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Lecture - 07
Fuzzy implications

So far we have learnt Fuzzy set. Fuzzy set is the basic building box for the development
of fuzzy system. Now in the context of fuzzy sets we have learned different operations so
that from two or more fuzzy sets how the other fuzzy sets can be obtain and then you
have also learned about the relations between two fuzzy sets to get another, a fuzzy

elements.

Today we are going to learn about fuzzy implication. Now we know that there is a
proposition for a fuzzy set A and which we denote as x is A. So, there is a relation among
the propositions. Now such a relation can be better described with the help of fuzzy
implication. So, today we are going to learn about fuzzy implication and the different

operations or the computation techniques so that the fuzzy implication can be calculated.
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Fuzzy implications

* Fuzzy rule

* Examples of fuzzy implications
* Interpretation of fuzzy rules

* Product operators

+ Zadeh'’s Max-Min rule and some examples

¢ '* NPTEL ONLINE Debasis Samanta

IIT KHARAGPUR CERTIFICATION COURSES GE
ML IIT Kharagpur

So, today basically we will discuss about fuzzy rules this is the another name of the
fuzzy implication. In fact, and some examples and then interpretation of these and then
some operations by which the fuzzy implication can be computed and one operations

which is extensively used in fuzzy system development it is called the Zadeh’s Max-Min



rule we will discuss in details about a Zadeh’s Max-Min and we will illustrate the Max-

Min rule composition technique with some example.

(Refer Slide Time: 01:55)
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Fuzzy rule

* A fuzzy implication (also known as fuzzy If-then rule, fuzzy rule,
or fuzzy conditional statement) assumes the form :

If x is Athenyis B

where, A and B are two linguistic variables defined by fuzzy sets
Aand B on the universe of discourses X and Y, respectively.

* Often, xisAis called the antecedent or premise, while
y is B is called the consequence or conclusion.
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So, now let us come to the fuzzy implication that is also called fuzzy rule, it is also
sometime called as if then rule, sometime it is called a fuzzy conditional statement. Now
such a fuzzy implication is basically is a relation between one proposition to another
proposition. For example, see this is one example of a fuzzy proposition fuzzy
implication and here x is A as we know it denotes a proposition; proposition regarding
and element x in A set A and another proposition y is B. So, it basically gives a relation
among that 2 this is the proposition and this is a proposition and then relation in the form

of if then. So, that is why it is called if then implication or if then rule.

Now, it is it is necessary to calculate what it does mean; that means, if x is A then y is B
what value it does return to us. So, we will see that if x is A then y is B can be expressed
in the form of a relation matrix, that mean the fuzzy implication can be stored in the form
of a matrix and it is important to calculate the different entries in the matrix. We probably
you can recall if x is A then y is B we represent such a implication or rule in the form of
a Cartesian product, but Cartesian product is basically the very basic things in this
relation there are many things that can be considered. So, in order to represent a fuzzy

implication that will learn it.



Now, in this context so fuzzy implication takes in a general form as I told you if x is A
then y is B here the first part this is called antecedent or it is called the premise and then

the general form of a fuzzy rule.

(Refer Slide Time: 04:15)
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Fuzzy implication : Example 1

* If pressure is High then temperature is Low
] * |f mango is Yellow then mango is Sweet else mango is Sour
« If 6ad is Good thencfiving is Smogih elsg'fraffic is Hig

* The fuzzy implication is denotedasR : A - B

* Inessence, it represents a binary fuzzy relation R on the
(Cartesian) product of A X B
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And we are to calculate the fuzzy rule basically the different membership values that can
be that can be applicable to such a rule, anyway that will be discussing details in due

time.

Now, I can put some examples. So, that we can understand how fuzzy implication or
fuzzy rule looks like here I have given some example if pressure is high then temperature
is low. So, as you know. So, pressure is high is a another what is called this is the

premise or antecedent and this is the consequence. In fact, these are the 2 propositions.

As another example if mango is yellow then mango is sweet else mango it is basically x
phased in if then else. So, if then else is another form of course, but sometime we can
represent everything in the form of a only if then and this is a unification method usually
followed in a fuzzy system. So, anyway, but if then else also another structure that can be

represented only in terms of if then else that will be we will discuss it about later on.

As another example this is another if road is good then driving is smooth traffic is high.
So, here basically relation among 3 prepositions road is good, driving is smooth and then

traffic is high. So, the relation takes the form as I have discussed here with in terms of



few examples. So, for that notation of representing a fuzzy implication is concerned it is
usually represented using this form. So, R R represents a fuzzy rule and if it is basically
if x is A then y is B it is represented a implies B. So, that is why it is also called fuzzy
implication and I told you such a fuzzy implication is basically a relation from the fuzzy
set A to fuzzy set B and broadly it can be expressed in the form of a Cartesian product.
So, it is in a broad sense it is a Cartesian product actually, but there are some methods by
this relation can be calculated in a more mathematical way that will be a more formal
way like that and we will discuss. And we are going to learn this the method by which

the fuzzy relation can be calculated.

(Refer Slide Time: 06:41)
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Fuzzy implication : Example 2

* Suppose, P and T are two universes of discourses representing
pressure and temperature, respectively as follows.
P =1{1234} and T ={10,15,20,25,30,35,40,45,50}
=il D] TGl i e by S

* Let the linguistic variable ngh temperature and Low pressure
are given as

Tugn = {(20,02),(25,04), (30,06),(35.06).(40,07),
(45,0.8), (50,0.8)}

= {(1,08),(2,08),(3,06), (4,0.4)}
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Now let us see one another example. So, that we can understand the fuzzy implication
better in this example let us consider 2 fuzzy sets P and T. So, this the P and T these are
the basically denotes that pressure in some scale and temperature in some scale we can
consider pressure and the temperature are the 2 universe of discourse relate, [ am giving

the value of pressure that is possible and temperature that is possible.

Now, let us consider the 2 ling fuzzy sets they are expressed in terms of linguistic
variable called the high temperature and low pressure. So, these are the 2 fuzzy sets and
the 2 fuzzy sets say high temperature we denote it as T high and the degree of

membership values for the different element is shown here like likewise. So, the low



pressure it is denoted as P low and is represented in the form of a fuzzy set which is

shown here.

So, given these are the 2 fuzzy sets now let us see how the fuzzy implication can be can

be expressed.
(Refer Slide Time: 07:55)

Fuzzy implication : Example 2

Then the fuzzy implication If temperﬁglm igh then M&“’h

Low can be defined as

R Tyien = Prow
where, R =

Note : If temperature is 40 then what about low pressure?
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Now, so fuzzy implication fuzzy implication from the 2 premi 2 prepositions say
temperature is high then pressure is low. So, here the proposition is temperature is high
then pressure is low. So, it is basically this is the one we can say this is a temperature is
high and the pressure is B say B. So, it is basically we can express these in terms of like

this one sorry it is not high it is a we have denoted a T high and this is B here P low.

So, that illation or we can say implication between the 2 can be expressed we using a
short form T high to P low, now using simple Cartesian product that we have already
discussed in the previous lecture we can obtain the relation matrix; that means, give me a
showing these it look like this. So, this is a relation matrix r showing this relation R so,

using the Cartesian product that we know.

Now, 1 point 1 interesting point is that here if temperature is high then pressure is low
now say suppose temperature is forty then what about the pressure. So, it is basically if

temperature is 40 then it basically shows the pressure.
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Low can be defined as

20 [02 02 02 02
5104 04 04 04

R+ Thgw = Prow 0| 06 06 06 04

Q 0.7 07 06 04

Q P %5 | 08 08 06 04

; 50 | 08 08 06 04
%

Note : If temperature is 40 then what about low pres
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Now, you can see what temperature 40 the pressure. So, I can say P low here P low this is
basically can be expressed in term of a fuzzy set 1 0.7 then 2 0.7 then 3 0.6 and 4, 0.4.
Now, so this is basically P low provided that provided that temperature high as 40. So,
this basically is the fuzzy set. So, answer is like this. So, this rule gives an answer about

the pressure that is pressure as low for a given temperature this one.

So, this is basically one imp implication or purpose of the fuzzy set that we will use in in
our fuzzy system development. So, these two examples can be helpful for us to

understand how the fuzzy implication works for us.
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Interpretation of fuzzy rules

In general, there are two ways to compute the fuzzy rule A - B as
* Acoupled with B
* Aentails B
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So, now, what is the important concept here it is that here in this calculation of these
relation R, we have used min max simply a min a formula right if T high P low. So, the
Cartesian product and taking the min we obtain these 2 these are the different entries, but
in a more what is called the sense more practical manner there are many other

calculations are involved so that this relation matrix can be calculated.

Now, whatever the methods are there they can be broadly classified into 2 broad
categories one is called a coupled with B and A entails B. Now these are the basically
different techniques or different principles to obtain the relation matrix. So, these not
necessarily give the same result, because different method different principle or different
interpretation give the different results actually, but all those results work in a different
context of course, but we can use any one method to I mean calculate our relation matrix.
So, it is depends on the fuzzy designer fuzzy engineer who wants to use in it is system

that which method he should consider.

Anyway, let us see what are the different methods are there which belongs to a coupled

with B and A entails B.



(Refer Slide Time: 12:02)
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Interpretation as A coupled with B

R: A-B = AXB= fXxy,uA(x) * g (y) |(x, ¥) ; where  is called a T-norm
operator.

The most frequently used T-norm operators are:

* Minimum :Tpin(@,b) = min(a,b) = anb

* Algebraic product  :T,,(a,b) = ab

* Bounded product  :T,,(a,b) = 0V(a + b -1)
aifb=1

* Drastic product Hifg, = =l
0ifa,b<1

Here,a = py(x)andb = pp(y). T is called the function of T-norm operator.
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Now, let us first start with a coupled with B. So, a coupled with B are usually the relation
R in this form and it is basically A cross B instead of only min operation that we have
already discussed. So, it basically takes the general form which is expressed here. So, the
relation matrix it is basically it is a mu a x star it is a operator is an operator among the 2
membership values mu ax and mu by for all x y that is there in the relation. So, here this

star 1s called specifically it is called an operator it is called the T norm operator.

Now, let us see what are the operations that this T norm operator can signify here we see
4 different operations that can be can be explain or that can be applied. So, for the T
norm operators are concerns. So, basically operators is symbol star it can be applied true
compute either these or these or these one. So, different operator differ same operators
can perform different calculations or different results depending on what type of

operation that we are fixing for a relation in a relation.

Now, the first operation the T norm operator it is called the minimum and if you see T
min a b this is the form this is a min a b. So, if A cross B and if it is the min of mu a and
mu B that is basically the general Cartesian product we have learn so far. So, T min that
is a minimum T norm operator is our the usual Cartesian product that we have already

learned.

Now, there is other it is called the algebraic product, algebraic product is expressed is a

product of the 2 membership values. Now like algebraic product it is called the bounded



product bounded product is defined using this expression it basically takes the value of it

1s a maximum of O or this 1. So, it will take the value.

Drastic product it is denoted as T d p. So, star can be consider T d p and if we follow this
one in a if b equals to 1 it will take the value b if a equals to 1 and it will take the value 0,
if a b both less than 1. So, what I can say is that for the different entries we can have the
different value if we follow the different operations according the T norm operator. So, if
we follow min then it will give another relation matrix, if we follow algebraic product it
will give another relation matrix bounded product another. And if we follow this kind of
operation then it will give another relation. So, relation matrix will vary if we follow the
different operations. So, if a particular operation is followed it will give a unique value.

So, it is the concept that is the coupled with B the operation.

(Refer Slide Time: 15:07)
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Interpretation as A coupled with B

Based on the T-norm operator as defined, we can automatically define the fuzzy

rule R : A — B as afuzzy set with two-dimensional MF:
i

o) 1100 150)) = @ b) witha = py(s) b = iy and fis
the fuzzf implication functiom.—

i
.
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Now, so based on this T norm operators right we can automatically defined the fuzzy rule
that is R A B, we can define a fuzzy rule R A B. So, this fuzzy rule can be as we told you
that this fuzzy rule can be expressed in terms of a 2 dimensional membership function, a
2 dimensional membership function is basically mu R x y this is basically the value this
one and representation of these 2 dimensional membership function is basically takes in
the form of a matrix and usually this is related term as R x y. So, this matrix is this 1,

where x is any element in this direction and y is any element in this direction.



So, x an element particularly belongs to a particular universe of discourse and y is an
element belongs to a particular discourse. So, it is basically universe of discourse of y
and these are the element of discourse x. So, these entry whatever it is there it can be
calculated applying the 2 fuzzy sets A and B that is from the 2 universe of discourse x

and y and following T norm operator.

(Refer Slide Time: 16:26)
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Interpretation as A coupled with B
In the following, few implicationsof R: A = B
-] Min operator:
Ry = @"x%fxx,,mx)/\ug(y) 69 o fuslet) =(attr
[Mamdani rulelu/

Algebraic product operator

Ry =AXB = [1 o ma(@).pp()(x,y) or folab)= ab

[Larsen rule]
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So, this is the basic concept of calculating the fuzzy relation calculation of fuzzy rules.
Now interpretation of a coupled with B now I will come to the interpretation so min
operator as we have discussed already. So, min operator T min it basically takes this form
now such a rule is popularly known as Mamdani rule if we follow T min and In fact, the
Cartesian product that we have discussed in last lectures we follow this A cross B as a

min and then this one it basically follow the Mamdani rule there.

Now, algebraic product operator just we have discussed about just simply a product then
it basically call the Larsen rule. So, the difference scientist who has proposed these rules

according to name all those I mean rules name like Mamdani rule and then Larsen rule.



(Refer Slide Time: 17:16)
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Product Operators
Bounded product operator

mp:AXB=j‘ﬁAw®uﬂmumw

X
] =J 0V (ua(x) +p(y) =D xy) or fiq,py=0V(a+h=1)
xxy

— Cad

Drastic product operator

aifb=1
R =A%B = | p@sw0)l(x3) o fylab)={ bifa=1
i 0if otherwis
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There are some other rules also bounded product operator it is just simply a there is no
rule as such specific like Mamdani rule or Larsen rule it is just expressed using this
formula using this formula. In this formula and drastic product operator as we have
discussed using this one actually no specific in I mean rule or the name we assign to this
kind of things are there they are basically the different way to calculate the fuzzy

implication.

(Refer Slide Time: 17:49)
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Interpretation of A entails B

There are three main ways to interpret such implication:

\Kmpositional calculus
R: 4-»B =AU(AUB)
R —

\L/xtended propositional calculus :
R: 4-B = (AnB) UB

———
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Now, I will come to another type it is called A entails B, now A entails B takes 3 forms.
In fact, and the 3 forms are called material implication, the propositional calculus form

and another is called extended propositional calculation calculus form.

Now, according the material implication a rule a fuzzy rule is describes in the form like
this 1. So, fuzzy rule is here is basically a complement union B. So, we know how to
perform this operation a complement union B. So, this rule can be obtain like this, now
the proposition can be calculus takes slightly different from which is shown here it is
basically a complement union and then a union B also take this form and the extended

proposition calculus take this form.

Now, what we can learn from all these thing all these discussion is that. So, the different
way of calculating the relation matrix that is all whether these things are equivalent not
that is a another question, what I say that these may be this is and this is not necessary
the equivalent this means that if you follow these and if we follow these they are not
necessary give the same relation matrix. The different in a relation matrix interpretation
may be different and then purpose or the application may be different. So, that is the
thing and regarding application it is not necessary; it is not the right time to discuss when
we discuss about it is a application when we discuss about this meaning that what are the
different context the different rule that can be the different way the rule can be calculated

is applicable.
(Refer Slide Time: 19:39)

Interpretation of A entails B

With the above mentioned implications, there are a number of fuzzy implication
functions that are popularly followed in fuzzy rule-based system.

] Zadeh's arithmetic rule :

m(l — )+ 1D 6) o
XxY
fr(a,b) = 1/\@ -a+ b)

Zadeh’s max-min rule :
st = ad ke

R = AUA0B) = [ (=Y G0 M0 () o
XxY

Fun(@b) = (L=9)V(@hb)
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Now, so A entails be needs certain more discussion about how they work for us, now I
will go one by one to discuss each and everything. So, the first rule it is called the
Zadeh’s arithmetic rule that we have discuss a material implication. In fact, so this
Zadeh’s implication is basically the material implication it is according to the Zadeh’s
name it is called the Zadeh’s arithmetic rule and Zadeh’s arithmetic rule. That means, if
the 2 values A and B 2 membership values A and B give given then the relation entries
for these 2 values can be obtained according to this formula is a basically 1 and; that

means, it is basically min of 1 and the min of the result of this 1.

Now, another implication that is basically the proposition calculus proposition calculus
this rule is again proposed by Zadeh’s and it is called the Zadeh’s Max-Min rule and it is
notation is like this. So, it basically express in this form it is basically max of 1 minus A
and then A and B. So, max of 1 minus A and A and B so this way. So, this basically the

method or calculation to find a entry for 2 different values there and this 1.
So, these this is basically the 2 rules which is in the techniques of called A entails B.

(Refer Slide Time: 21:03)
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Interpretation of A entails B

Boolean fuzzy rule:

] Ry = AVB = [ (1-p@)vslwy) or

-_— XXy

fy(a,b) =(1-a)Vb

Goguen'’s fuzzy rule:
lifa<h
Ry = ny”A(X)@#s(y)I(x.y) Lt gif i>h
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And there is another rules also a belongs to A entails B it is called the Booleans fuzzy
rule Boolean fuzzy rule takes these form we can see this is already expressed the material
implication according the Zadeh’s min rule and here arithmetic min rule, but here in this

context Boolean fuzzy rule they have given the different interpretation 1 minus A or B.



Similarly, the Goguen's fuzzy rule is a operation is like this and it is defined by this

formula this expression. So, this is also another way to calculate the relation matrix.

(Refer Slide Time: 21:40)
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Example 3: Zadeh's Max-Min rule

If m hen § is Bywith the implication of Zadeh’s max-min rule can be written
equivalently a\j

| w2

Here, Y is the universe of discourse with membership values forally € Yis 1,

thatis, uy(y) = 1vy € 1t

Suppose X = {a,b,c,d} andY = {1,2,3,4}and

A = {(a,0.0),(h,08),(c,0.6),(d,1.0)},

B ={(1,0.2),(2,1.0),(3, 08) (4,0.0)} are two fuzzy sets.
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Now, here I want to discuss more elaborately about Zadeh’s Max-Min rule this is the 1,
what is called the method which is frequently used or more fuzzy engineer prefers this

rule to calculate their relation matrix regarding a rule computation.

Now, let us see what exactly the Max-Min rule it is basically Zadeh’s Max-Min rule that
just now we have discussed it, but it takes slightly different form I will tell you why this
form is anyway. So, this is basically to calculate the rule if x is A then y is B. So, these
also can be say the R from A to B where A this is a proposition related to A and

proposition related to b. So, this is the rule R A B.

Now, so far the relation matrix is concerned and this can be better expressed in the form
A cross B union then a complement and Y, where Y; Y is the universe of discourse for the
set B and A is a fuzzy set B is another fuzzy set. So, if we use this formula then we will
be able to calculate the relation matrix which basically represents the rule like R A B

where if x is A then y is B.

Now, you can recall when we discussed about Zadeh’s Max-Min rule we wrote that it is
basically R mm A bar union A cross B only this part, but here to make it generalized we

follow this one right now the because if A cross B is basically can be store this result in



the form of a 2 dimensional matrix and then union a; however, a is a 1 dimensional

matrix. So, it is not possible to apply the union operation on these and these 1.

Now, in order to make it applicable so a another cross Cartesian product is applied over
the A cross and Y. So, then it gives a relation matrix it gives a relation matrix 2 matrix are
of same size and therefore, union operation can be applied; however, if we use this one
result can be a bit different, but that is absolutely not an issue because. So, far the certain

fuzzy is concerned this result is acceptable.

Now, so this is the concept regarding the Zadeh’s Max-Min rule, now let us elaborate this
Max-Min rule technique to compute the rule matrix using an example. So, this example |
would like to refer here say x is A universe of discourse y is another universe of
discourse this universe of discourse contains 4 element a,b,c,d and it contains 4 elements

1,2,3,4.

Now, let us consider these are the 2 fuzzy sets which are defined over X and Y
respectively. So, A is defined over X and B is defined over Y, now we want to calculate
the relation matrix that means if x is A then Y is B form and this basically in this form.

So, you want to calculate this 1.

Now, let us see how this value can be calculated. So, the idea is very simple we have to
calculate first A cross B and then A cross Y and then take union. So, the relation matrix a

can be calculated now here is an idea about the details calculation.
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Example 3: Zadeh's Max-Min rule \
v\
The computation of R, = (4 X B) U (A X Y) is as follows B q?/
o2 3 4 ) | \
al 0 0 0O 4
‘\
02 08 08 0
] AL |02 05 06 0 * \
¢[0210080]
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02020202 Q;
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So, that we can understand about it so you see so given the 2 2 fuzzy sets A and B you
can check that A cross B give this 1 and A cross y takes this form now here whenever we
consider Y. So, Y is basically for all the discourse element that is belongs to the universe
of discourse with their membership value one. So, Y is basically 1 2 3 and 4 and when
we compute this result we take that Y this is equals to 1 1, because in the fuzzy form 2 1

31and4 1.

Then we can take the product Cartesian product a complement and then Y taking the min
of these 1 and this kind of matrix can be obtained. I hope you have understood these
things whether how these can be calculated once A cross B and A cross Y is known to us

we will able to obtain.
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Example 3: Zadeh's Max-Min rule
Therefore, R, = (AXB)U(AXY)

v
b |02 08 08 02
Hmm=(AXB)U(M ¢ |04 06 06 04 /
= d

02 1.0 08 0O
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The final matrix that is basically a relation matrix and the relation matrix will takes this
form. So, this basically is a relation matrix represents a rule that rule as I told you that
rule is if x is A then y is B. So, this basically stored this basically can be represented in

the form of a relation matrix.

Now, usually we follow in our illustration in subsequent lectures we follow generally
Zadeh’s Max-Min rule, otherwise you can practice or you can compute another matrix
another relation matrix following other operation likes a T norm operator or some other a

coupled with B operation whatever it is.
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Example 4

IFxis ATHEN y is B ELSE y is C. The relation R is equivalent to
R :(AxB)u(AiQ\/“

The membership function of R is given by

ur(x,y) = max[min{u, (x), g (y)}, minfuz(x), e (1)}]
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Now, so this basically gives a calculation about a rule if x is A then y is B, now the same
Zadeh’s Max-Min rule can be extended to another type of rule here I have mentioned the
else part right if x is A then y is B else y is C. So, if it is like then it can be expressed
using Zadeh’s Max-Min rule composition it is like this one, we can note that this part that
is a instead of y we use C. So, this is the o a that can be calculated and the rest of the
things is very similar to the previous calculation here basically this 1. So, this else part is
extra else part is extra if else C is added then we can add this 1 in this Max-Min

composition.

(Refer Slide Time: 28:23)

L B S TR

Example 4.

K=l ael

Y =1{1,2,34)
A= {(@,0.0),(6,08), (c,06), (d, L0)}
\/é ={(1,0.2), (2,1.0), (3,0.8), (4,0.0)}
€ ={(1,00),(2,0.4), (3,1.0), (4,08)}

Determine the implication relation

If xis Athenyis B else yis C \/
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Now, these are example that is basically to calculate this 1. So, let us see here X and Y
are the 2 universe of discourse defined over the A fuzzy set B fuzzy set is defined over X

and Y respectively C is another fuzzy set defined over this universe of discourse.
(Refer Slide Time: 28:49)
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Example 4

1 3 4
\ / a[ 0 0 0 0
T » |02 08 08 0
Kooty ¢ |02 06060
¢ |02 10 08 0
1 2 3 4
/ a[0 04 10 08
. b |0 02 02 02
lbIGS ¢ |0 04 04 04

dlo
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Now, this is the rule we can calculate the rule using the Zadeh’s Max-Min composition
here the A cross B calculation and here A cross C calculation. And finally the rule R this
basically giving if x is Athen Y is B else Z is C.

(Refer Slide Time: 29:02)
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Example 4

1 2 3 4
0 04 10 08
02 08 08 02
02 06 06 04
02 10 08 0

Q o o o
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So, this is the rule that we can consider for this rule camp computation.



With this let us conclude here about this fuzzy rule calculation. We have learn many
method out of which we want to limit our what is called the process in order to Zadeh’s

Max-Min method.

Thank you.



