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Lecture — 20
Minimization Using Tabular Method (Part — II)

In the last lecture we were talking about the Quine McCluskey method, for minimizing
switching expressions, if you recall the basic idea was that we were considering the
binary representation for the minterms, then using a set of systematic rules, we were
combining adjacent minterms which were differing in index value of 1; that means,

number of 1’s.

And we were ultimately creating smaller and smaller terms and finally, whatever we are
left were with those were the so, called prime implicants. So, what we have seen so far is
how we can get all the prime implicants of a given function. So, let us continue from that
point onwards. So, this will be the part two of our lecture minimization using tabular

method.
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What we Discussed Earlier?

* How to generate the set of all prime implicants for a given function?
A ——————

- Using the systematic procedure of the tabular method.
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—

. %/hat we shall see now?

- How to select thf prime implicants that cover all the true minterms

of the function.

- We shall again use a tabular method using prime implicant chart.
Mf\w-—:—-—e:—
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So, as I said. So, what you have seen in the last lecture is we have looked at a method to
generate the set of all prime implicants for a given function right. So, we have used a

tabular method a systematic method to do that, but what after that once you get the prime



implicant what is our next step. So, our next step will be to select the smallest set of

prime implicants that will cover all the true minterms of the function.

This is very similar to what we were doing using the Karnaugh map method also, they
are starting with the prime implicants which were the so called cubes that, we are
forming on the k map we were selecting a minimum set of cubes that will be covering all
the true minterms or the ones in the map. Exactly the same thing we are trying to do

here.

Now, that we have got the list of all prime implicants, let us try to see, what is the best
set of prime implicants, we can select out of that which will be covering all the true
minterms of the function ok. Now, for doing this again we shall be using a tabular
method and, the table that we will be using now is called a prime implicant chart. Let us

see what are prime implicant chart looks like.

(Refer Slide Time: 02:50)

Prime Implicant Chart

* |tisatabular data structure, which pictorially depicts the covering relationship
PAAE Al Y
between prime implicants and minterms.

- Useful to select the minimum set of prime implicants.
- Minterms listed along columns, while prime implicants listed along rows.

- A@s entered in the table if the corresponding prime implicant covers the
corresponding minterm. Tywe MWWS
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So, a prime implicant chart essentially is a tabular kind of a structure. So, basically it is a

table kind of a thing. So, along the rows we list the prime implicants. So, all the prime

implicants are listed along the rows and along the columns, we list all the true minterms.
So, which prime implicant is covering which minterm that we indicate by putting

a cross mark this is how the table looks like.



So, let us see what is mentioned here this pictorially depicts the covering relationship;
that means, which prime implicant covers which true minterms ok. So, as I said
minterms are listed along the columns and, the prime implicants are listed along the
rows, we shall see some examples. And will be entering some check marks some X kind
of a checkmark in the table whenever a particular prime implicant is covering some

minterm. So, we will put a X in the corresponding location.

(Refer Slide Time: 04:14)

Prime Implicant Chart

* |tisatabular data structure, which pictorially depicts the covering relationship
between prime implicants and minterms.
- Useful to select the minimum set of prime implicants.
- Minterms listed along columns, while prime implicants listed along rows.

- A'X'is entered in the table if the corresponding prime implicant covers the
corresponding minterm.

* Arow of the table is said to cover all the columns where there are x’.
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So, what we say is that a row of the table; that means, a minterm covers all the prime
implicants; that means, the columns I means I means all the minterms I mean, all the
minterms the columns where there are X say for example, for some prime implicant we
see in the table that there is an X here, there is a X here, there is a x here. So, the
corresponding true minterms, these 3 minterms are covered by this prime implicant right.

This is the idea we use this term cover ok. .
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Prime Implicant Chart

* |tisatabular data structure, which pictorially depicts the covering relationship
between prime implicants and minterms.

- Useful to select the minimum set of prime implicants.
- Minterms listed along columns, while prime implicants listed along rows.

- A'X'is entered in the table if the corresponding prime implicant covers the
corresponding minterm.

* A row of the table is said to cover all the columns where there are x’.

* |facolumn has a single %, the prime implicant corresponding to,the row in
N e ————

which the 'x’ appears is an essential prime implicant. 4;
b
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And the other point to notice that if we see that in the table let us say we we have again
the table, there is some prime implicant, where we see or there are several prime
implicants ok, several prime implicants are there. And you see that in some column there
is a single X for example, in some column let us say this column there is a single X may

be in the middle one.

What does this mean? This means this particular minterm corresponding to this column
is covered by only this prime implicant not the others. So, I must select this prime
implicant, otherwise this column will not get selected not get covered. So, such prime
implicant which corresponds to a X, which is the only X in a column is called essential
prime implicant, that is what I must include in any minimal set of prime implicants that

we generate.
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*  What do we have to do?

- Select a minimal subset of prime implicants such that each column contains at least
one ‘X" in the rows corresponding to the selected subset, and the total number of
literals in the prime implicants is as small as possible.
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So, what we have to do finally, we will have to select a minimal subset of their prime
implicant that is what I mentioned, but what is the requirement, requirement is that every
column which means the true minterms, will contain at least one checkmark
corresponding to the selected subset which means what I mean to say is that, suppose
there is a table there are many prime implicants. Suppose I finally, select this one this
one and this one. So, what I say is that the check mark should be such that, these 3 prime

implicants will be covering all the columns; that means, all the true minterms.

And we have to select the set of prime implicants in such a way that the total number of
literals in this prime implicant is as small as possible, as small as possible means the gate
realization will be as simple as possible. Let us say one prime implicant may corresponds
to X z, some other may correspond to x bar y z. So, if given a choice we will select this
because, this contains smaller number of literals. So, this will be requiring a 2 input gate,

but this will be requiring a 3 input gate fine. Let us take an example.



(Refer Slide Time: 07:40)

m

* What do we have to do?
- Select a minimal subset of prime implicants such that each column contains at least
one ‘X" in the rows corresponding to the selected subset, and the total number of
literals in the prime implicants is as small as possible.
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Now, here we are showing a prime implicant chart, just an example of an prime
implicants chart, where I am showing 4 prime implicants, which I have called A B C and

D just ignore this check marks for the time being.

And there are 10 true minterms 0 1 2 57 8 9 10 13 15. So, this is actually a 4 variable
function, this is a 4 variable function. And these are the check marks which says that this
x bar y bar this prime implicant covers, 0 1 8 and 9 this can also be reflected from the
Karnaugh map if you for example, draw the Karnaugh map. Let us say if I have a
Karnaugh map like this, where I have x y along this direction. And let us say w z along
this direction. So, you will be having0 00 11 1and 1 0 here again 000111 and 10.

So, this x bar y bar will be corresponding to this cube, this whole row right.

So, if you see so, what this corresponds to, this corresponds to this 4 0 1 8 and 9. So,
depending on in which order these are of course, I have put it in a different order, it
should actually be w x and y z, if you put it w x and y z, then it will be 0 1 8 and 9, this
you can check fine. So, in the same way for all the different 4 prime implicants, we list

which are the true minterms which are covered.
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*  What do we have to do?

- Select a minimal subset of prime implicants such that each column contains at least
one ‘X" in the rows corresponding to the selected subset, and the total number of
literals in the prime implicants is as small as possible.
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Then we look at which of the columns have a single check mark. So, I can see column
number 2 here, there is a single check mark column number 7 also, this 10 also and 15
also. So, these are the only check marks in the column, which means that the
corresponding prime implicants are essential. So, I must select B and D of course, there

is a choice A and C that is not essential because there are multiple cross marks.

Now, see once we have selected B and D so, all the check marks corresponding to B and
D will get covered B has a cross mark here, a cross mark here, a cross mark here, a cross
mark here, D has a cross mark here and here. So, what are the columns which are still
remaining 1 is remaining, 9 is remaining these 2 right. Now, in order to cover 1 and 9 |
have a choice, I can either use A, because A covers 1 as well as 9, or I can use C, C also
covers 1 as well as 9. So, I will have to choose B, I will have to choose D, then I will be

choosing A or C this is a choice right. .
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* What do we have to do?
- Select a minimal subset of prime implicants such that each column contains at least
one ‘%’ in the rows corresponding to the selected subset, and the total number of
|iterals in the prime implicants is as small as possible.

% A " .
012578 9101315
A=xy/|x x AR Here, B and D are essential prime
vB=xz|x ® x implicants.
C=yz X X X X In addition, we have to select either
/D=xz x ® x ® Aor C (to cover the minterms 1 & 9).
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This is a choice that we have, this is exactly what we mentioned B and D are the
essential prime implicants, these we must choose and addition we can choose either A or
C because, this 1 and 9 these 2 minterms are left out both A and C are covering them ok,

this is how we can get the set of prime implicants which can be covered.
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* Two minimal expressions are possible for the function:
F=x7"+xz+xy’

F=x7+xz+y’z

L
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A=xy’ X X
vB=x7|x ® x  ®
C=y’z X X X X
vD=xz x ® x ®
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So, in this example as I said there are 2 minimal expressions possible, B and D are

mandatory. So, this corresponds to B, this corresponds to D so, here also I have B here



also I have D and, I can include either A or I can include C. So, there are two possible

minimum expressions for this particular function ok.

This is how we proceed with the tabular method, step 1 we create all the prime
implicants of the function, step 2 we create the prime implicant chart and, try to select a
subset of prime implicants which covers all the minterm true minterms. Now, there are
some tricks here, which can help us in minimizing or in selecting the set of prime

implicants, we shall be looking at some of these rules now ok.

(Refer Slide Time: 12:46)

What about Don’t Care Combinations?

* We do not list the don’t care minterms as column headings in the prime
implicant chart.
- Because it is not necessary to cover all of them.

L
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C = vwx'y’ x
=why’ ®x Essential prime implicants are A, B and D.

E = ywih E————

= mﬁy{ . i Only minterm 18 is not covered, which can be
6= wiie! ensured by including either E or G.

H=whlyz X ST
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First let us see that we can have don’t care combinations in a function. Now, we have
seen earlier, when you have do not care combinations, we include the do not care

combinations in the first step, when we were generating the prime implicants.

Because prime implicants can also include the don’t cares ok, but when we create the
prime implicant chart, we need not include the don’t care in the columns, why because it
is not necessary to cover all the don’t care minterms by the set of prime implicants that
we chose that is why we do not show they don’t care minterms in the columns, because
they need not be covered. We only show the essential minterms the ones and the function
in the columns, which must be covered by the set of prime implicants ok. Let us take an
example here, while here I am just showing prime implicant chart, where you see there

are 8 prime implicants which have already been generated let us say in the first step.



Now, these horizontal lines indicate the size of the minterms, the first one is smallest 2
literals; second one is 3 literals remaining all 4 literals. So, the corresponding function
here is this. So, we have used this don’t care literals also to generate all the prime
implicants, but when you list in the columns we only list these, but not the don’t care

ones right.

Now, let us see which of the prime implicants are essential look at the columns, where
you have a single one, we have a single one here, we have a single one here, we have a
single one here and also here this 4 circled ones. So, correspondingly A is essential, B is
essential and, also D is essential. Now, once we have selected the essential ones you see

acovers 17 19 21 23 25 27 29 31 many of them.

B covers 13 15 29 31 is already covered and D covers 20 and 21 21 is covered 20. So,
what we are left out here is only 18. So, only minterm 18 is not covered. So, after we
select A B D in order to cover minterm 18, we have a choice there are 2 cross marks
either, we can use E or you can use G. Since both of them are having the same number of
literals there cost is the same. So, here we will be choosing A B and D, essentially and

either E or G right. This will be our final selection in this example ok.

(Refer Slide Time: 16:15)
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Let us take another example so, here is the here you show a similar table here the
essential cross mark; that means, single cross marks are here, here and here, which

means A is essential, C is essential these two are essential, because A is essential, we



have a tick mark here here here and here. And because C is essential we have a tick mark
here here 19 and 23. So, what we are left out with we are left out with 0 1 4 20 and 22

and also yeah these 5.

So, the earlier example we had only one. So, just by looking at we could take a decision
that which one to select, but in general for larger table, there can be many such true
minterms which are still left out. So, now, we have to find out. So, mean out of the
remaining minterms, which are not out of the I mean remaining prime implicants, which

are not essential, what is the minimum set I have to select to cover 0 1 4 20 and 22.

So, the procedure is we first create a reduced prime implicant chart. So, what is this? So,
the columns which have been covered are deleted, only this is 0 1 4 20 and 22 are left.
So, you only list these you only list these 5 and, A and C have already been taken up. So,

the remaining prime implicants are list in the columns.

So, now you have a choice here you see these remaining minterms can be covered by D
E F G H I in this way this is check marks. Now, we can very easily find out what is the
minimum set of these prime implicants that you cover all of them, how do you do it, we
try to determine, a condition for selection and the condition for selection is determined in
the following way. Let us look at this minterm 0, 0 is covered by either H or by I, I write
Hor 11 is covered by either G or I, I write G or I 4 is covered by F or H I write F, or H
20 is covered by E or F, I write E or F and 22 is covered by D or E I write D or E.

So, if I expand using multiplication rule of switching algebra I get an expression like
this. So, I can use any one of these product terms to realize my function because, I have
to make this true, if this denote the function f, I have to make f equal to 1 to make f equal
to 1 I can make any one of these product terms equal to 1, last one will be expensive

there are 4 terms, let us take EHI for example.

So, we will be selecting E will be selecting H, we will be selecting, I there are other
alternatives you can select EF I D F I E G H. So, our choice will be A and C and let us
say E H 1. So, we will be selecting these 5 right, this is how we do it. .
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Another Example
1/ 5/3/6/‘{[6)@31213 141 5.@202 22545/5(%?7/
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F:Vfwy X X DU
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I=vhz X X X X
v J=vinz ®x x x
SIK=yux'z ® x

(a) Prime implicant chart.
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Let us take another example this is a slightly bigger example, where you see there are 4 5
6789 10 11 prime implicants, and this circled ones are the essential columns. So, the
corresponding essential prime implicants are A B and J and finally, here K. So, it covers
A coveres 456720212223, Bcovers4567 1213 14 15 thatisit. Jcovers1 3 51is
covered 7 is covered that is it. And K covers 25 and 27. So, what you are left out with we

are left out with 10 11 18 19 and 26 these five right.

(Refer Slide Time: 21:14)

* Some heuristic rules may be used to simplify the problem.

- Arow U of the prime implicant chart dominates row V, if U covers every column
G —~———
covered by V.

- If U does not have more literals that V, then V can be deleted from the chart.
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Now, we present some simple rules, using which you can further reduce the size of the
table, there is a concept of domination, row can dominate another row, or column can
dominate another column. So, what is the basic concept of row domination, it says a row
U of the table, will dominate a row V, if U covers every column covered by V. For
example, in row U I have a checkmark here, I have a checkmark here, I have a check

mark here, I have a checkmark here.

And, in V let us suppose there is a checkmark here and there is a checkmark here. So, we
say U dominates V because, wherever V has a checkmark, U also has a checkmark. So,
in such case what you do you can delete V from the chart, because the idea is if we select
U these 2 columns automatically will get selected. So, we do not need to keep V so, V

can be deleted from the chart.

(Refer Slide Time: 22:34)
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*  Some heuristic rules may be used to simplify the problem.

- Arow U of the prime implicant chart dominates row V, if U covers every column
covered by V.

~ If U does not have more literals that V, then V can be deleted from the chart.

A
10111819 26 1011 18 19 26

(e X X X /C ® x x
D X X 'E|® x X
E|lx x X @l woow
Flx x o
() Final chart.
G X X
H X
il We can select the prime impﬁimnts:)A,
B LK CandE.

(b) Reduced prime implicant chart.
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This is row domination rule so, that same example that you saw earlier 10 11 18 19 16,
were remaining and these were the remaining prime implicants 7 of them. Now, if you
use row domination you see D is getting dominated by C because, C has check mark here

D has here so, D you can delete.

Similarly F is dominated by E checkmark E also has so, F also can be deleted H is
dominated by C and also G H has a single checkmark H can be deleted. Similarly I is
dominated by E as well as G, I can also be deleted. So, you are left with only C E and G.

So, idea is that you make your tables smaller and, then you do the next step. So, instead



of using a large table, you minimize the size of the table. So, it becomes easier for you,

you see in the minimized table you can immediately see.

Now, there is a single checkmark in column here and here so, C will be essential E will
be essential. So, if you take these two all the columns are getting covered so, C and E
right. So, in the earlier previous slide we had selected a sorry were selected A B J and K

and, here we are selecting C and E in addition, this is how we get our final solution. .
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* Another rule for reducing table size:

- Acolumn C1 of the chart dominates column C2 if C1 has an ‘X" in every row in
which C2 has an ‘¥’

- The dominating column C1 can be deleted.

1011 18 19 26
@ X X X \)/
D X X
Elx x o Columns 11 and 19 can be deleted. ¢ | g
B e 77X X
G X X
H X )( X
| X @ [ D CZ. 7 A
(b) Reduced prime implicant chart. e
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Now, there is a there is a similar rule for dominating columns, dominating column I will
showing with this example, it says a column will dominate another column like, suppose
I have a column C 1, I have a column C 2, if C 1 will dominate C 2 if C 1 has a cross in
every row, where C 2 has a cross; that means, if [ have let us say cross here here and here

and C 2 has a cross here and here, then [ say C 1 dominates C 2.

But for column domination the rule is different, the column which dominates that can be
deleted, because you see the idea is that, if we can cover column C 2 say either by this
prime implicant, or this prime implicant. So, automatically C 1 you will also get covered.
So, if I cover C 2 that will imply that C 1 also gets covered that is why the dominating
column C 1 can be deleted here right. So, columns so, here in this example you take this
example here, column 11 can be deleted, this is column 11 you see column 1 dominates

column 10 ok.



That is why column 11 can be deleted. Similarly column 19 dominates column 18. So,
column 19 can also be deleted. So, you can also reduce the size of the table in terms of
column. So, the idea is that when you have this prime implicant chart, you first select the
essential prime implicants take them out your size of the table reduces, then you use row
dominants and column dominants rule, the further reduce this size of the table, then try to
find out what will be the set of minterms set of prime implicants, that will cover all the

minterms, this is the basic idea behind the Quine McCluskey method.

So, with this we come to the end of this lecture. So, we have seen over the last few
lectures the different ways to minimize a switching function, earlier we looked at the
algebraic methods, here we talked about the graphical approach the Karnaugh map
method and, also we talked about a more systematic approach a Quine McCluskey
method which can be used even by hand, you can use a function of 7 or 8 variables to
create the list of prime implicants that minimize and I also said. This is much easier to
automate, you can write a program for the Quine McCluskey method in a much easier

way as compared to the Karnaugh map method.

Thank you.



