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Lecture - 51
Permanent is #P — Complete: Part 2

(Refer Slide Time: 00:15)

w 4 P land

o0 - TQ‘WJ

_ 1okt bl
(o, & 2-50T 0 77 + =

¥
i - vt P ipnpdontank
g -thT LT S 1 ’

W,
L, N s o 2, W ":'ﬂw-wj
- gt Veesard T o \
r oy
Y S " "?l_:uwx ey B ¥ v -
by G I
- — — — === S | =
il b
) . ; b L Gl qas e
v 000 ik & | -
I L SV ey
A "g‘,‘k C'.-‘l‘rl" N

Foan

Hello and welcome to lecture 51 of the course computational complexity. In lecture 50 we
started seeing the proof that permanent is sharp P complete. So, in fact the permanent sharp P
complete the first part of the proof was that permanent is in sharp P, in fact what we showed was
that 0, 1 permanent was in sharp P. So, 0, 1 permanent correspond to counting the number of
perfect matching’s in a bipartite graph.

And then we said that we will show that 0, 1permanent is also sharp P heart in the sense that any
function in sharp P can be reduced to 0 1 permanent. And this was a rather long proof or easier
rather long proof. And we said that we will follow four steps and the first two steps we
completed. We reduced sharp 3 SAT to sharp 3 SAT balanced and then sharp 3 SAT are

balanced to - 1 0 1 permanent.

And what remains is to show that -1, 0, 1 permanent reduces to 0, 1 permanent. So, this also
follows actually two steps. We will reduce - 1, 0 1 permanent to 0 1 up to m permanent. So,



meaning it will be reduced to the problem of solving the permanent on a range of non-negative
values and then we will show that that can be converted to a permanent of 0, 1 values. So, both
of these are rather short. So, this particular lecture video also is going to be rather short.
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So, we want to reduce so the first part is to the third step that is -1, 0, 1 permanent. How do you
reduce to a non negative bounded range permanent? So, given a -1, 0, 1 matrix A. We will we
will see how to get a 0, 1, 2 up to m matrix B. So, m is some number that is depend on the
dimensions of the permanent, dimensions of the matrix A. Such that the permanent of A can be

obtained from the permanent of B so it will not be the same but you can get one from the other.

So, notice that a permanent is a summation of so what was permanent was? This was some
nothing but summation over all permutations product over all i, i =1 to n A i sigma i. And since
we are dealing with matrices of - 1, 0, 1 the products will be either 1, 0 or - 1. And, how many
terms are there? So, that there are n factorial permutations so n factorial terms are there and some
of them could be 0. So, the maximum this can be is that all the terms turn out to be +1.

So, which is n factorial and the smallest that this could be is that all the terms turn out to be -1
which is - n factorial. So, permanent of 0, 1 -1, 0 1 matrix A is going to be bounded between - n
factorial and + n factorial. So, what we will do is to shift this to a completely positive domain.



So, what we will do is to? So, right now we have this situation. The values could be anywhere

from O to - n factorial to + n factorial. It could be anywhere in between.

So, what we will do is to shift this entire thing to the we will shift it that, maybe | will use a
different colour, we will shift it so that the 0 goes to so 0 to n factorial remain at the same place
but - n factorial and these values get shifted. So, - n factorial will actually become 2 times n
factorial, so, using modular arithmetic. So, it will be the point here is that the green values are all

non-negative, are all non-negative.

So, we will use modular arithmetic to move to this domain. So, what we do is to? Set M to be
twice n factorial + 1. So, in the mod m domain everything is between starting from 0, 1, 2, 3 up
to 2 n factorial. That is 2 n + 2 n factorial + 1 again becomes 0 mod m.
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So, we look at each entry of A the matrix a and replace it with the equivalent mod m value of to
get B. So, 0 and 1 so a has 3 types of entries 0, 1 and — 1, so 0 and 1 just remain O and 1.
However - 1 becomes m - 1 in the modulo m setting. m - 1 is actually 2 n factorial. So, now we
compute the permanent of B where everything happens modulo m, everything so all

multiplications additions everything happens in the modulo m word.



So, since everything happens in the model of m at the end, we will get some number which could
be anywhere from 0 to m — 1, which is 0 to 2 n factorial. So, that is how we get this inequality.
(Refer Slide Time: 06:18)
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And if the value is anything between 0 and n factorial, if the so in fact let me just say this if the
value is between 0 and n factorial, then it means that the permanent of A it is actually the
permanent of A. Because, that is how it is going to be. If it is 0 and n factorial that is how we
would have got there. However, if the; permanent of B modulo m was greater than n factorial.
Meaning, it is anywhere from n factorial + 1 to 2 n factorial orn 2 m — 1.

That means that it was actually in the negative range. And it was because we applied mod m it
came to the positive value, so this means that the permanent of A is you take the permanent of B
modulo m whatever value that is and you subtract m from there. Because, it if for instance if it is,
if the permanent of B mod m if this was, let us say, if this was for instance if this was, suppose

this was let us say 2 m or this will be something between 0 and n -1.

Let us say suppose is m - 2, so then this corresponds to this means that permanent of A is — 2. If
this is, let us say just m + 1 what | want to say is if this is n factorial + 1. This means, this - m is
2 n factorial + 1, this will be - n factorial. So, like that there is a correspondence between all the
values of permanent B mod m and permanent A. So, you just compute permanent B mod m and

you can compute permanent A using.



So, that is how we reduce a permanent of a 0 1 - 1 matrix to a permanent of a matrix that has
values in the range 0, 1, 2, 3 up to capital m. In fact, in fact, we have in fact the values will be up
to m - 1 and we are actually doing module m — 1. So, in fact this is | could actually say this is
true but it is fine 0 1 to m is actually a sub, is actually a superset of this. In fact, the matrix has

only three values 1 0 and - m - 1.

It is not even the entire range, but the permanent could be anywhere in these ranges. So, that is
how we complete this part - 1, 0 1 permanent reduces to 0, 1 2 up to m permanent where it is
bounded positive values. So, now what remains is the last part? If you are given a set of bounded
positive values a matrix that contain mounted positive values. How do we reduce thisto a 0, 1
matrix such that the permanents are the same.

(Refer Slide Time: 10:00)

So, here the permanent needs a bit of computation but we will, here we will reduce the
permanent of 0, 1 up to m matrix to another matrix C, such that the permanent of matrix C will
be the same as permanent of matrix A.
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In fact, this is slightly easier to view it in the graph setting. So, we said that the permanent
corresponds to the sum of the weighted cycle covers, some of the weights of the weighted cycle
covers. So, some of all the cycle covers all the weighted cycle covers where the weight of cycle
cover is just the product of all the weights. So, let us see what this means? So, what we will do

is, we will see how each the graph.

So, the permanent of the let us say a matrix with 0 1 up to m values corresponds to a matrix or
corresponds to a graph that has edge weights 0, 1, 2, 3 up to capital m. Now we will tell we will
see how each of these values are not 0 and 1, can be replaced by some gadgets or some
equivalent graphs, some the parts can be replaced by equivalent graphs, which have only 0, 1

weight.

But we get the same the cycle covers will the weight of the cycle covers will be unchanged. Let
us see why or how? So, suppose, so first let us see, there is a edge of weight 2 power m, so it
means any edge need not be of this weight it could be it may not be of did not have its weight as
power of 2, but let us as a first step let us see an edge of a 2 power m. So, now we can replace

that edge with this kind of network.

So, this may look familiar to you in fact we used the same kind of, you we use the same gadget

in the proof where we saw that if we are able to count the number of cycles in a graph in



polynomial time. Then we can decide whether there exists a Hamiltonian cycle. So, we use the
same idea so the point is that in now this the graph on the right-hand side, the network on the

right-hand side, the same starts with u ends with v.

But look at the number of ways in which you can reach v from u, so you can see that at each
there are m stages in m intermediate stages and each stage you can you have two options choose
either remain on the top or go to the bottom. So, there are 2 power m paths in this network from
u to v. So, if you replace this edge u v of weight 2 power m with this network what happens is
that any cycle that originally went through u, v in the graph on the left-hand side.

Now there are any cycle that went through u, v. Now there are this edge u. v is replaced by 2
power m possible paths from u to v and these edges these vertices intermediate vertices do not
interact with anything else outside in the graph. So, any so the edge u, v can is replaced by two
power m possible paths. So, edge u, v is replaced by 2 power m u to v paths. So, instead of there

being one cycle for which u, v contributes to power m.

Now we have 2 power m different cycles each of which for which the u, v path contributes one.
So, that is how we get an equivalent representation. And here in the graph on the right-hand side
all the edges have weight 1 and including many edges that have weight 0. So, for instance this
edge there is no such edge but this is like a edge of weight 0.

(Refer Slide Time: 14:23)
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So, now we have told how to, we have seen how to convert a edge with weight 2 power m or a
power of 2 to a network to A 0 1 a network with 0 1 weights. So, now what if it is not a power of
2? So, let us see it is a sum of 2, powers of 2. Let us say there is an edge with weight 2 power m
11, 2 power m 2. What we can do is to replace? Before getting there then we may need to do one

more thing because a cycle cover may not actually cover all these vertices from u to v.

Because, let us say is a cycle cover that takes this path it does not really use the bottom edges.
So, what we will also need to do is to actually put self loops all over here and also in the top. So,
that the edges that are not used can just participate in the cycle the vertices that are not used in
cycle cover can participate using these self loops. So, now let us come back to this, what if an

edge has a weight that is not a power of 2? So, let us say 2 power m 1 + 2 power m 2.

Well, what we can do is just to have see it has 2 parallel edges? And where each 2 power m 1
edge of a 2 power m1 and edge of a 2 power m 2 and then what we can do is to replace each of
these edges with the corresponding network that we saw? So, one network which has m layers
and one network that has m, sorry, m 1 layers and one network that has m 2 layers. And any

number as we all know can be represented as a sum of powers of 2.

So, any positive, any non-negative weight can be represented as powers of sum of powers of 2

and consequently as a bunch of networks like this. So, that will if there is a edge of a w from u to



v, then what we will do is, to replace it with a network of edges 0 and weight edges from u to v.
So, that instead of there being an edge and 1 edge of weight w, now in the network there will be

w possible cycle covers that that take this path from u to v.

So, this is how you will of course I am just talking in the graph setting but all of this has a
corresponding situation or corresponding equivalent in the matrix situation as well. So, this is
how we can replace an a matrix b which has 0, 1, 2 up to m values, to a 0, 1 matrix. So, here both
2 power m 1 and 2 power n 2 will be replaced by 0, 1 a network that has only 0 1 weight edges.
And that completes the proof.

So, that is the last part that we had left that completes the proof that 0, 1 permanent is sharp P
complete. So, even permanent even restricted to 0 1 values is sharp P complete. So, this is
variance theorem from 1979 that even permanent, so permanent one may think that permanent is
not such a difficult problem because permanent is just corresponds to the counting of the number

of matching’s in a bipartite graph.

So, the decision version of the problem is easy, just like we said about the number of counting
the number of cycles. However, we see here that the counting version of the problem, counting
the number of perfect matches in a bipartite graph. This is sharp P complete, meaning you take
any problem in sharp P then you can reduce to permanent. So, with that I can conclude this

lecture and thank you.



