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In this video we will be looking at some beginning of optimization specifically unconstrained

optimization.

(Refer Slide Time: 0:21)

Optimization and Machine Learning

= The basic idea behind much of Machine learning is to build models
that map input data to output data.

» We derive parameters of these models based on “Iraining” on some
given data.

» We can see the whole of machine leaming as a process that finds
the bestioptimal Model for the given data.

» Most machine learning problems are, therefore, ultimately
optimization problems

= We will review and introduce some optimization techniques in the o \

coming videos. ' 'u/ !
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So the relevance of optimization machine learning is very very high, as we saw in the first

week the basic idea behind most of machine learning is that you want to build models so data



models that input they take some input and map it to output data. Now usually (what the) our
maps depends on certain parameters and the way we improve our models as you will see in
the next week is based on something called training that is you give more and more data ad

try and improve your parameters.

So usually you would like to know how much does your output change depending on the
parameter, so you have some quantity which is a vector quantity that is changing based on
some other vector quantity. So most of it most of our machine learning is dependent on
finding out the best or optimal model for some given set of data so most machine learning

problems can usually be rewritten as optimization problems.

So what we will be doing in the next series of videos is to try and introduce as well as review
some of you will be familiar with some of these ideas already so we will try to introduce

some optimization techniques in the coming videos.
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Optimization 5. R )

= The general optimization task is to maximize or minimize a function
f(x) by varying x.
o The function f(x) is called the objective function or cost function or loss function
2 The function [(x) maybe a scalar (single objective) or a vector (multi-objective)
4 Inthis course (and most of Machine Leaming) we deal only with a single

objective. That is, f(x) is a scalar, D = oy
4 However, x is, in general, a vector, Ew -
s Therefore, [:R" = R Lid 10
a Forexample, f(x,,x,,x,) = x] 4 xj 4 x]. Here, [:R' = R W-.aw\‘*m %

» tis possible to reduce all optimization problems to minimization
problems.
4 That is, all problems can be written as find x that minimizes f(x) i {2 " F )
2. Any maximization problem can be wrticn as mm:miz#‘f,,n off(x) g ¥

n!“'"lwm - Wd.llh )
» We denote the solution to the problem as )ﬁ = ||;1i~g-.r.n_iﬁf (x) ‘ﬁuja + oo
e Juplls I

So typically what you try to do in a general optimization task is to maximize or minimize a
function once again like in the previous videos this function can be something that takes in a
vector and gives out a scalar. So this function the one that you are trying to maximize or
minimize is called an objective function or a cost function or a loss function. So this

terminology is used interchangeably.

So the function usually in a general optimization task can either be a scalar and this is called a
single objective optimization problem or you can have f itself as being a vector. So in that

case it could be a multi objective vector and in this course we are going to restrict ourselves



to this case to the single objective optimization problem is of even that is an involved

problem.

So we will be only dealing with that and this is actually true of most of practical machine
learning anyway we try and define a cost function or an objective function which is a scalar
for itself, x in general remember is a vector and typically we are going to deal with the case
where f goes from R n to R. So an example of such an f for example could be f of x vector
which is 3 dimensional, so x 1 square plus x 2 square plus x 3 square, here f is going from R

3toR.

Now even though the general optimization task is to either maximize or minimize a function,
we will typically talk only about minimization because all optimization problems can be
called as minimization problems, why? Because if it is a maximization problem you simply
minimize minus f of X, so whenever I will be talking in the next few slides as well as in the
next video I will only be talking about minimization because maximization is a trivial change

by simply changing the sign.

Now here is some notation the optimal solution let me write the right word optimal or the
minimal so we will be writing that as x star this star denotes optimal. Now notice the term arg
min, min of f of x would simply mean minimal value of f, arg mean of f of x is that x which
results in minimum of f. So just to give you an example if f of x is let us say x square plus 1
then minimum of f is 1, but arg minimum of f is what value of x gave you the value of f equal
to 1 this is x equal to 0. So we will be using this notation quite often, arg min is that argument

or that value of x which gives us minimum of f of x.
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We will look at the unconstrained problem. That is, find x that minimizes [ (x)
with x € R. That is, no constraints on x.

It can be shown that any local extremum will have the property f'(x) = 0

= Such points are called stationary points of eritical points

o The stationary pownt may be a (local) minimum, maximum or saddbe paoint
] iy
|

Iff"(x) >0, itis alocal minimum

w I f"(x) <0, itis a local maximum

w If f"(x) = 0, it could be a saddle point

The absolute lowesthighest level of f(x) is called the global maximum/minimum
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So here is a quick review of scalar optimization, so as you remember if you have some
function f of x versus x it is in general going to be a curve and you are going to have various
minima for now we are going to look at the unconstrained problem, unconstrained problem
means there are no constraints on x there are no limits on x, we are looking at x belonging to
the whole of the real line, we will look at the constrained case in the next video for now in
this video we are only looking at the unconstrained problems, so we will assume x can go

from minus infinity to plus infinity, okay.

So in such a case you could have some global minimum and global maximum and you could
also have a local minimum and local maximum that is locally if I just put a box here all the
values around the local minimum are greater than the minimum local minimum but this might

not be the global maximum or the global minimum.

Now it can be shown that both these extrema we are not going to show it but both these
extrema whether it is local minimum of local maximum all of them will have the property
that f prime x equal to 0 in the unconstrained case. So these points are called stationary points
or critical points. So the stationary point as I have just shown could be a local minimum or a

local maximum or something called a saddle point.

Now how do we figure out whether it is a local minimum or a local maximum? Typically you
look at the second and higher derivatives we will look at just the second derivative case here.
So if f double prime x if the second derivative is positive for example here in such a case it is

a local minimum. For example if you look at the slope here you will see that the slope of the



slope okay so as I move away from here the slope increases which means that it is a

minimum here.

So here the slope is 0, here the slope is positive so that is why del square f del x square is a
local minimum as an exercise you can try and proof this, this is an optional exercise for those
who are interested you can try and proof this using the Taylor series. Similarly if f double
prime X is less than 0 then it is a local maximum once again it has the same idea. Now it can
happen that your f double prime x is actually 0, in such a case it is called a saddle point this
for example is if you look at f of x equal to x cube around x equal to O this is precisely what

happens.

Now what is happening here? This is like the shape of a horse’s saddle as we will see in
multiple dimensions also. You will see that in this direction there is an increase, in this
direction there is a decrease, it is sort of the combination of this curve and this curve. So from
one side it looks like a local minimum and from another side it looks like a local maximum.
So this happens when f double prime x is also equal to 0 and in such a case it could be a
saddle point. All of you are familiar with the notation of global maximum and minimum this

is the absolute maximum or the absolute minimum that you will get over all of space.
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Ontimization — Multivariate x
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In this case the unconstrained optimization problem is to find x that minimizes
f(x) with x € R", That s, there are no constraints on x.

: i _ |, '_]
« Since x is now a vector quantity, we need to evaluate the gradient :J:: =V
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& It can be shown that any local extremum wil have the property U/ =0 =0, gtw- i
o Such points are called stationary points or critical points
2 The stationary pownt may be & (local) minimum, maximurm of saddk point

» The type of critical point is decided by the nature of the Hessmn Hy=
- bl g rB-oJ-q of J"l"‘.l
If H, s is positive definite it is a local minimum

I iy is negaive definte itis a local maximum » "4 2 Al s 20
If Hi is indefinite (i.e. neither p.d or n.d) then it is a saddle point

[P T [ raa———

So now let us look at the multivariate case. In this case you are trying to find out f of x once
again which is x that minimizes f of x, but x now belongs to R n instead of simply belonging
to R now it belongs to R n, once again we are looking at the unconstrained problem there are

no constraints on x. Now as we saw in the derivate and gradient slides since now x is a vector



quantity we will now have to evaluate instead of simply df dx, you have to now evaluate the

gradient of f.

So in analogy to what we saw earlier any local extremum, so for example here this is a local
extremum in this case the gradient will be 0, remember this is the 0 vector which means del
del x 1 will be 0, del f del x 2 will be 0, so on and so forth if it is an n dimensional vector x
del f del xn is actually going to be 0. Once again these are called stationary points or critical
points and like in the 1 dimensional case you could have a local minimum, local maximum or

a saddle point.

So some examples are given here, this is a local as well as a global maximum, here for
example is a local minimum which is not a global minimum because there are values lower
than this going on and this is the example of a classic saddle point, in one direction it is a
local maximum and in another direction it is a local minimum so that is what a typical saddle

point looks like.

Now how you find out whether this is a local minimum, maximum or whether it is a saddle
point now depends on the Hessian rather than the simple second derivative remember for
vectors the generalization of a second derivative is the Hessian, okay. So as we saw in the
previous slides Hessian now is a matrix, now unlike before I cannot simply say Hessian is

positive that has no meaning because it is a full matrix.

So when Hessian is positive definite, you might remember this from the linear algebra slides
what does positive definite mean? Positive definite means all eigenvalues of H are positive.
So this is not even positive semi definite you have to have all values of H being actually
positive. So if that is the case and remember since the Hessian was a symmetric matrix we are

guaranteed to have real eigenvalues so that you can talk about this meaningfully.

So if the Hessian is positive definite then it is a local minimum, if the Hessian is negative
definite which would mean all eigenvalues are less than 0 then it is a (local minimum) sorry
local maximum and if the matrix is indefinite, what is meant by indefinite? It is neither
positive definite nor negative definite. So some eigenvalues are positive, some maybe

negative or some even if they are 0 then it is a saddle point, thank you.



