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Lecture — 44
Combinatorics (Contd.)

So, we have read the r-permutation of a multiset; that means the ordered arrangements
when the set contains the elements with repetition and that repetition we have considered
finite repetition; that means, the each element appears finite number of times or it can be
infinite number of times. Now, the way we have defined permutation and combination if
we remember that it is the arrangement, but permutation when it is the ordered

arrangement combination when it is unordered arrangement.

So, the similar way I can defined the combination of multi sets; that means, that we have
we can count the arrangements or the counting in problems, but we can apply that where
the unordered arrangement is considered from a set or set having elements with infinite

repetition.
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So, we will read the combinations of multi set. Similar way we can define the
combinations only the difference is unordered arrangement. So, if S is a multiset then an 1-
combination of the set S is an unordered arrangement of S and similar way the way we

have defined combinations of sets I can tell. So, the r-combinations of multiset of multi set



S is nothing, but the sub multisets of S is sub multi set since it is unordered. So, I can tell
this is a sub set, so, some multi set S having r-elements because I am considering r-

combination.

Now, if S is an n object then there is only one n-combination of this then only one n-
combination and normally we call that is the combination of set n-combination of set S. If
S has objects of K-different types then there are K number of 1-combination of S, these are

similar to that normal set.

So, if we illustrate with an example say I consider a multi set S say if S I take that with
finite repetition say I have a elements with 2 repetition, b with 2 repetition and ¢ with 3
repetition. Then since it is an unordered, so, I can write some 3-combinations though sum
of the 3-combinations of S is simply 3. So, I can write 2 a, 1 b I can write 2 a, 1 ¢ I can
write 1 b,2 coritcanbe 1 a, 1 b, 1 c. It can be you can write here 1 a, 1 b, 1 ¢ and so on
we can write. Now, we see how we can give the general statement of computing the r-

combination.
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So, I give a theorem this statement I write that let S be a multiset with objects of K-types
each with an infinite repetition then the r-combination of the set S we can write as r plus K
minus 1 C r and which is same as that of r plus K minus 1 C K minus 1. And here it is
infinite repetition, so, S is S is of type K type; so, infinite a 1, infinite repetition of a 2,

infinite repetition of a 3 and so on infinite repetition of a K.



So, now, with this theorem statement we read some problems and how we can actually

compute the combinations.
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You first take a multiset one example we take as it is the like the theorem statement. Let S
be the multiset say I have a with 10 repetitions, b with 10 repetitions, ¢ with 10 repetitions
and d. So, there are four different types a, b, ¢, d with objects of four types of four different
types. Then the question is what is the number of 10 different or I can write 10-
combinations of S which have the property that each of the four types of objects object

occur at least once.

So, the just like the theorem statement here is system multiset having four different types
of objects a, b, ¢, d and each type of objects appear with finite repetition and 10 repetition
10 is the 10 repetition number. Now, what is the number of 10-combinations of S which

have the property that each of the four type of objects occur at least once.

Now, here if we consider ok, this solution if we think say if a appears x 1 times, b of x 2
times, ¢ x 3 times and d x 4 times; that means, x 1, x 2, x 3, x 4 are my repetition number
or other way I can tell that a number of a’s number of that is number of a’s equal to x 1,

number of b’s equal to x 2 and like c’s number of ¢’s x 3, number of d’s x 4.
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So, I can write that the answer is you can write that the answer is same as that of the is
same as that of the number of integral solutions of x 1 plus x 2 plus x 3 plus x 4 equal to
10. Since each object appears at least once and it is a 10-combination so, the total objects

or total object count should be 10. So, I can tell this is the 10-combinations of this thing.

So, I can write the I introduce an variable y 1,y 2, y 3, y 4. So, introduce new variables
sayy 1,y 2,y 3, y 4 such that this becomes y 1 equal to x 1 minus 1 y 2 equal to x 2 minus

1 y 3 equal to x 3 minus 1 and y 4 equal to x 4 minus 1.

So, my equation 1, becomes, so, the equation 1 becomes y 1 plus y 2 plusy 3 plus y 4
equal to 10 minus 4 equal to 6. So, that why we have done. So, that these y’s become here
the here the y’s become non-negative; y’s become non-negative. I have to find out the
number of non-negative integral solution of this new equation I can write this new

equation as the 2.



(Refer Slide Time: 18:21)

_c.n_H The ¥0: .l— vm-uaqh‘v‘q iuhanl bk s of ,,Ta,-l\'n @

It 9549y = 6 V=G
G+ li-1 K=h
CG
gy 8x3x 6! w813
i T g
g' » 3!
= 9' : = 3xk*]
- 63! = 8
o |
" e XY IE i

So, if I continue I have to find out the number of non-negative integral solution of equation

2,thatisy 1 plusy 2 plus y 3 plus y 4 equal to 6.

So, now if we apply the theorem of the r-combinations of multiset S, then I will get that

number of non negative solutions this becomes.
student: (Refer Time: 19:24).

I have any 6 ok, I write if we see the statement that r plus K minus 1 C r and this was the
r-combination of S and K different types of objects. So, we identify here r; that means,

here r equal to 6 and four different types. So, K equal to 4.

So, I can write r plus K minus 1, so, 6 plus 4 minus 1 C r 6; r is 6. So, this becomes 9 C 6
equal to 9 into 8, 7 into 6 factorial because this is 9 factorial divided by 6 factorial into 3
factorial. So, this is equal to 6 factorial into 3 factorial this is equal to 9 into 8 into 7

divided by 6 is equal to 3 into 4 7 is 84, so, [ will get the total 84 solutions.

Now, one important application area of this particular problem that or these r-combinations
of set with infinite repetition is the number of integral solution. How to find the number of
integral solution? If we see the previous example see the examples we have actually
converted into that form that initially it was only that combination it was given the
statement, but we have converted the problem statement. So, that it becomes that how to

find out the number of integral solutions of this equation.
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So, now if we see this type of examples that I give a different problem that say another
example if you see and we give it different solution procedure ok. The statement is
determine the number of 10-combinations of the multiset m equal to 3 a with repetition 3,

b with repetition 4 and ¢ with repetition 5.

Now, here the problem is this and we will apply the inclusion-exclusion principle. So,
different solution technique will be using here we will apply inclusion exclusion principle.
So, first we consider that we identify the property. So, let P 1 be the property that a 10-
combination of say I am making this thing as a M star 1 multiset and M star [ am giving
that as if m star is that again three different types having infinite repetition. So, infinite b
an infinite ¢ and making this thing and property that 10-combination of M star has more
than 3 a’s see the original problem it was that there are 3 a; that means, a with finite

repetition 3.

Now, the property I am taking that P 1 the property that it information of M star has more
than 3 a’s because that is why we have changed the size of the multiset and that we take as
if this is M star which is infinite set. Otherwise, we cannot consider that v a element or the
a have the more number of a will appear where the more than the repetition number. So,

here the reputation number is 3. So, we consider that P 1 is that property.



Similarly that P 2 is the property that the a 10-combination of M star has more than M star
has more than 4 b’s; more than 4 b’s and P 3 is the property that 10-combination of M star

has more than 5 ¢’s more; than 5 ¢’s. So, these are my that property.
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So, if we remember that inclusion-exclusion principle that actually the way we have
defined that now let a 1 be the of this combination; that means, A i. If I continue let as
usual we consider that A i consists of this 10-combination; that means, a 1 is the a 1

concerned with a’s, a 2 is that of with b’s and a 3 is that of with ¢’s.

So, if we remember the inclusion-exclusion principle then I can write that the size of the
set that it will give let the number of I can write the number of 10-combinations M star
that have none of the properties of P 1, P 2, P 3 is equivalent to get the number of 10-
combinations of M. Why?

If we see the way we have taken that M was that a with 3 repetitions, b with 4 repetitions
C with 5 repetition then I have converted M star with infinite repetition and we have
considered P 1 as if a appears more than that has more than 3 a’s a appears more than 3, b
appears more than 4, ¢ appears more than 5. So, this is actually complement. So, that is
why then I if I now apply so, using if I remember that using inclusion-exclusion principle
because that tells that A complement the cardinality of A complement is the cardinality of

set S minus cardinality of A.



So, inclusion-exclusion principle I can write the here it is 3. So, cardinality of A 1
complement, intersection A 2 complement, intersection A 3 complement these will be the
set S minus sigma A i. So, here it is only three; that means, A 1 plus A 2 plus A 3 minus the
2-combinations plus 2-combinations then A 1 intersection A 2 plus A 1 intersection A 3
plus A 1, A 2 intersection A 3. Then I have another that all three together I have to take that

A 1 intersection A 2 intersection A 3 this is a our inclusion exclusion principle.
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Now, we have to compute all the values. So, now, we use that r use the r-combination of
how to compute that r-combination of set S. So, S is I can write that 10 because 10-
combination 3 type. So, 10 plus 3 minus 1 C 10 would which is 12 C 10 equal to 12
factorial divided by 10 factorial into 2 factorial is 12 into 11 into 10 factorial and divided

by 2 into 10 factorial equal to 66.

Now, I have to calculate the others. Now, how to compute that A 1? See I can write that
because there are 10-combinations and A 1 we have taken the property that a appears more
than 3. So, if a appears more than 3 since I have 10 numbers where that more than 3 means
at least 4. So, I have 10 and for when I am considering the property of A 1 because that a
appears a appears more than 3 ok. So, this will be 4; so, this becomes 6. So, I am taking
that this is 6 plus 3 minus 1 C 6 and this becomes 8 C 6 and this is equal to into this is 8
factorial by 6 factorial into 2 factorial. So, 8 into 6 factorial divided by 6 factorial into 2,

so, this becomes 28.
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So, similar way I can compute A 2 which will be it will be 5 plus because more b appears
more than 4; that means, 5. So, it is 5 plus 3 minus 1 C 5 and this value becomes 7 C 5 this
becomes 7 into 6 into 5 factorial divided by 5 factorial into 2 factorial and this becomes
21. Then A 3 is 4 plus 3 minus 1 because more than 5 means 6 so, C appears. So, this
becomes 6 C 4 equal to 6 into 5 into 4 factorial divided by 4 factorial into 2 factorial and

this becomes 15.

Now, the two combinations I can get A 1, A 2, if I take together so, this becomes 10 minus
4 plus 5 because for a it is 4, for b it is 5, so, this becomes 1. So, I have 1 plus 3 minus 1 C
31is 3 C 1 equal to 3. Now, for A2 A 3; A2 A 3 this becomes 0 for A 2 A 3 this becomes 0.
Why? Because here this becomes 5 plus 6, 11 and 11 is greater than 10. So, it is not

possible this type of combination.

Now, for A1 A3 so, A1 A3 this becomes 10 minus 4 plus 6. So, here these 11 is; these 11
is coming from 5 plus 6 b and c, so thing so, these becomes equal to 0. So, A1, A2, A3 is
0 plus 3 minus 1 C 0 and this equal to 2 C 0; 2 C 0 is 1. So, I got this value 21, this is 15,
this is 3, 1, this is 0 another value have to compute A 1, A2, A 3.
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So, this is my A 1 A 2 A 3 and similarly this becomes 0 because here this is 10 minus 4
plus 5 plus 6. So, this is greater than I am sorry 4 plus 5 plus 6. So, 15; which is greater

than 10, so, this type of combinations is not possible, so, this becomes 0.

So, now, if I put that values all those values with inclusion-exclusion principle A1, A2, A
3 then I got as that is 66 minus A 1 is 28 A 2 for A 2 this is 21, this is 15 then for 2-
combination we got 3 plus 1 plus 0 then 3-combination it is 0 only. So, this becomes 66

minus 64 minus 4 plus 4 I am sorry, this term will be plus 4, so, this becomes 6.

So, see the when we are considering that combination with repetition, so, this is one
example of combination with repetition I can apply the inclusion-exclusion principle. So, I
can write this is an example of; this in an example of combination with repetition; is an
example of combination with repetition where we use the inclusion exclusion principle

and we can get this solution directly by applying this.

So, directly we can the earlier example directly we can we have applied the theorem of
computing the r-combinations of a multiset S and that S has elements with finite or infinite
repetition we have considered and one example we have seen that how to find the integral
solution of an equation. And here another example with combination with repetition we
have seen that we can use that inclusion-exclusion principle that we have read earlier. In

this way we can handle the permutation and combinations.



