Switching Circuits and Logic Design
Prof. Indranil Sengupta
Department of Computer Science and Engineering
Indian Institute of Technology, Kharagpur

Lecture - 12
Algebraic Manipulation

So, continuing with our last lectures discussion, we shall be talking about Algebraic
Manipulation in the present lecture. We already seen some examples of algebraic
manipulation that using the basic rules that we had introduced we had learnt, we can
apply them in a systematic way to try and prove sum given expressions left hand side

and right hand side are given, we try to show that their equivalent ok.
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Principle of Duality

Most of the rules discussed in the last lecture appear in pairs.

* {Principle of dualitystates that:

- Aswitching expression T2 can be obtained from a given switching expressio@ by
interchanging the operations AND & OR, and constants 0 & 1.

T ——
- T1and T2 are said to be dual of each other.

* Examples: , /\.)
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So, let us start with this, the first thing that we talk about is something called principle of

duality.

Well, knowingly or unknowingly we have already got introduced to this principle. So,
what does this principle of duality say, principle of duality says that well suppose I have
a switching expression T 1 given to me. So, I have this T 1 given to me it says, I can
transform this expression or this identity into another expression T 2 by following some
rules. So, what are the rules? I interchange the and or operations, I interchange 0 and 1
right like well we have already seen some rules, let us very quickly recall some you see

we talked about a rule if you recall, x or x or y equal to x plus y.



This was one of the identities that we got introduced in the last lecture. Now, suppose if
we apply the principle of duality, left hand side we replace dot and plus this is dot. So,
what the left hand side will become it will become x dot x bar this dot will become plus
right, hand side it will become plus will become dot. So, if this is true, this will also be

true this is what principle of duality says right.

(Refer Slide Time: 02:46)
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Principle of Duality

*  Most of the rules discussed in the last lecture appear in pairs.

* Principle of duality states that:

- Aswitching expression T2 can be obtained from a given switching expression T1 by
interchanging the operations AND & OR, and constants 0 & 1.

- T1and T2 are said to be dual of each other.
* Examples:

- x+1=1 isthedualof x.0=0

— X+xy=x isthe dualof x.(x+y)=x

- X+x\y=x+y isthedualof x.(x' +y)=x.y

=
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So, some examples x dot 0 x and 0 is 0 already known. So, just following this rule dot

will become plus 0 will become 1 0 will become 1 this is also true.

This is the dual of this. Similarly this was one of the rule dot replaced by plus plus
replaced by dot, this was another rule, this was given this I just mentioned this rule. So,
you see because of duality, when we presented the rule in the last lecture most of the
rules are coming in pairs, pair of rules one is the dual of the other ok. So, if we prove one
the principle of duality says the other will also be proved. So, you need not have to prove

both, you prove 1 the other will follow from that this is what principle of duality is.
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Simplification of Switching Expressions

* Important point to note:

X+Yy=x+1z doesnotimply y=z
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Now, talking about simplification of switching expression, just you need to remember

one thing, this is in contradiction to our conventional algebra.

So, when we carry out conventional algebra, the thing the algebra that you studied in
your school it says, that if I have x plus y equal to x plus z, then I can cancel x from both
sides I can say y equal to z, why was that if it was because the inverse of a number exists
sorry. Suppose when I have a number x in algebra the inverse of this number minus X in
our conventional algebra. So, when we can add an expression like x plus y equal to x
plus z. So, what we did? We can add this same thing on both sides, we can add minus x

to this side, we can add minus x also to the other side.

And these two got cancelled out these two get cancelled out hence, we could write y
equal to z, but in switching algebra the inverse of a variable does not exist, there is no
concept of minus of a variable ok, because of that you cannot say if x plus y equal to x

plus z you cannot say y equal to z.
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Simplification of Switching Expressions

* Important point to note:

X+Yy=x+1z doesnotimply y=z
* Acounterexample: x=1,y=0,z=1

*  What is the reason?

- Inverse operations are not defined in switching algebra; hence cancellations are not
[
allowed.
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Just a simple counterexample let us say x is 1 yis 0 and z is 1. So, what is x or y, x or y
islor0Ois1,whatisxorz xorzisalsolplus1orlisl. So, this is true, but does it
imply y equal to z you see y and z are different, you cannot simply cancel x like that

from here ok.

So, in switching expression minimization or simplification you should not cancel
variables like this. You should strictly limit yourself to applying the rules that you have
learnt and nothing outside that ok. You forget what algebra you studied in your school do
not try to apply here, if you apply here your result or deduction will be wrong ok, this
way you have to remember. This is what I mentioned the main reason is that inverse

operations are not defined switching algebra, you cannot cancel variables just like.
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Simplification Example 1

* F=AB +AB+B.C
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Let us work out some examples very simple examples. Suppose, I have expression A B

bar A B plus B C which you want to simplify.

Very simple I can apply distributive law on the first two, I can take a common B bar or B
B C remains and B bar or B I have an identity this means 1. So, this is A and 1 plus B
and C A and 1 I have another rule this is only A, A or B C. So, this expression get is

reduced to A or B C right. Let us take some more examples.

(Refer Slide Time: 07:38)

Simplification Example 2

+ F=A'BC+AB.C+AB.C' +ABC
¢+0)
odg
\
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Let us take an example like this, which is slightly more complex in the sense that you
want to minimize it you see, let me try it first like this. You look at this expression you

see this AB C got an A B C has a B in common.

So, if you take A B common you get C bar or C C bar or Cis 1 AB and 1 this is only A
B, but can you simplify it any further. So, you do not see any apparent rules, but there are
another rule, but let me try it in a slightly different way that is of course, another rule you

can apply, but let me try it in a slightly different way.
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Simplification Example 2
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« F=ABC+ABC+ABCH+ABC ¢ (S5
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So, what I am saying is that while, you had a rule remember x or y equal to x. So, if you
have x you can create any number of times you can also, repeat this once more x plus I
mean any number of times this will be equaltox 0 a0a0alOisOlorlorlorlisl.
So, what I am doing is that, this ABC I am writing as ABC or ABC or ABC because,
there are three terms I will group one of them with one each. So, the original expression
Abar B C and AB C I take 1. So, B C I am taking common A bar or A. Second A B bar
C and this second A B C ac I am taking common last of course, A B you take common C

bar or C.

So, this is 1 this is 1 this is 1 BC and 1 is BC this will be AC, this will be AB, this will be
your minimized expression right. So, there are multiply ways to proceed this is one way
ok. This will be the minimized expression corresponding to this. Let us take another

example again.
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Simplification Example 3

¢ F=AB+B.C'+AB+B.C
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Let us take this, this again you can see here, that what are the things you can combine,
these two you can combine, these two you can combine. You see A bar B and A B, if you
take B common it will become A bar or A. The last two, if you take B bar common it will

be C bar or C.

So, again Abar or Ais 1 Cbar or Cis 1 B and 1 will be B, B bar and 1 will be B bar and
B or B bar is 1. So, it minimizes to only 1 A constant expression right. So, in this way

you can simplify any given expression using the rules, if you know how to apply.
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De Morgan’s Theorems

* Fortwo variables x and y, De Morgan’s theorems state that:
~/(x‘+ y=x.y
Hxy)=x+y

* Can be easily extended to any number of variables.
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Now, this is a very important law that you can apply for transforming expressions in
variety of ways; this is called De Morgan’s theorem. This is the statement of De

Morgan’s theorem in 2 variables well you can extend it any number of variables.

It says x or y not of that is the same as x not and y not and, just the dual of this x and y
not of that equal to x not or y not. Let us say let us look at the first one, we can easily
prove it by perfect induction just show it x and y. So, you have the different values 0 0 0
110and 1 1. Let us show the two different expressions x or y bar of that and also, let us

show x bar and y bar.

Let us first take odd of x and y and, then not or 0 what 0 is 0 not of thatis 1 O or 1 is 1
not of that is 0, or is 1 naught or is 1 naught. Here you are taking not of both and then, do
reading 1 and 1 and this one 1 and 0 and is 0 0 and 1 and is 0 0 and 0 and is 0 you see

these two are same. Similarly the second one you can prove.

(Refer Slide Time: 13:35)

De Morgan's Theorems

* Fortwo variables x and y, De Morgan's theorems state that:
(x+y)=x".y
() =x+y

* Can be easily extended to any number of variables. \
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Now, when I say it can be extended to any number of variables and you are showing one
for three variables you can write like this, x plus y plus z suppose there are three
variables, if there is A bar this will be same as x bar and y bar and z bar. Similarly x y z
bar will be equal to x bar plus y bar plus z bar right. This can be extended to any number

of variables you want.
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De Morgan's Theorems

* For two variables x and y, De Morgan’s theorems state that:
x+y)=x.y
oy =xey

* Can be easily extended to any number of variables.

n-m

0 1

0 1 0 0 1 1
1 0 0 0 1 1
1 1 0 0 0 0
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This exactly the truth table I worked out this is shown here. So, for all possible value x
and y the left hand side is shown, right hand side is shown also these two are shown. So,

these and these are identical for the second one this and, this are also identical right ok.
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Using De Morgan’s Theorem: Example 1

* F=(A+B).(A+B) “ ‘D

(M
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Now, let us just work out some simple example here, we are trying to do some
simplification or transformation of the expressions. Now, for this kind of expression you

have to use De Morgan’s theorem, because you see you have an expression here A plus B



bar the other one is fine. So, A plus B bar you apply De Morgan’s theorem, it becomes A
bar B bar, then you have this A bar or B bar.

Then you multiply it you can use the distributive law A bar B bar into this. So, A bar B
bar A bar, or A bar B bar B bar this dot as I said sometimes you can drop. So, it implies
you see here. this there are 2 A bars right A bar and A bar, this is associative B bar A bar
you can write A bar B bar you can bring it here, then A bar A bar means only A bar.
Similarly here also B bar B bar you can make it B bar this is only B bar and, something
or that same thing it means that same thing A bar B bar, this is the final expression right.
You see unless you new De Morgan’s law, you could not arrived at this expression it

would be quite difficult right. So, De Morgan’s law is also very important.
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Using De Morgan’s Theorem: Example 2
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Let us take another example this is a slightly more complex example. So, this is
something plus something I write it without dots it is easier, | write A B bar or A bar B
whole bar. So, this is something plus something bar I apply De Morgan’s law, this

something dot and this something bar.

So, I apply De Morgan’s law again on this it will be A bar or B bar bar and, I apply De
Morgan’s law on this same way, it will be A bar bar or B bar so, this becomes A bar B bar
bar means only B A or B bar, this you can multiply to again. So, this way you can

proceed I am showing it partially. So, the final thing if you proceed the final result there



will be getting for this one, this will be equal to a B or A bar B bar this will be the final

minimized expression right ok.
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Using De Morgan’s Theorem: Example 3

© F=(ABC'+D) + (AB'+BC)

:
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This is another expression I leave it as an exercise for you, you see there is a term here,
you can apply De Morgan’s law here there is another term here you can apply De
Morgan’s law here, or it out when then simplify again you can apply some of the rules,
whatever minimization you can do you can do right. So, this way you can apply the rules
wherever you can and you can carry out the minimization. This one last example let us

just work out this.
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Using De Morgan’s Theorem: Example 4

« F=(ABC) (A+C)(A+C) i) M
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Here the first one you need De Morgan’s law, it becomes A bar or B bar or C bar the

other 2 are A or C A or C bar, let us multiply this out well you can use the rules of

multiplication for expansion. Let us suppose I first expand multiply these two out, the

first one let us leave, we do not disturb this A and A I am just doing a simplification A

and A is only A, A and C bar is A C bar C and A is A C or C A whatever commutative C

and C bar C C bar. Well I am only writing the second part. First part is same you see A A

A in the first three you can take a common 1 or C bar, or C and C C bar is nothing but 0

and 1 or anything is 1.

So, this is A and 1 this is A or 0 this is only A this becomes only A. So, this multiplied by

A and so, you just and it with this A A bar plus A B bar plus A C bar, this again is 0 so,

your final expression is A B bar or A C bar, this is your minimized expression right.
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Using De Morgan’s Theorem: Example 5

o fwxy)=wx'y +wx+wy + wxy
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So, here we had looked at a number of rules and ways to minimize it. So, this one more

expression I leave it for you to minimize and so, just try to work out ok.
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Mapping Problems to Switching Expressions

*  Asafe has five locks v, w, x, y and z, all of which must be unlocked for the safe to be
open. The keys to the locks are distributed among five security officers as follows:
~ Officer A has keys for locks v and x 2 .
- Officer B has keys for locks v and y (ﬂ‘\'ﬂ'\' E) ‘ C ' (A*D) ‘ (Bﬂ) (])"l‘f)
- Officer C has keys for locks w and y — v
- Officer D has keys for locks x and z = ABCD + BCD -+ Eg A -
- Officer E has keys for locks v and z s -

Find all combinations of security officers that can open the safe.

4
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Now, let us look at some practical problems and see the how we can convert it into a
switching expression, I am just giving you two examples here. Let take an example a
safe has 5 locks v w x y z let say and to open this safe you have to unlock all 5 of them
and, what we are assuming is that the locks of the keys are distributed among 5 security

officers A B C D E like this. A has the keys for locks v and x, B has locks v and y, C has



2 each. So, we want to find out what are the combination of security officers that must be

present. So, that they lock can be opened.

You see there are 5 locks I need all of them right, let us look at one by one, v who is
having v, v is a B and E I write it like this A or B or E, this is the first requirement for
lock v. Then w who is having w only C so, C is must C must be there then x who is
having x A and D, A or D, then y y is B and or C B or C. And finally z D or E you see
this is a switching expression you have created. Now, you can multiply this out I leave it
an exercise for you, multiply this out let us say one of the term you will see is AB C D, |

am showing you couple of terms. Another term you can see like this B C D.

Another term you can see like ECA like that and so, on this means there will be on more
terms this means, that if security officers BCD are all their all three of them, then this 5
keys are available you see B is having v y, C is having w y and D is having x and z. So,
all 5 are available. Similarly ECA so, if you write down expression like this you can find

out all combinations of security officers that can open the safe right.
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Another Problem

* Five soldiers@ B)CYD and@volunteerto perform a mission where the following
conditions must be satisfied: N /RCt <
- CEitherA nr_B or both must go. '

! {-LE
Either C or E, but not both, must go. (ﬁ‘\'@ CCE ') . (_ o )
CLee

— Either both A and C go, or neither goes.

- If D goes, then E must also go.
If B goes, then A and D must also go. W
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Let us take another such problem there are 5 soldiers let us say A, B, C, D, E they want
to go for some secret mission some mission. And the conditions are as follows either A or
B must go, or both must go either C or E but not both must go, either both A and C goes

or neither goes, if D goes then E must go if B goes then A and D must also go.



You see here also the condition you can write very in a very similar wayj, it says either A
or B or both this is nothing but the or function I can write A or B A or B or both will
make the or function true, either C or E but not both; that means, not both either C or E.
So, how will you write this, you will be write this as C bar E or C E bar that means, C is
false E is true; that means, C is not going E is going or C is going E is not going. Either
both A and C goes or neither goes this is both A and C goes or neither goes, like this you

can write down the expression I will leave as an exercise for you to complete the rest ok.

This kind of problem if it is given, you can map it to a switching expression why,
switching expression because, you see in this problem each of the variables AB C D E if
you treat them as variables, these are binary variables either 0 or 1, 0 means this soldier
is not going 1 means the soldier is going ok. So, for all such problems if you have a very
well defined specification provided, you can write down such a switching expression
minimize them. And, when you get the expression you can find out what sequence of
soldiers, or what group of soldiers can be sent for the mission ok, I also leave this as an

exercise for you can try this out ok.

So, with this we come to the end of this lecture. Now, one thing we saw in this lecture
towards the end that, given a problem you can write down an expression for that well of
course, the expression can be pretty large in some cases. And if I give a large expression
and, if I ask you that we apply the rules that we have learnt to try and minimize it,
sometimes it may not be a very easy task. You may have to work out for multiple pages

and pages to minimize simplify very large expression.

So, there should be some more systematic way to approach this problem. So, we shall
later on see that, there are some more systematic method for minimizing such logic
expressions switching expressions, which will tell you some systematic steps to be
followed and if you do that you will get some expressions which are in minimized form.

So, we shall be learning all these things in due course of time.

Thank you.



