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In this video we will be looking at some more relations for expectation and covariance. These

are slightly advanced relations. We will be using these only rarely in the course. So in case

you do not understand this portion that is Ok, you will get to understand it a little better as the

course progresses.
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‘ Covariance of two vectors
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So please do not panic in case it looks a little bit unfamiliar to you.

NPTEL



So we have looked at the variance for a single vector, variance of x vector.
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Now we are going to look at the covariance of two vectors.

(Refer Slide Time: 00:50)

Py

5
Utaggns”

: [ %
Covatiance of two vectors "

Recall

Covlf(x), 9] = E[(F (x) — EF (@)D (g ) - E[g(»)])]
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So remember that for scalar functions f of x and g of y we had defined the covariance as the
deviation from the expectation of f of x multiplied by the deviation from the expectation of g

of y and expectation
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‘ Covatiance of two vectors " it
Recall

Covlf (), 9] = EI(f(x) - E[F ()N (g(v) - Elg(y)])]
Covlxy] =3y - X = E[xy] - E[x]E[y]
r Al
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of the whole thing, Ok.

We also, you might also remember that the simpler definition was that of single x and y and

that
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Covatiance of two vectors "
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Recall

Covl/(x), 9] = B[(f (x) — EF (@)D (9 ) - E[g(»)])]
Covl¥,y] =3y - X = E[xy] - E[x]E[y]

Covlx,x];; = Cov[xi,xj]

y
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definition is given here. Finally we had looked at covariance of two vectors, Ok. This can be

called as the variance. Remember just like covariance of x x is called
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Recall

Covlf (), 9] = EI(f(x) - E[F ()N (g(») - Elg(y)])]

Covlx,yl =Xy - Xy = Elxy] - E[x]E[y] i N[

Covlx,x];; = Cov[xi,xj]
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variance of X which is the square of the standard deviation, Ok.

Now we had defined something called the covariance matrix.
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‘ Covatiance of two vectors "

Recall
Cov[f(x), ()] = E[(f(x) - E[f () (9 ) - E[g)])]

Cov{é: Zui;x_yw; xy = E[xy] - E[x]E[y] oy NI

i)
Covlx,x];; = Cov[xi,xj]

Let p € R™ be the expectation of the random vector x
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This was a matrix of all covariances, you can recollect this from the previous video. This is

simply a matrix of covariance of, let us say the first element will be covariance of x 1 and x 1,

SO On
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Recall

Covlf (). 9)) = EI(/ (o) - B D (o) - Elg )]
Cov[z, Dyui;mx_yw; 1y = E[xy] - E[x]E[y] _ -
3Cov[x,x]i,j = Cov[x; x;] _(j[a[x.ﬂ }

Let p € R™ be the expectation of the random vector x

N
7
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and so forth. Remember x is a vector and x i is the ith component of the vector x.

Now let us say we denote by mu, this is standard notation, mean or expectation is denoted by
mu. Let us say mu is the expectation of the vector x and since it is a vector, mu is also going
to be a vector. Again if you look at the previous videos you will see that the first element of

mu 1 is the first element
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Recall
Cov[f(x), ()] = E[(f(x) - E[f ()D) (9 ) — E[g)])]

Cov{é Zui;x_yw; Xy = E[xy] - E[x]E[y] "y el

jCov[x,x]”=Cov[xi,x}-] {M"/‘? } /’lI:EPa

Letﬁ € R™ be the expectation of the random vector x

Ref : “Mathematics for Machine Learning” https://mml-book.com

of the expectation so on and so forth. That is a full vector.

So let us say mu is the expectation of the random vector
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‘ Covatiance of two vectors "
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Recall

Covlf(x), 9] = E[(F (x) ~ EF ()] () - E[g(»)])]

Cov{é g'oi;x_yw; Xy = E[xy] - E[x]E[y] "y N

Letﬁ € R™ be the expectation of the random vector x

Then,
Cov[x,x] = E[(x — ) (x — 1)T] = E[xxT] — E[x]E[x]" € R™*™

) | —
Al

/
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x then covariance of x comma x which we have seen before, Ok can be written as X minus mu

times x minus mu transpose. This is the way that we had defined it before, Ok.

So covariance of x simply by extending this is x minus mu. Remember now, x is a vector, x

minus mu is also a vector
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Recall

Cov[f (), 9] = E[(f(x) - E[f()Dg(y) - Elg(y)])]

Cov{é ﬁ;x_yw; Xy = Elxy] - E[x]E[y] "y NI

3Cov[x,x]i,j=Cov[xi,xj] {,N‘IM ] /‘I:EM‘I

Letﬂ € R™ be the expectation of the random vector x
Then, i
Covlx, ] = E[(¥ - 0)(% - )] = E[xx"] - EIX]E[]" € R™™

]
‘/ /
|
e 1 /
Ref : “Mathematics for Machine Learning” https:/mm-book.com ‘ }

and you are taking a transpose, Ok. Why are we taking a transpose? What is the size of this?

This is a n cross 1
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‘ Covatiance of two vectors '
Recall
Covlf(x), 9] = B[(f () ~ EF (@]9 ) - E[g»)])]
Covlx,y] =Xy Xy = Elxy] - E[x]E[y]
(;owisno M ) ;\{[11
3Cov[x, x;; = Cov|x; x;] {5"["/‘7 ] Ni® Fel
Letﬁ € R™ be the expectation of the random vector x
e
Then, M +
Covx, ] = E[( ~ W)(F - )" = E[xx"] - E[X]E[x]” € R™™
Ref : “Mathematics for Machine Learning” https://mml-book com
vector. Suppose I take a transpose,
(Refer Slide Time: 03:25)
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‘ Covariance of two vectors

Recall
Cov[f(x), ()] = E[(f (x) - E[f ()]} (g(¥) - E[g»)])]

Cov{éﬁﬂ; 1y -y = Elxy] - E[x]E[y] 2 NG

jCov[x,x]w=C0v[:ri,xj] {["’["/‘7 ] /II’ED{']

Letﬁ € R™ be the expectation of the random vector x
B4V i) f

Then,
Covlx, ] = E[(¥ - i) (% - A)"] = E[xx"] - E[x]E[x]" € R™*™

!
’ W (
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this is 1 cross n. Therefore what you will get is I have written m cross m, so this should be m.

And this can be m



(Refer Slide Time: 03:33)

ooty
4

,
S Y
8"fcu,,.«r/

. 2
‘ Covatiance of two vectors "

m

Recall

Covl/(x), 9] = B[(f (x) ~ EF (@)D (g ) - E[g(»)])]

Cov{é g'oi;x_yw; Xy = E[xy] - E[x]E[y] i NI

Letﬁ € R™ be the expectation of the random vector x
Then, bl [i4r) +
Covx, ] = E[ - )(F - )"] = E[xx"] - E[X]E[x]” € R™™

|/
7l

;’/

/ {

also, Ok. So covariance of x comma x can now be defined in this way. Expectation of x x

/

Ref : “Mathematics for Machine Learning” https://mml-book com

transpose minus expectation of x multiplied by expectation of x transpose, Ok.

Remember this, if x is a scalar this simply comes to expectation of x square minus

expectation of x the whole square.
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‘ Covariance of two vectors "

Recall

Cov[f (), g)] = E[(f(x) ~ E[f (D g(y) - Elg(y)])]

Cov{é gui;TyM; 1y = E[xy] - E[x]E[y] o NIl

3Cov[x,x]i,j=Cov[xi,x,-] {,N‘IM ] /‘I:EM‘I

Let t € R™ be the expectation of the random vector ¥ for subs x  EB0]-ELT
Then, B i 2
Covlx, ] = E[(¥ - (- i)' = E[xx"] - EIx]E[]" € R™™

f N
L\ Al ‘
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This we have seen before also. As |
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Recall

Covlf (), 9] = E[(f(x) - E[f ()N (g(v) — Elg(y)])]

Cov{z, g'oi;x_yw; Xy = Elxy] - E]E[y] i N

3Cov[x,x]w=C0v[xi,xj] {5"["/‘7 } /“:E[‘f]

Let jt € R™ be the expectation of the random vector x  far sabe x E[%] -EGE
Then, /\@1’“\1 [i4m) e
[Covlx, x] = E[(% - ) (2 )] = ElxxT) - E[JE[]"|e R™"

We use the notation Var(x] = Cov[x, x]

Ref : “Mathematics for Machine Learning” https:/mml-book.com |

said before we used the notation that variance of x is equal to covariance of

(Refer Slide Time: 04:07)

s
%
s’

et
it

§ ) )
‘ Covatiance of two vectors "

Recall

Covlf (), 9] = E[(f(x) - E[F ()N (g(v) ~ Elg(»)])]

Cov{éﬁ; x_yw; Xy = Elxy] - E]E[y] "y NI

jCov[x,x]w=C0v[xi,xj] {5"[""‘7 ] /“:E[‘f]

Let jt € R™ be the expectation of the random vector ¥  far sabe x E[%] -EGE
Then, /\@1‘9 1] I e
[Covlx, x] = E[(¥ - ) (F- )] = Elxx"] - E[]E[x]"]€ R™*"

We use the notation Var(x] = Cov[x, x]

Similarly, Cov[x,y] = E[xy"] - E[x]E[y]" = Cov[y,x]" € R™" r’ t/ /1‘ /{

Ref : “Mathematics for Machine Learning” https://mml-book com E | !

X comma X.

Now similarly, just very, very similar to this idea, we can now define covariance of x comma

y. Now let us say x is in R



(Refer Slide Time: 04:19)
\/(;) §:PTEL

‘ Covariance of two vectors

Recall
Covlf(x), ()] = E[(f (x) - E[f ()]} (g(¥) - E[g»)])]

Cov{z_, D};l; 1y -y = Elxy] - E[x]E[y] G N0

3Cov[x,x]w=C0v[xl~,xj] {["’I"’q } /“:E[‘f]

Let j1 € R™ be the expectation of the random vector x  far sabe x E[%] -EGE
Then, /\@1‘9 1] R
[Covlx, x] = E[(Z - ) (2 )] = ElxxT) - E[JE[x]"|e R™"

We use the notation Var(x] = Cov[x, x]

Similarly, Cov[)y,y] = E[xy"] - E[x]E[y]" = Cov[y,x]" € R™*® B\ £t /

Ref : “Mathematics for Machine Learning” https://mml-book com

m, Ok that is, and y belongs to R n
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‘ Covariance of two vectors

Recall
Cov[f(x), ()] = E[(f (x) - E[f ()] (g(¥) - E[g»)])]

Cov{éﬁﬂ; Xy -xy = Elxy] - E[x]E[y] N 1

jCov[x,x]w=C0v[xi,xj] {5"["/‘7 } /“:E[‘f]

Let j1 € R™ be the expectation of the random vector x  far sabe x E[%] -EGE
Then, /\@L‘S i) o
[Covlx, x] = E[(Z - ) (2 )] = E[xxT) - E[JE[]"|e R™"

We use the notation Var{x] = Cov[x, x]
N

Similarly, Cov[:y, ﬁ =E[xy"] - E[x]E[y]" = Cov[y,x]" € R™¥"

Ref : “Mathematics for Machine Learning” https://mml-book com

which means that x is now a m cross 1 vector, y is a n cross 1 vector. So y transpose is now
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‘ Covariance of two vectors

Recall

Covlf(x), 9] = B[(f (x) ~ EF (@)D (9 ) - E[g(»)])]

Cov{é Zoi;x_yw; Xy = E[xy] - E[x]E[y] i iz

Let j1 € R™ be the expectation of the random vector x  far sabe x E[%] -EGE
Then, ,\@1‘9 i) a2
[Covlx, x] = E[(% - ) (2 )] = ElxxT) - E[JE[x]"|e R™"

We use the notation Var(x] = Cov[x, x]
m“ LU

Similarly, Cov[:y, }ﬁn = lE[:?y{]3 ~ E[x]E[y]" = Cov[y,x]" € R™"®

Ref : “Mathematics for Machine Learning” https://mml-book com

1 cross n, Ok.

So we would write instead of x x transpose, we would write expectation of x y transpose
minus expectation of x multiplied by expectation of y transpose, this is simply a definition.

This is just a way we define covariance of x comma y.

You can show easily that covariance of x comma y is the same as covariance of y comma x

the whole transpose. I would suggest that you try this as a exercise.
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‘ Covariance of two vectors "

m
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Recall

Cov[f (), 9] = E[(f(x) ~ E[f()Dg(y) - Elg(y)])]

Cov{é gﬂi;x_yw; Xy = Elxy] - E[x]E[y] i NI

3Cov[x,x]i,j=C0v[xi,x,-] (,EVI‘IM ] /‘ﬁEM—l

Let t € R™ be the expectation of the random vector ¥ for suls x  EB]-ET
Then’ /\@1‘9 D"ﬂ 4 A
[Covlx, ] = B[ ~ )%~ )] = E[ax"] - ELxJEDC]"|e R™"

We use the notation Var[x] = Cov[x, x] Gaudse
1«“ sl n
mi ! /’_ f{ T = ﬂ T mxn |
Similarly, Cov[x,y] = E[xy"] - E[x]E[y]" = Cov[y,x]" € R rl /VV
S £
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Now another idea that we are going
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‘ Sums of random vartables

= Recall that expectation is a linear operator

y 9
A

to look at is the sums of two random variables. Remember that we had

(Refer Slide Time: 05:18)

‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]

y !
A_J_.AJM

already discussed that expectation is a linear operator so that if you have expectation of alpha

g plus beta h, it is going to be alpha times expectation g
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‘ Sums of random variables

m

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*

4 X Al
v kg

plus beta times expectation h.

Now we are going to extend this idea to that of two random variables, two different random

variables let us say x and y both are now of the same size n cross 1,

(Refer Slide Time: 05:41)
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‘ Sums of random variables w

= Recall that expectation is a linear operator

Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,

= |
m
m

E[x +y] = E[x] + E[y]

r‘i\,nr,

then we know that since expectation is linear, expectation of x plus y is simply going to be

expectation of x plus expectation of y.
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‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,
Efx +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

A Il
L

Similarly, expectation of alpha x plus beta y is going to be alpha times expectation x plus beta

(Refer Slide Time: 05:55)
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‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,
Efx +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

Variances are a bit more involved.

A ,nh\
ik

times expectation y. Variances however behave a slightly more differently,
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‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,
Efx +y] = E[x] + E[y]

E[ax + By) = aE[x] + SE[y]

Variances are a bit more involved.
Var[x + y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

rs
e

Ok. So variation of x plus y, variance of x plus y is not simply variance of x plus variance of

y. You have

(Refer Slide Time: 06:11)

‘ Sums of random variables

= Recall that expectation is a linear operator
Elag(x) + ph(x)] = aE[g(x)] + BE[h(x)]
» We now look at the sums of two different random variables x,y € R"
s Then,
Efx +y] = Elx] + E[y]

Elax + By] = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x, y] + Cov[y,x]"

\

’,\ ﬁ“
¥,

these two additional terms as well, Ok. You have these covariance terms, covariance of x

comma y and covariance of y comma x.

These two are not equal. They are the transposes of
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‘Sums of random vatiables w
= Recall that expectation is a linear operator

Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*

s Then,
E[x +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

Var[ax] = aVar(x]

%
il

each other. If you take variance of alpha x, it should be alpha square, sorry,
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‘Sums of random variables w
= Recall that expectation is a linear operator

Efag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*

s Then,
Efx +y] = E[x] + E[y]

Blex + By] = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

Var[ax] = dVar[x]

it is alpha square times
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‘Sums of random vatiables
= Recall that expectation is a linear operator

Elag(x) + fh(x)] = aElg(x)] + BE[R(x)]
= We now look at the sums of two different random variables x,y € R*

s Then,
E[x +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x +y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

Var[ax] = dVar(x]

Note that, if x, y are independent then Var[x + y] = Var[x] + Var(y] r [/ W

variance of x. Now notice that if x and y are independent, Ok if x and y are independent we
had this discussion in an earlier slide, that if x and y are independent then covariance of X y is

0,

(Refer Slide Time: 06:53)

‘ Sums of random variables

= Recall that expectation is a linear operator
Elag(x) + ph(x)] = aE[g(x)] + BE[h(x)]
» We now look at the sums of two different random variables x,y € R"
s Then,
Efx +y] = Ex] + E[y]

Elex + By] = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x, y] + Cov[y, x]

Var[ax] = aVar[x]
5 Gnlg1=©
Note that, if x, y are independent then Var[x + y] = Var[x] + Var(y]

Ok.

Similarly, covariance of
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‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,
Efx +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

Var[ax] = aVar[x ‘
[ ]7 GEElp:O 09 oy =°

=2 -

l
b

i’ #,l

y x is also 0, Ok. So this gives only under the condition that x and y are independent, do we

Note that, if x, y are independent then Var[x + y] = Var[x] + Var(y] '

get that variance of x plus y is variance of x plus variance of y, Ok.

(Refer Slide Time: 07:15)
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‘ Sums of random variables 24

» Recall that expectation is a linear operator
Elag(x) + ph(x)] = aE[g(x)] + BE[h(x)]
» We now look at the sums of two different random variables x,y € R"
» Then,
Efx +y] = Elx] + E[y]

Elax + By] = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x, y] + Cov[y, x]

Var[ax] = aVar[x
i GEElp-,o 09 ooy ©

5

Note that, if x, y are independent then Var[x +xy] = Var[x] + Var(y] r f

What is Var[x - y] ? \ ‘ : I g

Now as an exercise please think about what happens to variance of x minus y.

dud
3

So if combine these two relationships, I would again suggest this as an exercise. I will give
you the final expression. So variance of x minus y will be variance of x plus variance of y,
notice the plus, it is not minus, minus covariance of x y minus covariance of y x. Again I

would suggest this as a quick exercise for you to try
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‘ Sums of random vartables

= Recall that expectation is a linear operator
Elag(x) + Bh(x)] = aE[g(x)] + BE[h(x)]
= We now look at the sums of two different random variables x,y € R*
s Then,
Efx +y] = E[x] + E[y]

E[ax + By) = aE[x] + BE[y]

Variances are a bit more involved. m
Var[x + y] = Var[x] + Var[y] + Cov[x,y] + Cov[y,x]

Var[ax] = ?¥ar[x
[ ]7 GEElp:O 09 o g =°

Note that, if x, y are independent then Var[x + y] = Var[x] + Var(y]

o [% ‘@ \ml] {Vm[ﬂ = oy [‘/ﬁ] - (ov[j/]f&fldm
What is Varx —y] ?

out, Ok.

If you ignore the minus parts, minus covariance x y etc, notice that even if you have the
difference of two variables, the errors will still add, Ok. Variance is like the error, Ok. It is

like the variation.

You would have seen this in simple, you know experimental measurements perhaps a little bit
before that if you have two variables, you know I make one length minus another length it
does not mean the error subtract, the error still add because the errors go as the variance, Ok.

So therefore the errors add there.
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‘ Affine transformations




The final idea that I would like
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‘ Affine transformations

» Affine transform : Transformation of variables of the formy = Ax + b

" A /n4
' i:‘ ﬁ

to discuss in this video is that of an affine transformation. An affine transformation is nothing

but another name for a linear transformation.

So let us say you have two random variables or two variables x and y. x is a vector, y is a

vector. A is a matrix.
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‘ Affine transformations gt e

4
» Affine transform : Transformation of variables of the form y = Ax + b

\

¥

You can transform, y can be seen as x with a linear transform, b is also a vector here of course

in order for our dimensions to match, Ok.



So x is a vector, b is a vector, A is a matrix and y is another vector. So y is A x plus b. Now if

I have this,
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‘ Affine transformations

i

1 By
» Affine transform : Transformation of variables of the form y = Ax +

=
EPY
fau ;"“a

-

b

= Question: Given the mean and variance matrix of x find them for y

(A ,rh.‘

v X 4

suppose I know the mean of x, or suppose I know the variance of x, can I find out the mean

and variance of y? It turns out that
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‘ Affine transformations i
4 4 - e
» Affine transform : Transformation of variables of the form y = Ax + b
= Question: Given the mean and variance matrix of x find them for y
= Then, since expectation is a linear operator
4 ~
Ml
‘—J’—m‘

there are mathematical relationships. Expectation works out as we expect, Ok.

So
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‘ Affine transformations P e

-

1 %y
» Affine transform : Transformation of variables of the form y = Ax + b
= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator

Ey[y] = E[Ax + b] = AE[x] + b= Ap+b

y
¥ i,

expectation of y, we will write the expressions here. Please notice this, the subscript. This

expectation is over the variable y. This expectation is over the variable x.

So expectation of y is expectation of A x plus b which since, expectation is linear we simply
take out A which is a constant matrix, outside. A times expectation x plus b, mu of course is

the notation for expectation of
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Affine transformations

o
= Affine transform : Transformation of variables of the form y = Ax + b
= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

¢
E;[y] = E,[Ax + b] = AE,[x] + b = Ap+b

x, Ok.

So this is quite simple as far the expectation is concerned.
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‘ Affine transformations Lad

m

-

oty
= Affine transform : Transformation of variables of the form y = Ax + b
= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

f
Ey[y] = E,[Ax + b] = AE,[x] + b =Mp + b

Vy [yl = Vi[Ax + b]
=V, [Ax]
= Cov[Ax, Ax]
= E[(Ax)(Ax)"] - E[Ax]E[Ax]"
= E[Axx"AT] - AE[X]E[x] AT
= A(E[xx™] - E[x]E[x]")A"

= ACov[x, x]AT = AZAT r [ 4
A_w

Now variance, we will go through this slowly is once again slightly more involved, Ok. Let

us look at it step by step.

So variance of y is, of course y is defined as A x plus b so
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‘ Affine transformations B :
Ay
» Affine transform : Transformation of variables of the form ; = Axf +b

= |
m
m

= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

f
Ey[y] = E[Ax + b] = AE,[x] + b= Ap+ b

o i
Vy [yl = Vi[Ax + b]
=V, [Ax]
= Cov[Ax, Ax]
= E[(Ax)(Ax)"] - E[Ax]E[Ax]"
= E[Axx"AT] - AE[X]E[x]TAT
= A(E[xx"] - E[x]E[x]")A"
= ACov[x, x]AT = AZAT

this is fine. Variance of A x plus b is same as variance of x because variance of something x

plus a constant is the same as
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= Affine transform : Transformation of variables of the formy = Ax + b
= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

f
Ey[y] = E[Ax + b] = AE,[x] + b= Ap+b

e (o
VD= VlAcHE] ) s
=¥, [dy] = P
= Cov[Ax, Ax]
= E[(Ax)(Ax)"] - E[Ax]E[Ax]"
= E[Axx"AT] - AE[X]E[x] AT
= A(E[xx™] - E[x]E[x]")A"
= ACov[x, x]AT = AZAT

variance of x.

Why is that? You can prove this very easily mathematically but let us just look at it very

simply from a physical point of view.

Variance measures the difference from the mean, Ok or the distance from the mean. If I
change the variable by a constant the mean will also go up by a constant and that constant

subtracts out.

We are only looking at the difference from the mean and we are not looking at the actual
value of the variable, Ok. Since that is the case so whether I add b or not, I am going to get

the same variance, Ok.

Now variance of A x was defined as covariance of the variable with itself, A x comma A x.
Now we can write it out based on the definition that we had earlier. Remember that
covariance of the variable with itself was expectation of y y transpose minus expectation of y

expectation of y transpose. That is what is
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‘ Affine transformations e b4

-

4 i
= Affine transform : Transformation of variables of the form y = Ax + b
= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

f
Ey[y] = E[Ax + b] = AE,[x] + b= Ap+b

U, = V,lAx+b] e
ylV] = Vylax 4b) 2 V¥ ‘ b
=V [Ax] = Brase V,( Gy :E[%*] EW[G]
= Cov[Ax, Ax]
= E[(Ax)(Ax)"] - E[Ax]E[Ax]"
= E[Axx"AT] - AE[X]E[x] AT
= A(E[xx"] - E[x]E[x]")A"
= ACov[x, x]AT = AZAT

used here, Ok.

Instead of y I have A x. A x A X transpose, A x expectation of A x transpose. Ok. Now we can

open this up noting the fact that A x transpose is the same as
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‘ Affine transformations g
i
» Affine transform : Transformation of variables of the form ; B Axf +b

m
m

= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

Bj[y] = EJJAx + b] = AE,[¥] + b = A + b
V)] = V[ATH b] o
=V,[Ax L +b) 2 U* IR
= e W% Al B
= Cov[Ax, Ax] v, :
E[(4%) (Ax)"] - E[Ax]E[Ax]" ) (A =2
E[Axx"AT] - AE[X]E[x]TAT
A(E[xx"] - E[x]E[x]")A" \[ .

ACov[x,x]AT = ATA" r o Aull

nnunn

X transpose A transpose.

So that is opened up here. Now also I have used the fact that expectation of A x is A times
expectation of x. Similarly expectation of A x transpose is the same as expectation of x
transpose A transpose which is the same as expectation of x transpose multiplied by A

transpose.
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‘ Affine transformations e
4 5
« Affine transform : Transformation of variables of the form y Axf +b

m

= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

f
Ey[y] = E[Ax + b] = AE,[x] + b= Ap+b

m

Vy 5] = VifAx+ b )
ylV1 = Vylax ub i i
T V[ gl i £
= Cov[Ax, Ax]
= E[(Ax)(4)"] - E[Ax]E[Ax]" JW vy
= E[Axx"AT] - AE[XJE[x]TAT ey
= A(E[xx™] - E[x]E[x]T)A" E64T

= ACov[x,x]A" = AZA" LT AT

That is what is used here. Now I can bring out A from the front end and bring out A transpose

from the back end, Ok. So we can do that.

So A from the front end, A transpose from the back end and we can take that out common and
we get A times expectation of x X transpose minus expectation of x, expectation of x

transpose. And A transpose comes out.

So you can now rewrite it. This is nothing but
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‘ Affine transformations s v

4 »
» Affine transform : Transformation of variables of the form y Ax +b

= Question: Given the mean and variance matrix of x find them for y

» Then, since expectation is a linear operator £

f
Ey[y] = E,[Ax + b] = AE,[x] + b = Ap+b
(o

vl: H{

=
Vy[y] = V,[Ax + b]
=V [Ax] = Brase
= Cov[Ax, Ax]

{L(Ax)(Ax - IE[Ax IE[A/l J A,)" 2
E[Ax™AT] - AB[JE[xTAT® Ny

= A(E[xx] = E[x]E[x]")A £ e
= Acmr U A

A tw B

covariance of x comma x which we discussed in the previous slide. So A times covariance of

X X, X comma x A transpose. Typically the covariance matrix is denoted by



%
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‘ Affine transformations
hy

= Affine transform : Transformation of variables of the form y Ax +b

= Question: Given the mean and variance matrix of x find them for y

= Then, since expectation is a linear operator £

Bj[y] = EJ[Ax + D] = AE,[¥] + b = A + b
A W "
Vy[y] = Vy[Ax +b] ; KD i
z =V, [Ax]  Bomee e *b Eﬁ] E@E[a]
= Cov[Ax, Ax]

L’JLAX)(AX - [E[Ax [E[/_l ,1,)’I vy
E[Axx"4T] - AE[X]E[x] TAT N

sigma just like, use the expectation of x,
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= A(E[xx"] = E[x]E[x]T)A" EHT
= AcmT (k)2 =t 2 ,,ﬁjl\

‘ Affine transformations P
4

4l o
» Affine transform : Transformation of variables of the form y = Ax + b

= Question: Given the mean and variance matrix of x find them for y

y\ = E[Q
= Then, since expectation is a linear operator ety i
¢
E;[y] = E,[Ax + b] = AE[x] + b = Ap+b
B w

Vyly] = Vy[Ax + b] i A ki)
=V, [4x] 2 Braase Wt G(w Hﬂq E(ﬂ[{j
= Cov[Ax, Ax]

f_KAX)(AJC - IE[Ax IE[/_l A,)T 2
E[Axx"47] - AE[X]E[X] TAT £y

capital sigma is the variance of x which is the same as covariance of

= A(E[xx] = E[x]E[x]")A” ) i
= AC(WJJ@?:LR)ZE!T Culd =y =EEIA [/ f ﬂW ‘
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‘ Affine transformations L N4

-~
= Affine transform : Transformation of variables of the form y Ax +b

= Question: Given the mean and variance matrix of x find them for y

= L]

= Then, since expectation is a linear operator £ Z y.n[d

Eyy] = EyJAx + b] =AE x| +b=Ap+b b

—— m (
V[ ] Vy[Ax +b] ; \20
= Cov[Ax Ax]
= IE[(Ax)(Ax ™) - E[Ax]E[Ax /l )T ey
LE[AaTAT] AE[x]E[x]TAT £y

= A(E[xx"] - E[x]E[x]")AT -L50 \
—AcmT Gald =2 - H’lﬁ‘ ' = A

X 0on X.

So we have looked at a lot of mathematical relations in this video. As I said earlier you might
or might not be comfortable with it. Even if you are not comfortable with it, we do not use at
least this set of expressions too often. But please get comfortable by watching this a few
times in case you found it unfamiliar. We will use it a little bit towards the latter half of the

course, thank you.



