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Lecture - 03
Image Transform Part - I

In this lecture I will introduce Image Transforms.
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i Image Transform

a Image in continuous form: fix,y): A 2-D

: Nin p2 Properties of
fUnCtmn; where (X,_‘l,) In K-, basis functions

o Let B be a set of basis functions: b eteid

in the analysis,

B={bxy) | i=.-10,1.23,....}, bxy) in Ror C.
o Let fix,») be expanded using 5 as follows:

fxy) = Zﬂ:bx (x,y) _ Coefficients of
7 transform

The transform of fw.rt. B is given by {4;)i = ~.-1,01,23,..},
Indexing may be multidimensional say, 4;;.

Let us consider image as a continuous function; it is a two-dimensional function and a point is in
the two-dimensional real space and let us consider set of basis functions which are also a
two-dimensional functions, we can represent it as a set where each function is given by

say

b, (x,y) . you should note that this could be the functional value, could be either in real or in the
complex domain. We can represent, we can expand the two dimensional function f(x,y)
using B as a linear combination of this basis functions as it is given here in this form that

A, x b, (x, y) and where 1 is the indexes of the basis functions as given in the set.



So, the transform of f with respect to B is given by the set of set of this coefficients which are A,
these are called coefficients of transform and we can represent the function as the linear
combination of this basis functions where the coefficients of the linear combinations are
listed here. So, you can see that this is an alternative description of the image instead of
representing the image by the functional form of (X, y); I can simply represent it as a list

of coefficients or even these coefficients can be a function of indexes.

So, indexing maybe multidimensional, for example for a two-dimensional function indexing
we can use two such indexes to denote a coefficient and in that case we can say that this
function can be expanded in the form of a linear combination of two dimensional
functions and we can have this double summations in this representation. So, one of the
advantage of image transform is that this properties of basis functions this can be

extended in the analysis.
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Orthogonal Expansion  f(x) = Z»L—b;(x)

i and 1-D Transforms "

o Innerproduct: < f,g>= j f(x)g* (x)dx

» Orthogonal expansion: If B satisfies :
(b by) =0, fori#]
= (; Otherwise (for i = j),where ¢; > 0
» Transform coefficients in Q.E.; A, = é( f.b)
If ¢=1, it becomes orthonorma expansion.
Forward transform -—" A, = {(f, b;)

Inverse transform: f() = | Ab(x)di

==&

Let us consider a particular type of property which is very useful when this basis functions they
have this property. This property is called orthogonality property and if I expand the
function in terms of this orthogonal basis functions then we call that expansion as

orthogonal expansion. We will consider our discussion following up the discussion on



this image transform, we will restrict our discussion to one-dimension first and later on
we will see that now these properties can be easily extended to two dimension. So, we

will understand the one-dimensional transform initially.

So, one of the thing that we would like to define here this operation inner product. So, inner
product is a binary operation where two operands are two functions you can see that this
function f(x) and the another function g(x). So, it is the product of this two functions and
integral of this product values at every point in the space x. Now of occurs in this product
there is a there is there is something we should note that it is not a simple product, it is a
product of function f(x) with the complex conjugate of g(x) and that is we are considering
here. If both f(x) and g(x) functional values are in the real domain then complex

conjugate itself will be the same functional value, so then we can write it as f(x) g(x) dx.

So, orthogonal expansion it is possible when the basis functions this satisfies certain property,
that means the set of basis functions it satisfies this particular property of a orthogonality.
What we can see that inner product of any two different basis functions that should be
equal to 0, whereas inner product of the same basis function will have a non zero value
and which is a positive value. If this is true for any pair of basis functions in the set B,

then we say that this basis functions they are all orthogonal in that set.

So, transform coefficients in orthogonal expansion that could be easily computed by exploiting
this property, that is one of the usefulness of this particular property and you can say that
simply if I take the inner product of the function with a basis function, then we can and
also divide it by c, then we can get the corresponding A,’s. And if ¢, is equal to 1 then it
becomes orthonormal expansion then we can simply write A equal to inner product of
function and b,. So, this is what of since we are expressing the functions in terms of only

transform coefficients, so we call this operation is a Forward transform operation.

So now, function instead of being represented by f(x), now the functions function is represented
by these A’s and the reverse transform or inverse transform would be to compute the

function from this coefficients back and because of the orthogonal property and also



orthonormal property, we can simply write it in this form. That means, simply it is a;
it is nothing but the linear combination of those basis functions and since it is a
continuous domain. So, we are taking the integrations over all the index values otherwise

in a discrete domain we can write it in this form.
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Ender ~ Complete base
o

B =jox) _ g o]
transform L

Unit impulse function

0, otherwise.

Orthogonality: r glot gy = [2n5£x), forw=0
Fourier Transform: #(f(x)) = f(jw) = rf(x)e-fwdx

: 1 % 2
Inverse Transform: W)= j Fx)elo*d
Full reconstruction = ¢=j = cos(wx) - j sin(wx)
fljw) = j f(x)(cos(wx) + jsin(wx)) dx

€ = {cos(wx)| - < 0 < o} §= {sif(wx)l - < w< o)
“ Orthogonal © But not complete!

So, one of the special case of this orthogonal expansion is Fourier transform and in this case you

can see that set of basis functions is given by in the following form:
B=ed"|-w<o<w (eq.1)

it is a complex sinusoid which is the member of the set, it is given in the above form and the
completeness (Refer Time: 06:53) of this basis function is : any orthogonal set which is
a subset of any orthogonal basis set will also remain orthogonal, but using the linear

combination of that subset, you will not get the complete reconstruction of the function.

The basis set which keeps the complete reconstruction that is called the complete base. So, in the
Fourier transform, in fact, the set what is defined here it is a complete base because, it can

give me back this function as a linear combination of this function. You can see that



actually this (eq. 1) is a infinite set, though individually every sinusoid can be

distinguished here.

So, the orthogonality property is reflected by this particular relationships where you can see the
that [1(x) is the unit impulse function whose area is equal to 1 centering at w equal to 0
and otherwise [/(x) value would be 0 in everywhere. So, it is an unit impulse function
and this particular property gives you the orthogonal property of the Fourier transform

this base.

So, Fourier transform can be defined in the following form which is the forward transform .
F(f) =)= ] fx) e7or

as you see in the above that it is an inner product of f(x) and also the complete base. So, the base
is @°* ,. So, you take the complex conjugate of the base which is ¢7°¥. And if I take the

inverse transform then once again this is considered as the inverse transform,;
® A .
f@ =5z | fGwe ax
So, j‘ (o) is the corresponding coefficients and the linear combination of this basis function will

give you the corresponding inverse transform.

So, it gives you the full reconstruction because it is a complete base as I mentioned. One of the

interesting fact that can be noticed in the following complex sinusoid
e 7% = cos(wx) — jsin(®x)

it can be recomposed into two real and imaginary parts, real part consists of cos(wx) and
imaginary part consists of say — sin(mx)in this case. So, this forward transform can be

expressed using the following expression itself.



0=+ | Jjo)cosn —jsin@n)ax

So, it has one transform component which consists of real part, another transform component
which consists of imaginary part and in the real part we are using the basis functions as
cos(ox) where as in the imaginary part we will be using the basis functions at sin(wx) or

— sin(owx) whatever be your interpretation.
So, we can consider cos(wx) as the set of basis functions and this is also orthogonal,
C = cos(ox)| —o0o < ® <

S = sin(ox)| —0o < ® <o©

The above trigonometric functions are also orthogonal we know and sin(ox) is also
orthogonal. But the thing is that as I mentioned that they will not form the complete base.
So, we can use only cos(wx). If T use f(jo) cos(wx) the real part of cos(wx) then that will
not give you back the full function. Similarly if I use the corresponding imaginary part of

the transform and use the sin(wx) that will not also give me back the full function.
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Even and odd s = +ze j

i e;’ﬁ i e—j&
functions sn(t) =—

» Even: f{-x)=fx) for all x.
s Odd: fl-x)=x) for all x. 2£0)=0.
« For even flv) f F(x)(sin(wx)) dx = 0

-8

» For odd f(x) : j f(x)(cos(wx)) dx = 0

Full reconstruction possible with cosines
(sines) only if it is even (odd).

So, it is not a complete base but there are certain functions where actually if you use only cosine

functions or sine functions, you can reconstruct it fully, so these functions are called even

and odd functions.

There is a property like for an even functions, it should satisfy the following property:

f(=x)=f(x) forall x

1.e, it should be symmetric around the origin or around at x = 0 at both ends say f(— x)should

be equal to f(x) for all x

f(=x) = f(x) forall x

Whereas for odd it should be antisymmetric. i.e, f(—x) equal to —f(x) for all x and

f(0)=0

naturally at the x = 0, the value has to be equal to 0 for this definition.




So, a function could be even, it could be odd or it could be neither, when they are belong when
they have this property, then you can expand them using only cosine or only sine
functions. So, let us see so even f(x)we can have this is a property which is satisfied
because, in that case if I take the integrations while taking the product with sin(wx) that

would be 0. I.e,

T Fio)(sin(ox))dx =0

So, all sinusoidal terms would be 0; so that is why only cosine terms will remain and your

transform coefficients can be sufficient to prescrib by only cosine transformations.

T Fjo)(cos(wx))dx = 0

Similarly for odd f(x) the above property is true and that is why using only sine sinusoidal basis

you can reconstruct it.

Now this could be easily derived if I consider this relationships of cos(0) and sin(6) in terms of

the complex exponential quantities as below.

cos(0) = _ejezeije

sin(0) = —eje;j?ije

So, full reconstruction is possible with cosines when the function is even and with sines when

the function is odd.
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i Discrete representation

» Discrete representation of a function;

F) = {f (nko) e} _— Set of integers
T Sampling intarval

» Can be considered as a vector in an infinite
dimensional vector space.

= In our context, it is of a finite dimensional
space, e.g. {f(n), n=0,1,..N-1}, or

o F=[00) 1) o N-D]

Now, let us consider the discrete representation. So, a discrete representation of a function can be

made in the following form :

Jfn) = f(nXy)ln € Z}

that the function needs to be sampled at periodic interval and it will provide a sequence of
functional values where each sequence position is an integer set and sampling interval

which is associated with this particular definition.

So, it can be also considered as a vector in an infinite dimensional vector space, but in our
consideration since we will be always using images of finite dimension or the signals of

finite dimension, you are representing them in the computation in the discrete domain.
So, there we will be having only a finite dimensional vector.
f(n), n=0,1,..,.N—1

For example we can represent a function from within certain interval from say 0 to

N — 1 as shown above.



You should note here the sampling interval is implicitly represented in this form. So, even
without sampling interval we have a representation of the function and when you are
trying to interpret the function with the physical terms, physical quantities in the

functional space then only the sampling interval has to be used.

So, let us consider that we are representing a function in this case with a finite dimensional
vector and say it is an n dimensional vector in this case; it is a column vector

representation. So, that is why the transpose operation has been used as shown below.

F=IA0)D)..fN - D]
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Discrete Linear Transform: A general
form

» For n-dimensional vector X any linear transform,
o E.g. Yr.lrx! ’l.fr.wn)‘!rm
o X0 A column vector of dimension n.
s V0 A column vector of dimension m.

o B0 A matrix of dimension mxn.

» Has inverse transform if B is a square matrix and
invertible.

So, then how do you define a discrete linear transform? It is very simple because you know that

whenever we perform any matrix multiplication in the following form:

Y . =BX

mx1 nx1



, say you have a column vector of n dimensional column vector and let there may be a matrix of

m % n dimension and if I multiply them then you will get another vector of m x 1

dimension, that means m dimensional vectors.

So, this is a transformation of this column vector into another column vector of a different
dimension. we call it a linear transform or as it is discrete since we were using the
discrete presentation, let us call it as discrete linear transform. And this transform has
inverse when this matrix which is called say transformation matrix B is a square matrix

and also invertible.
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Basis vectors

e B is the transformation matrix.
» Rows of 5 are called basis vectors.
by
p=|b
o Y(i)=<b,". X> b:‘T
' n
- dot product or inner product.
Orthogonality condition:

<b".bi>=0ifi#j
=, otherwise

So, one of the interesting facts about this transformation matrix that we can note that we can
consider rows of these transformation matrix B, they form the basis vectors, this is the
analogy with respect to the basis functions. Because we will see instead of inner product
between two functions we are having here, inner product of two vectors which is

equivalent to the dot product of two vectors.

So, let us consider this say this is the representation of the transformation matrix



and these are the row vectors which is indicated by the transpose operations and you can say that
this is a row vector you are considering, these are the complex conjugate operations by

keeping it consistent with representation what we have for the inner product.

So, when we perform this dot product or inner product between two vectors, then you get the

corresponding element. So, i™ basis vector provides you the i element of the transformed

vector which is Y here.
<b b, >=0if i#]

=c otherwise

So, the orthogonality condition in this case is reflected in the above form such that if you take
any pair of two basis vector, then their inner product should be equal to O if they are

different otherwise they should have a non zero value c; .
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Discrete Fourier Transform

i (DFT)

by(n) = —e/" 7" for0<n<N-1, and0<k<
VN

N=1

fik) = Z fln)e AN for 0 <k<N-

n=(

N — k/N: Normalized frequency
Z i]("’°1"" fur[l <n<N-1#

k=0

f(n)=

'.2'14_-

Fundamental
A single period l ‘ ‘ r ] I TR0 L
s |I‘ \]‘|||| ||‘-.|[‘| fintM)=fln)
(__—‘

—
Fourier series of a periodic function




So, with this form we can consider that it will have the similar representations. You can consider
that a function as a linear combination of all those basis vectors. So, if I look at the
discrete Fourier transform expressions, the basis vectors for the discrete Fourier

transforms are represented in this form. So, it is 7}7 g2 you should note here this is

defined for n functional points.

by(n) = g for 0<n<N-1,and 0<k<N -1

So, b,(n) is a small n” element which means you can form a basis vector from by computing it
n=0 to n=N —1 atitat each integer value of n within these interval. So, that gives me
a vector that is a k™ vector and there are n such vectors where the k indexes k is indexes

vary from0Oto N —1.

A N_l .
fk)y =S fn)e>™ " for 0<k<N -1
n=0"

So, forward transform or discrete Fourier transform of a discrete sequence f(n) which is a finite

sequence of length n can be expressed in the above form.

N-1

fn)=1+ % flk)e* " for 0<n<N-1
n=0

You can find out that this is nothing but the inner product of f(n) and gf2min .only thing is that
instead of putting 3}7 in this expression ,we have taken care of the square root operation

during the inverse transform by multiplying ﬁ as shown above .This is a simple

operation .



So, we kept this division normalization operation. We removed that operation in forward
transform and included it in during that reconstruction. So, actually the value what we
will get that would be proportional and it does not matter at this stage. But when you
reconstruct, it will again recover the same value because, you are taken care of that

particular normalization during reconstruction operation.

So, you can see that it is a linear combination of the corresponding of basis vector in the
reconstruction also and the coefficients which is given by f(k) are the coefficients from
discrete Fourier transform. We can also observe from the above expression that discrete
Fourier transform is nothing but Fourier series of a periodic function. So, let us consider a
finite sequence. So, in this case for simplicity let me take only four functional values and
so, which means my value of N is 4 here and this is a functions for which I will be doing

discrete Fourier transform.

So, what I will consider because there is no definitions outside this interval, I can use any
definition as per my convenience any other functional values and perform a
transformation and after inverse transformation once again I will keep my observation
window within the interval from O to 3 in this case. So, a periodic extension of this signal
could be in this form that means, it is repeated so that you know in a periodic function
this property needs to be a satisfied a periodic function with a period capital N should be

f(n+ N)=f(n). So, that is satisfied as you can see here, here the value of N is equal to 4.

So, you will see after every fourth sample again it is repeating the same value. So, it becomes a
periodic signal and as you know any periodic signal can be expressed as a linear
combination of sinusoid functions and you can perform Fourier series ,that is ,what you
are doing here in this case. After that, while in performing inverse Fourier transform ,
you are only performing for these four sample points. So, and just to note that how it is

related with the actual physical sampling interval which is say X, here.



So, the fundamental frequency would be determined by the length of the period of this signal

which is NX So, fundamental frequency is N—IXO .

And you can see that harmonics is represented by harmonic % actual implicitly there is ﬁ X,

that is the physical frequency. So, we call kXN as the normalized frequency in this

representation.
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DFT: A linear

N-1

transform =Y re™F forosksn-1

n=0

|
F(0) f(0)
() ] ”" L | R
F(N -1 m__m N e_mw;l}z (N-1)
Fu= [E_Jzn_ﬂla‘: kn)sN-1
F= TNf
4 Hermitian transpose

of f=F'F ,
: Fyl=F]

So, discrete Fourier transform that can be also expressed in terms of a linear transforms which
means we can express a discrete Fourier transform as a matrix multiplication of a column
vector where the column vector is given by the functional values a finite dimensional
vector as we have considered earlier and if I multiply these matrix then we will get the
transform matrix and you can see that these elements they are obtained from this

corresponding basis vectors definition.

So, we can represent this matrix in a shorter form where each k and N™ element is represented by

the corresponding expression as shown below

_r —i2nk
= [e” 7tNn]os(k,n)szv—1



and if the value of k and n they range from 0 to N —1 which will give me an m X#n matrix. So,
in a forward transform what we are doing; We are simply multiplying this transformation

matrix with a column vector f which is representing the particular column vector

[0) /(1) ./ (V)]

Then, we get the output transform matrix. So, the (N x N ) transform matrix transform column
vector which is representing the column vector [F(0)F(1)...F(N —1)]" which is

actually the coefficients of discrete Fourier transform. F =&, /.

and inverse transform will be naturally if I take the inverse of F(N) and multiply with F then

we will get back once again column vector. f = (?N)_IF

Incidentally because of the orthogonality property and also orthonormal property of these
functions. So, you can show that the inverse of the discrete Fourier transform matrix is

nothing but its Hermitian transpose of the corresponding matrix. (i“?‘N)_1 = (?‘N)H

Hermitian transpose is the transpose of this matrix and also you should have to perform complex

conjugate operation that would give you the Hermitian matrix.
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s i 0<(knj<N-1
Discrete Fourier g - wpr - 1m,
Transform (GDFT) ¢ = ™ = ¥
F

|I| : :Flh i l Fl-'._u'“t"i
o= wF = AR
a,f I ox kie N ‘» 7
ai’i 'ﬂ[H] = ?[Jﬂn—rtrn.ﬁ]‘ for0<n<N-1, and0<k<N-1

VN

A I\rnl k.

Jalk) = Z f(R)e T (o 0<k<N-1
n={

N-=1
f(n) = % Z ﬁt_d{’g.},_ﬂ!ﬁ-ﬁ-'-tn:--f]_ for0<n<N-1

k=0

a fi Transtorm name Notation

00 Discrete Fourier Transform (DFT) f(k)
0 % 0Odd Time Discrete Fourier Transform (OTDFT) fo.1 (k)
%_ 1] Odd Frequency Discrete Fourier Transform (OF DFT) ﬂ olk)

1 g Odd Frequency Odd Time Discrete Fourier Transform (0*DFT)  f, | (k)

Now, discrete there could be other kinds of know say it off orthogonal basis vectors and some of
them could be derived or extended from discrete Fourier transform representation. So, we

call it generalized discrete Fourier transform.

If you can observe that in the discrete Fourier transform ,basis vectors are generated by sampling
the complex sinusoid within an interval between 0 to N — 1 and then we have sampled at
regular interval .Now if I make a phase shift there in that interval. So, there itself we can
have a variation instead of we can give a phase shift of # and also while defining basis
vector we have considered harmonics and we have generated harmonics at regular

interval.
b (n) = L&) for 0<n<N-1,and 0<k<N -1

So, if I give also a shift in the frequency space ,then also you can have a different basis vector.
Now the above representation will generate also n basis vectors of N dimensions and that
would be once again an orthogonal basis vector which is a square matrix which could be

invertible.



So, it could be easily used for once again for making a transform. So, this is the generalized
discrete Fourier transform. We can use this basis vectors and we can get this expressions
for discrete Fourier transforms. Similarly we can get back the function by applying the
inverse Fourier transform it is the same similar form what we did for the case of discrete
Fourier transform and the corresponding transformation matrix can be expressed in this
form, here the elements as you can see it retains the same similar expressions only there

are parameters o and B which is giving you a different set of transformation matrix.

There are some popular transformation matrix as you can see a special value of o at zero and
that itself will give you the discrete Fourier transform what we have discussed earlier. If I
took a=0andset B = % , we call that transform as Odd Time Discrete Fourier Transform
or OTDFT and you can represent the transform in this form; similarly a = % and B =0
would be Odd Frequency Discrete Fourier Transform and if both are half; Odd Frequency

0Odd Time Discrete Fourier Transform.

There are different properties which I am not discussing here; just for your example we have
given this particular thing and they have their inverse transform in this case also. Those

are related and I have shown you in this particular grade.

So, there are different relationships of the inverse transform. I think let us stop here at this point
and we can start from this point in the next lecture, where will see that though it is not
possible in the continuous domain to have cosine transform and sine transform for every
kind of function but in discrete domain for any finite dimensional sequence you can

define cosine transforms and sine transforms.

So, for that we will be using this generalized discrete Fourier transform. So, thank you for

listening this talk and we will move over to the next lecture.

Thank you.






