 3
it is still unknown whether the problem is FPT or W 1 hard.

So, this problem still remains open. So, what is the parametrize complexity status of directed
multi cut? When the number of request pair is upper bounded by 3. And of course, if it is like all
the six like this is like one of some of those cases are definitely N p, t because of the directed
multiway cut.

(Refer Slide Time: 24:55)
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Input:  Graph G, pairs (s;.t , (8¢, tr), integer k (\. )

" Aset S of edges such that G\ S hasno s; = t; path
Find: . é P
for any
'y N ] :

Theorem \ b ol o
s DIRECTED Mupricur is W[1]-hard parameterized by k on DAGs

Theorem
*DIRECTED Mutricur is NP-hard for £ = 2 on DAGs

Theorem

= DIRECTED Murricer is FPT parameterized by & and £ on DAGs

DIRECTED MuLTICUT 11 [\
-

So, that led to the study of directed multi cut on DAG. So, what is DAGs? So, that is a basically
directed graph with no directed cycles. So, for example, like this is not a DAG. This is a DAG,
although it is an undirected size directed size, but there is no directed cycle in sense of directed.
So, it is known that directed multi cut is actually W 1 hard parameterised by k even on directed

cyclic graph.

Directed multi cut is NP hard for | = 2 on directed acyclic graph and directed multi cut is FPT
parameterised by k and | on that. So, it was shown that though the directed multi cut may not be
a is W 1 hard on general digraphs parameterised by k and I. In fact, even for | = 4 terminals, it is
W 1 hard. But it is FPT parameterised by k and | if we take directed cyclic graph a graph that
does not contain a directed cycle. So, extending this algorithm to other classes of diagrams is an
interesting open problem.

(Refer Slide Time: 26:10)
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Input:  Graph G, pairs (5. ty), ..., (8. 1), integer k
A set S of k directed edges such that G\ S con

Find: v
tains no s; - t; path for any

'

But here is a very interesting special case of directed multi cut which is called skew multi cut,
which has been extremely useful algorithmic tool in directed graph. So, what is skew multi cut?
So, in skew multi cut, you are given a graph G you have pairss 1t 1s 1t as before and t r k. But
you are looking for a directed edges says that G - s contains no s i t j path for any item. What

does it mean of this?

So, basically what | mean to say is that look, if you have s 1, s 1 should not have a path from s 1
tot4,t3,t2, t1. Similarly, s 3 should not have path fromt 3, t 2, t 1. But s 3 could have a path
from t 4. So, like so, basically what it means that, if | look at s i, then s i should not have a
directed path to any t i whose index is lesser or equal to the s i. But it does not care about killing

paths to higher index. That is important point.

So, s 4 must, like we are looking to delete set S of edges so, that there is no path froms 4 tot 4, t
2,t3,t1, butifs3tot2 t3,t1buts 3 path maybe they are disconnected, or maybe there is
one, we do not care. So, this is what skew multi cut is. So, | would request you that you pause
this video for a couple of minutes and adsorb the definition of skew multi cut properly.

(Refer Slide Time: 27:51)
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Input:  Graph G, pairs (s, ;). ..., (5. t), integer A
Aset S of k directed edges such that G\ § con

Find: ;
tains no s; —+ {; path for any i

Pushing Lemma

SKEW Mut I' problem has a solution S that contains an
important {Se, {fry+ - e} )scut

So, recall what was the main reason undirected multi cut was FPT because we were able to show
to you, that you fix any terminal and fix other set of terminals. Then there exists a solution that
contains one of the important st T - t cut. Now, | cannot show this for any s i and the set of
requests it needs to get. But | am going to show to you that at least the following statement is

true the skew multi cut problem has a solution s that contains an importants 1t 1t 1.

What is s 1? s | is the highest indexed, highest index vertex s. So, s | needs to kill all the paths to
all the T is. That is important, | am saying to you that look, this must contain an importants 1t 1
to t . Suppose we prove this lemma, then also we will be able to design the skew multi cut how
because rather than picking any arbitrary terminal, we will pick a terminal which is highest and

which still needs to be disconnected from everybody else.

So, you rather than starting from anything, you will first take s | try to disconnect from
everybody else, then when you are the job of s | is done, you pick up another then you ask for s |
- 1, hey, are you disconnected from whomever you wanted to? If yes, then you move on to
someone else. But so, you pick up the highest s i which is still connected to one of the T i s that it
knows that it needs to be disconnected and you try to disconnect those. That is the point. So, let
us try to prove this lemma.

(Refer Slide Time: 29:44)
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Input:  Graph G, pairs (s;.t), ... (5.1), integer k NPTE
A set S of k directed edges such that G\ S con-

Find: . X
tains no §; - t; path for any i

Pushing Lemma
SKEW Murmcrr problem has a solution S that contains an
important (s;. {4 i} )-cut

Theorem w
Skew Mutzicur can be solved in time 4« ptY) }
SKEW MULTicu 12 &

And the moment if we are able to show this, we will be able to get an algorithm with running
time 4 to the power k poly n and for skew multi cut. Let us see how we go about.
(Refer Slide Time: 29:55)
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Pushing Lemma e

SKEW Mugricer problem has a solution S that contains an
important (s, {1t 1 f)-cut

Proof: Similar to the undirected pushing lemma. Let R be the
vertices reachable from ¢in G\ S for a solution S

ly
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Pushing Lemma 13
It is exactly similar to the undirected pushing lemma. So, let R the vertices reachable from T and
G - s for a solution s what happens? Either R is an important cut or R is not an important cut R is
important cut then you are good if R is not an important cut in what can we say.
(Refer Slide Time: 30:19)
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Pushing Lemma i
SKEW Mugricrr problem has a solution S that contains an
important (sy. {fy.... & })-cut

Proof: Similar to the undirected pushing lemma. Let R be the

vertices reachable from ¢ in G\ S for a solution S

.
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Sie = 77t
| sl nas
R
Piehing | amma -_— 1?

If R is not an important cut, then there exists some R prime which strictly contains R disjoint
fromtltotl.

(Refer Slide Time: 30:29)
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Pushing Lemma =
SKEW Mutricvr problem has a solution S that contains an

important sy {) t })-cut

Proof; Similar to the undirected pushing lemma, Let R be the
vertices reachable from ¢ in G \ S for a solution S
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J(R) is not important, then there is an important cut 4(R’) with
R R and |0(R')| < [A(R)|. Replace S with

§ = (S\AR)UMR) = |5'| <|S

" I 1 an A

And delta of R prime is at most. So, now you create another s prime you remove delta R and you
add delta R prime. Clearly you remove some set of edges and you added some set of edges but
the number of edges that you added is smaller than what you replaced removed which imply that

s prime at cardinality by is perfectly fine. Now, why is this not a solution? Suppose this is not a
solution, what is the meaning of that not a solution.



So, definitely S | gets disconnected fromt 1 to t | even in G - s prime. But what could happen
that now, you might get a path from s i to t i for some s i t i, why? But look when | deleted red
edges, it was still like when | deleted s minus, when we deleted s it was a solution when there
was no s i t i path, the whatever part you need to cut. But certainly, you have got a path it means

it must be using a red edges.

If it must be using a red edge, it must be using one of the red edges it means that path from st
to t i must be coming inside this R prime or in fact in R but what is the property of that vertex in
R, s | it this vertex is reachable from s I it means the directed path from s | to this vertex. Then |
can get a path starting from you go to s | to v, now on this s i t i path you follow the path from v
to ti. So, what you have been able to achieve?

(Refer Slide Time: 32:19)
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Pushing Lemma 5 j
SKEW Muprictt problem has a solution S that contains an ‘
important (s;. { t t})-cut

Proof: Similar to the undirected pushing lemma. Let R be the
vertices reachable from tin G\ S for a solution S

A(R) is not important, then there is an important cut 5(R’) with

R R and |0(R") < |8(R)|. Replace S with
S = (S\AR))UMR) =[S 5
515 a skew multicut: (1) There is no s-t; pathin G\ 8’ for any | v

and (2) a s-t; path in G\ S" implies a s,-¢; path, a contradiction ‘
Pushing Lemma =2 13
————— |

You will getasitjpath implies an s | t j path. But you know that in G - S prime thereisnos|tj
path. And this is where we use the fact that s | is the largest because s | needs to disconnect itself
from each of the ti. So, existence of any si t j is a path implies s | t | path which also my S prime
needs which also S prime takes care and hence S prime is a solution. So, this is how you can
show that.

(Refer Slide Time: 32:53)



Pushing Lemma

L) Mi .
Let {,cAT, The MurmwaY Cur problem has a solution S that

contains an important (§, Tt )-cut. | :
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Q If every vertex-of F is in d.diffarent-comganent, then we are
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© Let t-e=T be a vertex that 1s not separated from every T\ ¢

@ Branch on a choice of an important L&) cut S of size at
most K

QSetG=G\Sandk:=k-|S
Q Go tostep 1

We can give a 4" bound on the size of the search tree

Alearithm far N\ T 1 o pp— 7 k\

So, this immediately implies the following algorithm for this let you fix an s | the skew multi cut
has a solution that contains an important st 1 to t | cut. And if so, rather than having if every
vertex like if every request pair is taken care of then we are done. As you choose the largest amyl
that needs to be separated from t 1 to t i branch on a choice of s1tot 1 ti important cut of size at
most k delete that records and this. So, this will give you a photocopy (()) (33:24) algorithm for
such that and that is it.

(Refer Slide Time: 33:27)
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So, that implies a 4 to the power k algorithm for skew multi cut. So, this gives us a 4 to the
power k algorithm for a skew multi cut. Why do we care about this?
(Refer Slide Time: 33:38)
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DIRECTED FEEDBACK VERIEX  EDGE SE1
Input:  Directed graph G, integer

Find

 Aset S of k vertices/edges such that G\ S
" acyclic

Note: Edge and vertex versions are equivalent, we will consider the
edge version here

Theorem
DIRECTED FEEDBACK EDGE SET is FPT parameterized by the
size k of the solution

Selution uses the technique of Iterative compressin

T

We care about this because it allowed us or it helped us rejoint the parameterized complexity of
one of the most important open problems in the area about directed feedback for edge set. So,
what is the directed feedback vertex or edge set? So, this is a counterpart of let us say, this is a
counterpart of undirected feedback vertex. So, what is this? So, directed graph G integer k and

you have an objective of deleting k vertices or edges.

So, that G - S is acyclic. It is known that the problem is what is that called it is known that the
problem is FPT like not FPT but it is known that the edge version and vertex version (()) (34:23).
(Refer Slide Time: 34:23)
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And what | mean by this. So, let us say directed feedback vertex set reduces in a parameter (())
(34:29) way to directed feedback S set and directed feedback S set reduce it in parameter (())
(34:35) in directed. The reductions are fairly simple. So, let me tell you the first one is basically
based on the following fact that you look at any vertex V. So, you make V in V out and make
every vertex which is in neighbours say A to V to V in and every out neighbour you make from
V out.

Now you can show that if you have a k vertex if and only if there are k (()) (35:07) x and the x
which you will form in your solution are these are. You should be, and for the second one what
is known as line graph. So, | believe that and | will ask check asked you to check. So, in directed
graph these two problems are equivalent which is not the same an undirected graph. In
undirected graph if you want to delete edges it is nothing.

But just finding a maximum forex or basically, you find a forex you have to delete everything
else. So, while edge versus poly time vertex versus NP complete in undirected or so, but for
directed graphs, these two problems are basically same, but you can come up with the splitting
operations.

(Refer Slide Time: 35:47)
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IIRECTED FEEDBACK EDGE SET COMPRESSION
Input:  Directed graph G, integer k
set W ool k+1 edges such that G
. A set S of k edges such that G\ S is
Find: 8
acyclic
Easier than the original problem, as the extra input W gives us

useful structural information about G

Lemma

The compression problem is FPT parametenized by

So, this the first problem where we will apply more than one tool to solve the problem and we

are going to solve the problem by applying it FPT compression. So, what is going to be at FPT



compression? We are going to assume that you are given some k + 1 edges so, that our G - S is
such that G - S is acyclic it is easier than the original problem as extra input W gives a useful

structural information about G.

So, we are going to show that the compression problem is FPT parameterize by k. So, let us
reread the problem, you are given a set W of k + 1 edges G - W acyclic a set of edges a G - S.
So, the moment we will be able to solve this problem we will be able to solve directed feedback.
Now, you may say from where are you getting this k + 1 edges so, if you recall correctly for the

for the compression algorithm, we were having these vertices we want to v n.

And we took the first i vertices look at the graph induced on that so on and so forth. But now we
will build this graph one arc by each and the moment we will add one arc will say hey. So, then
you can if the smaller set of a smaller graph is a solution of size at most k, then that is correct
you added the k + 1 arc and that will be freed up. But we will do this formula, but for now just
assume that you are given a W, how can you solve this problem.

(Refer Slide Time: 37:27)

DIRECTED FEEDBACK EDGE SET COMPRESSIO)
Input: Directed graph G, integer k
set W ol k + 1 vertices such that G
15 JCY(
; A set S of k edges such that G\ S is
Find: ¢
acyclic
Easier than the original problem, as the extra input W gives us

useful structural information about G

Lemma

The compression problem is FPT parameterized by &

A useful trick for edge deletion problems: we dehine the e

compression problem in a way that a solution of k + 1 vertices are '

given and we have to find a solution of k edges H I
Tha ramnvarsrian neakl 1 1

In fact, we are going to not assume, we are going to assume that what we are given is k + 1

vertices, the G - W is a set. And we want to find out k edges G — S is acyclic and this is a useful

trick for to have an edge deletion. You define a compression problem in a way that the solution



of k + 1 vertices given and that is very easy, all you need to do is look at these k + 1 vertices. So,

just pick one vertex each from this k + 1 edges.

And then if you delete it, these edges are taken care of. And hence that forms a solution for many
problems. It is not always true, but for many problems this trick will help you to reduce that you
are not given edged but you are given a set W and you try to bring your compression problem
with respect to edge. So, the way to look at it compression is that the extra set W is like a help or
it provides an extra structure to our problem can be explained that a structure to design our
algorithm.

(Refer Slide Time: 38:41)
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So, before we go further, let me tell you what was a DAG? A DAG is a digraph that does not
have any directed cycle and what an equivalent definition? That these a DAG if and only if there
exists a topological ordering of D.

(Refer Slide Time: 38:57)
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And what is the topological ordering? It is basically a permutation of vertices such that every R
goes from a small index vertex to the higher index vertex. And so, these arcs are also called you
must have seen these are arcs are also called forward arcs. But if I give you a normal digraph, 1
may not have I then it cannot have an ordering so, that every arc is forward. Then some of the arc
may be going from higher to lower and these are called backward arcs.

(Refer Slide Time: 39:44)

So, if you are looking for G and we want to delete at most k arc and G - S is that.
(Refer Slide Time: 39:54)



Then basically what we are asking is that, can we find a permutation pi such that number
backward arc is upper bounded by k. So, this automatically gives us a very simple algorithm
which is like n factorial you look through all permutation and check if there is one permutation
with utmost k backward arcs. Now we are it is an n factorial algorithm but what we are going to

do is that we are going to explore this to design not n factorial but FPT kind of algorithm.

But we will take this view of feedback arc set that give me a permutation of my vertices such
that the number of backward arcs bounded by.
(Refer Slide Time: 40:38)

Proof: Let 14

Let us split each w, into an edge 1,5,

Ld bt wd W
t15) by B LS

o By guessing the order of {w Wy 1) in the acyclic
ordering of G | 5, we can assume that wy < w
in G\ S [(k+1)! possibilities)

Ry



So, now, so, this is what you are given W 1 to W k + 1. So, we will talk about this splitting later,
but we first | said look. If there is a solution of size at most k then so then what | mean by this.
(Refer Slide Time: 40:56)
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So, we guess the permutation in G - S then | know that it is a permutation. | cannot guess all the

vertices but I can guess how the vertices of w are ordered on then, so this is like a k + 1 factorial.
Now, once | have achieved this, | guessed may be some vertices are here, | do not know what is
vertices here only thing which | am guessing is w 1 comes before w 2, w 3, w k + 1, look if the
vertices w are named w 1 to w k + 1 it may not be that this is the right permutation.

(Refer Slide Time: 41:37)
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But I mean, you can assume that suppose the permutation is w 5, w 7, w 9, then let us call it the

written w 5 as the first vertex w 7 is the second vertex so on and so far. Once you have done this
you do the following trigger.
(Refer Slide time: 41:50)

Proof: Let W
Let us split each w; into an edge t;s
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8] LS Ub% LS
\‘(0 By guessing the order of {w Wi 1) In the acyclic
ordering of G\ S, we can assume that wy
in G\ S [(k+ 1)l possibilities]
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Off splitting the way when we give me our reduction some time back.
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So, what do you this? Suppose W i have in arcs from A and B then you make, t i and s i given
arc fromtito s i make A adjacent to t i, make B adjacent to s i. What and why are we doing this?
We are trying to move towards giving or reduction to our skew multi cut you will see.
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Let us split each w; into an edge /s
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Claim:
G\ 5 is acyclic and has an ordering with wy < w
S covers every s; = t; path for every |
G\ S is acyclic

‘ |
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So, what is our claim? Our claim is G - S is our acyclic, and had an ordering with w 1, w that
implies s covers every s i, t j path for every. So, if G - S is acyclic and this particular thing then s
must intersect. So, let us see and suppose | deleted S G - S into ordering and this is this. Then
why does S covers every titjisa path let us see.

(Refer Slide Time: 43:01)

Proof: Let W = {w W, \}

Let us split each w, into an edge t;s,

| /| /
/A \ L/l
/ \ \ |/ /
. 3] [T
1§ b By L
Claim:
G\ §is acyclic and has an ordering with wy < w Wi

—

S covers every s, - t; path for every |

G\ S is acyclic l

Look at G - Sis a cycling and so a cyclic and so look at G- S again a cyclic, so it has an ordering

of vertices, of all the vertices. Not only this and W 1 is here W 2 is here W like which is like this
come. Now | am claiming to you there is no path from s i to t j for every i greater than equal to j,
what is the meaning that | have a path from that? So, think of this where this WI, | can write it, |

can replace this Wl witht 1, s 1.



And you will notice that this that property is still holds t 2 is 2 so on and so forth. So, you replace
W T by their t 2, s 2 and make every hour coming to t 2. Now, what is the meaning? So, and look
still this is it. So, what is the meaning that | have a path from some s i to t j, where j is less than
equal to 1 let us try to ask ourself. It means | start from here and say t j is somewhere here, | can

only go forward | do not have backwards arcs.

So, definitely s has killed all the s i, t j path that is it very simple, because there are no backward
arc. So, this is very simple and now suppose you are given this instance of s i, t i and s covers
every s it j a path for every i get in the continuum then i claim to you G - S is a psi and that is
also very, very easy why this is very easy?

(Refer Slide Time: 44:55)

o

Because, if j minus s is not acyclic then fix some W then, but remember w is a directed feedback
vertex n. So, if it is not a cyclic there is a cycle and that contains a vertex W i, if it contains a
vertex W i then you replace W i with some s i, t i here, and then you go along and wherever you
see so what | mean to say is that, what do you mean by this? So, look at this. So, maybe here the

cycle and suppose, thisis Wi W j.

So, you replace W i with like suppose this is how it is then you know, you replace W i with ti, s
i. Similarly, W j by t j, s j and you get a circular this. But it also a path from s i to t i and this is

what you had assumed, this is what you have assumed that there is no power from s i to t j for



every which implies G - S acyclic. So, that is it, so we have shown an equivalent so what is our
algorithm our algorithm is going to be very, very simple.

(Refer Slide Time: 46:20)
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Guess the ordering, split the vertices, and then call skew multicut property instance. So, we can
solve the compression problem by k + 1 factorial application of skew multicut. So, you guess the
permutation is split this, I say now this is my skew multicut, and then you are done.
(Refer Slide Time: 46:51)
\ j
We have given a f(k)n“"") algorithm for the following problem ”y
NRECTED FEEDBACK EDGE SET COMPRESSIO
Input:  Directed graph G, integer k,
2 set W of k + 1 vertices such that G \ W
s acyclic

A set S of k edges such that G\ S is
acyclic

Find:

Nice, but how do we get a solution W of size k + 17

We get it for free!

Powerful technique: 1te@rative compressio !

But as | told you so we have given an f of K poly n algorithm for the following compression.
First of k + 1 vertices G - w, how did you get such. So, now we will get it for free. | try to

compression we have seen it several times, but let us just do it once more.
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Forevery i = 1.....n, we find a set 5; of at mast k edges such
that G; \ S, is acyclic

o For i = 1, we have the trivial solution 5,

o Suppose we have a solution S; for G,. Let W, contain the head
of each edge in S;. Then W, 1) {v; | is a set of at most &
vertices whose removal makes G;, 1 acyclic

o Use the compression algorithm for G;. ; with the set
W Vil

o It there 18 no solution of size k for G,. |, then we can stop
o Otherwise the compression algorithm gives a solution 5, of

size k for

We call the compression algorithm n times, everything else is

polynomial

v
DikecTen FEEDBACK EDGE SET is FPT
terative compression [ t’

So, now we will let we want to be the editor G and the GI beta sub graph induced by first. So,
what | am going to do for every i equal to 1 to n we find. Is a G minus SIS, I click and then do as
follows. For | equal to 1 we have the previous solution Sl equal to 5 suppose, we have a solution
Sl for GI and they WI contain the head of each other inside. Then clearly w 1 union. Vi plus 1 is

a set of at most k plus 1 vertices, which removal makes G. i + 1 is cycle.

Use the compression algorithm for d i + 1 with the set. W i union V i plus 1. If there is no, such k
for G + | size at most keyword done otherwise the compression of them returns a solution si + 1
or size, k but g i + 1 and you repeat the algorithms n times and everything else is polynomial. So,
directed feedback is set is FPT using hidrotic operation. So, you saw these started with a multi-
way cut algorithm we try to generalize it we could not generalize it to either undirected multi cut

or directed multi-way cut or to direct advantage.

And what we were able to find a find or another something called skew multi cut and we were
able to generalize that to a generalize our algorithm to that. And once we were able to do that we
were able to show that one of the most important open problem; in the parameterized complexity
can be FPT using this algorithm.

(Refer Slide Time: 48:40)



So far we have seen
o Definition of important cuts
o Combinatorial bound on the number of important cuts.

o Pushing argument: we can assume that the solution contains
an important cut. Solves Murriway Cor, SKiw

\
VUL

o terative compression reduces DIRECTED FEEDBACK

VERTEX SET to SKEW MUt
Next.

o Randomized.sampling of infportant sepatators

So, what we have seen in this week is definition of important cuts. Will bounce and the number
of important cuts pushing arguments for that we can assume the solution. And decode and then
we use iterative compression to reduce directed feedback vertex set or head set to screw multi
cut. So, there is another technique called randomization of importance operators, which is there
in the book, but we will not be covering. So, | request you to or maybe next version of this

course if ever we do. So, | think with that we will end this week lectures.



