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Hello everyone, welcome to lecture 4 of the 1st module of our course on Machine Learning for
Earth System Science. So, like this 1st module is about Spatio-Temporal Statistics and we are in
the 4th lecture of it. In the previous lecture we considered the geo-statistical equation and how it

can be expressed as some kind of a stochastic model for spatio-temporal processes.

And we came to the conclusion that to incorporate the spatial and temporal auto correlations
between different variables we need to use, we need to sample them from some kind of joint

distributions rather than sampling them individually from individual locations or time points.

(Refer Slide Time: 01:15)

CONCEPTS COVERED

» Gaussian Process Regression
» Spatio-temporal Process modeling with GP

» Inverse problem and solution by sampling

So, one like we at the end of the lecture we mention that one way to achieve that is through

Gaussian process. So, what is this Gaussian process all about? So, in today’s lecture we will first



consider Gaussian process regression, then we will see how the spatio-temporal processes as we
considered in the last lecture can be modeled using the Gaussian process and finally, how the

inverse problem can be solved by using sampling.

(Refer Slide Time: 01:39)

Gaussian Process

» A probability distribution over functions!

» May be used to predict observable where observation is unavailable

» May be used to generate global component of spatio-temporal process

» Spatial/temporal Autocorrelations can be captured using “Covariance
Function”

So, first of all let us talk about the Gaussian process. So, this Gaussian process is nothing but a
probability distribution over functions. Now that may sound strange because we like we have
considered various kind of probability distributions so far. Like for example, the Bernoulli
distribution it is a probability distribution over like we can say over only two things the may be
the heads and tails of a coin. Or if you consider the Gaussian distribution that is a probability

distribution over real numbers where every real number has a probability attached to it.

Similarly, there are other kinds of probability distributions. There might be some probability
distributions which are over categorical or like categorical quantities and things like that. Now
this Gaussian process is such a probability distribution it is defined over functions, that is, entire
functions have a certain probability under the Gaussian process that may sound strange, but

actually it is not so strange. We will try to explain that in a bit.

So, now this so what is this Gaussian process used for? This Gaussian process, it may be used to

predict the observable at places where the observation is unavailable. What do I mean by that?



So, suppose you are thus so I already mentioned that Gaussian process is a distribution over
function. Now what function? So, since we are dealing with spatial and temporal variables we

are we will focus only on spatial and temporal functions only.

(Refer Slide Time: 03:16)
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So, like if you consider, say, the spatial function like this kind of a spatial like let us consider this

kind of a temporal function over t ok. So, this like you can call this as let us say X ,or let us say
we have a spatial location like some spatial field. Let us say it is indexed by the latitude S ) and

longitude S 5 and at different parts like we have like different values of this spatial process.

So, the idea here is that we so this kind of a curve it can be called considered as a temporal
function. This can be considered as some kind of a spatial function. So, this function is nothing
in both cases, is nothing but a collection of values over an infinite number of points. They may
be in the in this case, those points are time points in the right hand case in case of the spatial

function those points are the spatial points ok.

So, like when we are talking the like this when we are talking about this X  we like we can call it

as some kind of f(t), but in reality it is nothing but a very long vector.



X =f() = X(I3)

X(tN) N> o

So, note the that at every time point at every single time point I have noted an observation. It is

not discrete like t1’ t2 and so on. So, basically it is like the points at which this function is

evaluated is uncountably infinite. So, the we can look upon this temporal function f as a vector

of the observation X, but that vector is like it is like it has it is infinitely long vector ok.

So, now in this like from this point of view you can consider the Gaussian process as some kind
of a distribution over the functions. Now suppose you have estimated this kind of a function at
different time points; that means what? That means, if you have any new time point you should
be able to or you may be able to estimate the value of the observation at that time point. Once
you I mean once you have learnt or once you have been able to parameterize that function

somehow ok.

So, that is the most important application of Gaussian process where it is basically used for
interpolation, that is to predict the value of the observable where the observations is not
available. It can also be used to generate the global component of the spatio temporal process.
So, in the in lecture 3, we mentioned that this global component needs to cannot be sampled at
individual time points or locations, but they has to be sampled from some kind of a joint

distribution.

Now, this Gaussian process by being a distribution over the functions its actually what its
actually being like something like a joint distribution over multiple time points or multiple
locations ok. So, the spatial and temporal auto correlations can be captured using the covariance
function. Now this Gaussian process it has a covariance function which we will like we which

we will discuss once we come to the formulation of the Gaussian process.



And that the task of that covariance function is to capture the spatial and temporal
autocorrelations between the different locations and different time points, that is to say when we
whenever we are sampling any observation from a Gaussian process like we if the Gaussian
process is basically giving us the values at different time points and at or at different locations,
however, those values we will be following some kind of like some relation between the let it
will basically it will be it will follow the or it will respect the covariance between those locations

or the time points which might be known from already from the data ok.
(Refer Slide Time: 07:53)
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Multivariate Gaussian Distribution

P(X) = rprzam eP(—3(x — W) TE 7 (x — u))
L is the D x D covariance matrix, X(i,j) = Cov(X;, X;)
Covariance matrix size blows up with D!

vyvyVvY YVvYY

Possible solution: replace covariance matrix by covariance
function!

Now, coming to the actual formulation of this kind of a Gaussian process, before the Gaussian
process, let us first consider the Gaussian distribution. So, the simple Gaussian, the univariate
Gaussian distribution we all know that is the standard normal distribution where we have a mean

u and a variance ©.

Now, the same thing can be considered in multiple dimensions also in high dimensions also. So,
instead of having a single variable let us consider a collection of D variables like this

X v X . X D ok. And now this all these random variables they can be taken together to form a

vector of random variables which we can call as X ok.



So, this vector of random variable is nothing but I mean this X itself can be considered as a
vector random variable which is nothing but a vector of individual scalar random variables. Now
what we want to do is we want to define the probability distribution on this X, that is the input
will be a vector D dimensional vector X and corresponding to that we will get a value of the PDF.

So, this is what that PDF looks like.

And so like you might see similarities between the this PDF and the PDF of a standard normal
distribution. So, in this case just like the standard normal distribution has its parameters p and
this one also has p and Z, but the difference is that here this p the mean is not a real number, but

it is a vector, it is a d-dimensional vector same dimension as the input X.

And the instead of having a ¢ as a [ mean a variance, we have a full matrix or D X D matrix

which we call as the covariance matrix. So, what is that matrix what does it consist of? So, if you

. . .th . . ) . .
consider any element let us say the i, j element of this covariance matrix Z, it basically

contains the covariance between the random variables X i and Xj ok. So, remember that X is the

collection of these D random variables.

So, I take up any two of them. Let us say X ; and X], I measure the covariance between them and

that covariance is like will be present in 2(i, j) of this covariance matrix and you can understand
that this is going to be a symmetric matrix because if X(i,j) = Z(j, i)because

Cov(Xi, Xj) = Cov(Xj, Xl,) right.

And like not only is this covariance matrix it not only is it symmetric, but you can actually show
that it is positive semi definite ok. And because of that property you can always define its inverse
in this way, it is invertible matrix and you can also and it is determinant will also be non zero.
So, this, the problem is that this covariance matrix its size blows up with D that is instead of
considering a small number of variables like this, if you consider a very large number of
variables, then, this covariance matrix like it will become D X D that is its size is going to be
bigger and bigger. As a result, carrying out these kind of inverses or the determinants is going to
become more and more difficult. So, the solution in that case is to replace this kind of a

covariance matrix by what is called as a covariance function.



Now, what is the covariance function? So, the covariance function is that instead of having to
store the covariance of the X at different locations I am sorry between different variables what if
we can somehow express that difference like that covariance using some kind of a function. So,
that will happen only is if this like that is we can say that it can happen easily if this the

covariance is stationary.

(Refer Slide Time: 12:18)
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Gaussian Process

v

Consider a (finite or infinite) set of random variables X, Xz,

Suppose each of them represents a location

=

» Consider any random finite subset { X1, Xi2,...,Xin}

> Then we have (X1, Xi2, . ., Xin) ~ N (i1, )

» 4(s): mean function (a function of s)

> 3(s.s") = K(||s — 5||), where K is the covariance function (a

function of ||s — §'|[)

HOME WORK: FIND OUT COMMON COVARIANCE FUNCTIONS!

So, let us explain that in a bit. So, the idea here is that like instead of considering like a finite set
of D random variables like this. Let us consider a finite or infinite set of random variables

X v X . ok. So, so basically we are relaxing this to the situation where D — oo. So, we still

have the variable X, I mean the vector random variable X, but it has become an infinite vector.

So, theoretically we can still use this kind of a multivariate Gaussian distribution on X, but the
problem here is that like we can because like the number of I mean the these the number of these
variables has become so large, we can now no longer do the determinate calculate the

determinants and inverses efficiently.

Now, let us also consider that these D different variables that we are considering they actually are

specific to locations. So, you can say that there is a geophysical variable X which we are



measuring at an infinite number of locations ok, maybe that is temperature or something like
that. Now, if you consider any finite random subset of these locations X i X g X .
So, I mean N is any let us say any integer. So, we what we are doing is we are focusing on only a
certain number of these or a finite number of these locations and what we are trying to do is that
now we are trying to define some kind of distribution on them. Now, in the like Gaussian process
is a model which states that if you consider any random subset of these of such variables we will
get the like they are joint distribution we will still be the Gaussian distribution with a mean p and

a covariance matrix x.

So, note that the p in this case will be an N-dimensional vector and the covariance matrix will be

N X N matrix. Also note that [ am calling these as X " X g X . So, you may be wondering
what these i's are. So, this is to emphasize that we are choosing any set of N points that is X i1
that is if I say X1’ Xz’ - XN it may mean only the first N points, but by writing i1, i2, .., iN, |

am emphasizing it that it can be any N points.

X i1 maybe 6, X , May be 13, X N maybe say let us say 555 and so on. So, like if you consider

any subset of N variables out of all these collection of like infinite variables you in like whether
you are considering 1 variable or 2 variables or 17 variables, whether they are the 1st variables or
the say the 4th and 9th variables or whatever they will all they are joint distribution will always

be the Gaussian distribution.

And the now the p the mean of that Gaussian distribution is the so is the mean function that is it
is such that whenever you are considering any particular point in space the its mean is to be
expressed as a function of that location. So, that if that location is expressed in terms of latitude
and longitude you should be able to calculate some function of that latitude and longitude and get

that value L.

If that is difficult you can simply like consider it as some kind of uniform or constant thing, that
is a as a you can consider it as a spatially stationary process, which means that p is equal at all
the locations. The more interesting part is the covariance sigma. So, this X this has to be an

N X N covariance matrix. Now every element of this rather than actually storing the all the



elements of the covariance matrix, I will express every element of the covariance matrix as some

kind of a function.

And if whenever we are considering the covariance between any two variables who which are
like correspond to let us say locations s and s' we will say that the covariance they are
covariance follows some kind is a like is a some kind of a function K of the distance between

those two locations s and s'.

So, you may remember in lecture 2 we considered the concept of is covariance stationarity,
which means that the covariance between any two variable or any two locations is I mean the
covariance of a particular variable at two different locations is nothing but the function of the

distance between those two locations.

So, that is what is happening in this case. So, (s, s') is basically the covariance between the
value a I mean the variable X at location s and location s', but that covariance is being expressed
as a function of only (s — s') that is the distance between the two locations not of any other

thing.

I(s, s) = K(l(s = sHI}

So, now the question might arise that what kind of function is K like what function we may use
to define this kind of a covariance function? So, there is a set of standard functions for this. So, I

leave it as an as a homework for you to find out about common covariance functions ok.
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Gaussian Process

> X ~ GP(u. K), where GP represents Gaussian Process, with
K as the covariance function

> X is now a continuous function, defined at every location

» Any finite set of locations follows multivariate Gaussian
distribution

» Relationship between X at different locations represented
through covariance function

> Given observations at each location, we can predict the values
at other locations

So, that brings us to the definition of a Gaussian process. So, when we say that X follows a
Gaussian process with mean function p and covariance function K. This is what I mean it means
that X is a like is a potentially an infinite dimensional or like an collection of an infinite number
of variables such that if you consider any subset of them any random subset of them they follow
the Gaussian distribution with parameters which you can obtain from this mean function and the

covariance function ok.

Any finite subset of locations they follow the multivariate Gaussian distributions. Now of course,
this need not be locations this can be time also that is in that case it like we in if there are
locations then X you can say it is a it follows a spatial Gaussian process. If it is a time points then

we can say that it follows a temporal Gaussian process yes and so on.

So, the now the relation between X at different locations or different time is represented through
this kind of a covariance function and so ok. So, what is achieved by this Gaussian process? The
gauss the what is achieved is as follows: Once you have parameterized this p and K, now you

can like sample the value at any particular point.



So, like as you can understand it will follow the Gaussian distribution only with some parameter
u and X which like of course, you can calculate using this the mean function and the covariance

function.

So, even if you do not have the observations once you have estimated the mean function and the
covariance function then you will be able to generate the value or at any like any location or any

time where you may not have had the these observations initially ok.
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Interpolation using Gaussian Processes

» Consider any location s + 1 where we want to predict X,
» Conditional PDF p(Xs.1|X1

» Both joint PDFs p(X1, X2,...,
p(X1, Xa,. .., X;) are Gaussian!

» For both, mean vector and covariance matrix will come from
the GP mean and covariance functions!

HOME WORK: find the mean vector and covariance matrix in this case!

So, that is how this Gaussian process is used for the purpose of interpolation. So, to be more

specific let us say we have the observations at s locations X Y X . X g And I want to make

the prediction at location s + 1 which is the X(s + 1). So, what I will do is I will generate or |
will create a conditional probability distribution for a X(s + 1). So, which can obviously, be
written in this way like using the standard definition. Now if you consider both the numerator

and the denominator both are effectively joint distributions over random variables.

The denominator is a joint distribution over s random variables the numerator is over s + 1
random variables. Now because it follows a Gaussian process so any collection of random
variables will jointly follow the Gaussian distribution. So, the numerator will also be Gaussian

and the denominator will also be Gaussian ok.



So, if the PDF of X(s + 1) conditioned on the observation is actually follows this kind of a
distribution where like its PDF is like the is some kind of a Gaussian PDF divided by another
Gaussian PDF and you can actually work out the algebra and find that after doing this division
the resulting PDF is still a Gaussian with the of course, the parameters of that Gaussian will
change. I mean the mean vector covariance matrix of this new Gaussian will change compare,

but they can, but it will still be a Gaussian distribution.

I mean this the numerator here is a Gaussian distribution, the denominator is a Gaussian
distribution and the result the quotient is also going to be another Gaussian distribution. So, what
will be the mean and the covariance matrix of this distribution that is I leave it as a exercise for

you to find out.

You can like you basically have to write down the PDFs of both of these things do a lot of
algebra and you can work it out like. In case it is difficult there are always various resources you
can look up to like Christ Bishops book on pattern recognition for machine learning is a very

good reference to follow in this case ok.

(Refer Slide Time: 22:57)

pPRLAEILO LT

Spatio-temporal Hierarchical Gaussian Process

» Data Model: X ~ N(p+ n.01)

» n=AZ +BY

» i~ GP(p0. Ko)?

> Z~GP(uz.Kz)?

» These Gaussian Processes can be either spatial or temporal

» We can decompose y and Z into spatial and temporal
components



So, now we use the concept of Gaussian process in the spatio-temporal hierarchical process
model that we considered in the previous lecture. So, the data model is always there. The

Gaussian process is to be used on the process model.

So, if you remember the 1 is like which is which we called as the global component that can be
expressed as AZ + BY where Z is the latent variable at different locations. Y is the set of
covariates at the different locations and A and B are the transformation matrices. That is they
basically they combine the latent variable values at different locations and pass them on to each

location ok.

So, the this p and these Z these are variables to be defined over all the locations. p is something
like the static component the local component of every location and Z is the latent variable which

1s also defined over all the locations.

Now I can like in this version I can sample both p and Z from Gaussian processes. So, what does
it help us? It helps us in preserving the spatio-temporal relations between the different sorry not
temporal 1 mean the spatial covariance or correlation between the different locations ok. And
these Gaussian processes can be either spatial or temporal and this p and Z we can decompose

them into the spatial and the temporal components somewhat like this.

(Refer Slide Time: 24:38)
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Spatio-temporal Hierarchical Gaussian Process

Data Model: X(s. t) ~ N (u(s, tf +n(s.t). o)
Parameter Model: u(s, t) = ps(s)ur(t)

is ~ GP(uso. Kso). 1 ~ GP(110. K10)

Process Model: 7(s, t) = AZ(s, t) + BY(s, t) where
Z(s.t) = Zs(s)Z1(2)

Zs ~ GP(uso. Kso). ur ~ GP(pr0. K70)

yvyyy



So, let us say that I my model is spatio-temporal that is I am trying to build the model for X(s, t)
. So, it follows the Gaussian distribute at a any location s and time t it follows the Gaussian
distribution with mean p(s,t) + n(s,t)and now the p(s,t) let us say we have a spatial
distribution I mean a spatial component p(s) and a temporal component p(t) and p(s,t) is

nothing but a product of these two things.

Now, u(s) may individually follow a Gaussian process and p(t) may also individually follow a
Gaussian process. So, this is the spatial Gaussian process which is defined over locations and
this is a temporal Gaussian process which is defined over time points. When I multiply them
what T get is a spatio-temporal Gaussian process which is like I mean I get a spatio-temporal

variable which is defined for all locations as well as all time points.

Similarly, when we are considering the process model the basically the n we know that ) is to be
expressed as AZ + BY. Now this Z and I mean Y is of course, the exogenous variable which is
not a random variable. Now Z is the random variable which is spatio-temporal. So, we can
decompose it as thus with as spatial component as well as a temporal component and the spatial
component again it follows a Gaussian process. The spatial Gaussian process the temporal

component again follows a temporal Gaussian process ok.
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Forward Problem: Data Generation

Forward problem: generate/simulate X using this model
Identify a set of locations and time-points to generate data

Generate yu(s, t) from the Gaussian Processes us and pur

vyvyyy

For each of us and ur, first generate data at one
location /time-point

> Keep sampling as p(ys|p, . . - , ps—1) and p(pelprs . . ., He-1)
> Similarly generate Z(s, t) from the Gaussian Processes Zs and
Zr

Finally generate X(s, t) using the data model



So, now that brings us to the forward problem of data generation which we have said that it helps
us to create or sample new data or maybe data for the future. So, once we have developed this
model by specifying all these parameters of the I mean all the hyper parameters of the Gaussian
process and so on by choosing all the all these covariance function, the mean function etcetera. I

mean choice of these is all lies on the in the hands of the model designer.

Once we have done that we simply identify a set of locations and time points to generate the data
and then we just keep on sampling pu(s) and p(t) based on the values which have already been
generated. Once you have the p(s) and p(t) then you similarly generate a Z(s, t) at all locations

at all time points in the same way from the Gaussian process Z(s) andZ(t).

So, once again you go on sampling Z(s1) then Z(s2), Z(s3) and so on and similarly you also
go on generating Z(t1), Z(t2) etcetera and then multiply them together to get Z(s, t) and finally,
once you have got the Z's then you use them to generate the actual values X(s, t) using the data
model this is the data model right. So, basically you like you just perturb it with the noise and

generate that data.

(Refer Slide Time: 27:46)

Inverse Problem

» We already have the observation X and covariates Y

» Can we estimate Z, ;, o, A, B etc?

» Z, u are latent random variables, o, A, B are parameters
> Let us assume that parameters are fixed and known

> We need to estimate Z and p by Gibbs Sampling

» Assign initial values to all Z and « variables

» Optimal values to be found by repeated sampling of each
variable

Now, the inverse problem what is the inverse problem that is more complicated? So, the I mean,

but that is in a sense more natural also. So, the as you can see the model which we defined here



has so many parameters as and where will all these parameters come from? Because, what you
actually have is the data the observations and the covariates also. So, the task when we are trying

to build a model the task is to estimate all these other variables.

So, there are two sets, the random variables which are Z as well as the various parameters. So,

we can estimate the random variables by a process of called the Gibbs sampling.

So, the process is as follows you assign initial values to all the variables and the optimal values
are found by repeatedly sampling for of each of the variables keeping the other as constant. That
is you may so Z is a collection of variables at different locations and different time points. So,
you can keep focus on one location sampled values keeping all the Z's other Z'sas constant, then
you sample the value of Z at a different location again keeping all the other of them constant and

SO on.
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Inverse Problem

» Sample a new value of Z(s. t) from p(Z(s.t)|Z. X, p),
conditional distribution of Z(s, t) based on all other variables

» Repeat this process for all s € {1,S} and t € {1, T}

» Sample a new value of yu(s, t) from p(u(s. t)|u. X, Z),
conditional distribution of j(s, t) based on all other variables

Repeat this process for all s € {1,5} and t € {1. T}
Store the sampled values of each yariable

>
»>
» Repeat the whole process for many iterations
>

For each variable, select the mode of its samples

So, that is the process of Gibbs sampling. Now I in this lecture I will not go into the details of the
of how exactly the Gibbs sampling is done, but basically you like you repeat this process for all
locations as well as for all time points like just go on sampling new values from these kinds of
conditional distributions and once you have done this, once you have sampled a large enough

number of these values for every location and every time point for all the different random



variables that are latent random variables that are involved here; you store those sampled
variables and then and repeat this whole process for many iterations. So, that for each random
variable you get a large number of samples and so those using those samples you can get
something like a posterior distribution over them and then you can like select the mode of those

samples to get the final values ok.
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» Gelfand AE, Diggle P, Guttorp P, Fuentes M. Handbook of spatial statistics. CRC press;

2010 Mar 19.

So, that brings us to the end of this lecture.
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» Gaussian processes used to define joint distributions

» They may be used to predict values (interpolation) where no observation
available

» Forward model may,be used by sampling latent variables from GPs

» Inverse problem may be solved by Gibbs Sampling and parameter

estimation

So, with the key points to take away is that the Gaussian processes are used to define joint

distributions they may be used to predict values or do the interpolation. The forward model may

be used for sampling latent variables and it generate and creates new data while the inverse

problem to estimate the model parameters and the latent variables may be solved using Gibbs

sampling and other parameter estimation techniques. So, we will continue further details in the

following lecture. So, that is it for today. Bye.



