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Principal Component Analysis

There principal component analysis which we like to cover today that will be very useful
for us, while we will be designing the biometric system. That physical component
analysis, it has the two major roles. First role is that you know it gives you the indication
about the patterns of the data, and second thing that sometimes some information or the
patterns of the data, they are not useful. They are close related, so why to consider those

patterns? You can easily suppress them.

So basically, a principal component analysis will be useful, when you want to reduce the
dimension, and by the word reduce the dimension it means that number of feature

elements, you like to consider will be less. So, that is the basic.
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Principal Component Analysis

Itis a process
to identify the patterns in data and

to express the data in such a way as to highlight their
similarities and dissimilarities.

One can easily visualize the patterns through graphical
representation of the data.

But it is sometime hard to visualize these patterns of data
in high dimension

PCA helps to visualize these patterns.

It helps to compress the data by reducing the number of
dimensions without much loss of information.



So generally, what to do by seeing the data, you like to see what is the pattern in that
right. Are they maintaining certain relation or there is no relation exists randomly

distributed. So these patterns you need to know.

Now, once you need to know these patterns, you want to highlight these patterns;
highlight the pattern means that how much similarity there exists and how much
dissimilarity there exist that is the issue. If there exist too much dissimilarity along a
pattern that means that will give you some features, because our aim is to get certain
unique features against an object.

So, to get the unique features against the object that means, you want to know how much
variability you have within a particular pattern, so that is the aim. So, the first one is that
you want to find out whether there exist a pattern or not, second part is that if there exist
a pattern then how much similarity or how much dissimilarity is there. If the similarity is
too much similarity exists in one pattern that means that pattern is not useful parameter

or characteristics to consider as a feature element.

Now, this pattern you can visualize if you plot it. Now plotting is possible when you
have one-dimensional, two-dimensional or three-dimensional, but more than that you
will not be able to visualize whether there exist a pattern or not. So that the main
problem is that you can think what for I should use the PCA, once | know the pattern, but
pattern is visible only for the smaller dimension for larger dimension for this you have to
take the help of PCA. PCA also as | told you, also help you that | want to reduce my
dimension by discarding those features, which are having the most similar behavior in a

pattern.
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Problem of Data Reduction

Expressing data with many (p) variables by a smaller
set of (k) derived (synthetic, composite) variables.

So, suppose | have the data of n elements each element containing the P variables of P
variables, P variables means that P characteristics, P dimensions. So you have the P
dimensions and you have the n observations, so this is your data set. Now through the
PCA, you can reduce the data set into n cross K, where K contains top most patterns
having the larger variance or variability that is the idea. So, what you can see that you
have the original matrix A. Now a of size n cross P, | am reducing into K obviously you

are losing something.

(Refer Slide Time: 04:35)

Problem of Data Reduction

Residual Variation: It is information in A
that is not retained in X
Balancing Act Between
Clarity of represel:tatinn,
ease of understanding
» Over simplification:
loss of important or relevant information.



So, the term is residual variation. It is the information in A but that is not in your n cross
K area that is known as residual variation. These residual variation should be as
minimum as possible that is the aim now that gives you the indication that existed trade
of relationship between the clarity of representation and oversimplification by the term.
Clarity of representation means that whatever data you have you must be able to get

proper representation.

So, if I have the matrix A is such n cross P obviously we will get the same matrix what
about original a everything will be there now. if | reduce to n into K so, the information
will be lost but you are simplifying by the process of oversimplification. You may lose
certain information so there exist a trade of relationship between these two. So you have
to choose such a K so that you get the maximum information but maximum reduction of

size also that is the problem.
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Principal Component Analysis (PCA)

Probably the most widely-used and well-known of the
“standard” multivariate methods for data reduction

Takes a data matrix of n objects by p variables, which may
be correlated, and

Expresses it by uncorrelated axes (principal components or
principal axes) that are linear combinations of the original p

variables
The first k components display as much as possible of the
variation among objects.

Now this is very well known method in statistics where you need to reduce the
dimension to analyze it, because they have the multi dimensional things so need to
reduce. Same thing will happen in our case also well, we will be covering our biometric
system so it takes the data of size n cross p dimensions you have and they are correlated.
That if you have one x 1 corresponding value will be there x 1 1 x 12 x 13 x 15so0
corresponding values will be there but what we express it into the uncorrelated

dimensions which is we want to plot it in the direction of principal axis and that has to be



expressed in the form of linear combination of those variables, how to do it we will
discuss this. And then we want to pick up the top k elements. Top k principal

components those principal components you are selecting and having the largest variance
k top variances.
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Geometric Interpretation of PCA

Obijects are represented as a cloud of n points in a

multidimensional space with an axis for each of the
p variables
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Variable X,

So, this is about the definition of principal components. This is the data you will have
and what happens that you have the point cloud data. Point cloud data means that you
have the point which is represented by p variables or p dimensions and here one is

variable X 1 another is variable X 2 like that p dimensions are there this points are there.
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Geometric Interpretation of PCA

+ The centroid of the points is defined by the mean of
each variable

+ The variance of each variable is the average squared
deviation of its n values around the mean of that

variable. "

And the term centroid by now in statistics you have heard centroid. Centroid is nothing
but the mean of the variables each objects in all dimensions. So X i bar is equal to 1 upon

summation.

(Refer Slide Time: 08:08)

So x 1 bar is equals to 1 upon n summation over x ij j is 1 to p. So, centroid of the points
defined by the mean of these variables and similarly. The term variance, variance is
nothing but that sums of square of deviation of each variable from mean and then you are

taking the average. You should have taken one by n but to get it why it is 1 by n minus 1



that n-eth term is degrees of freedom is n minus 1. So, we are dividing by n minus 1 sum
of square and degrees of freedom are n minus 1 that is why we are normalizing by n

minus 1.
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Geometric Interpretation of PCA

Degree to which the variables are linearly correlated
is represented by their covariance

Covariance of
variables i and |

X Value of
Sum over all variable i
i objects

Mean of  Valueof Mean of
variable i Variable j variable
in object i in object

Then next term you will be using the covariance. Covariance is nothing but you want to
find out the degree of relation, correlation-ship in the linearly. Correlation-ship between
the two variables so it is equals summation X im X i bar X jm minus X j bar and 1 by n
minus 1. This C ij is the covariance variable relationship between i and j and this m is
sum over all n objects and value of variables object. X i this is the average of this and

similarly, the average with respect to the variable j.
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So, now the term, what is the term? Term is Eigen vectors and Eigen values and its
application you cannot forget, you may forget the formula remember that why | need
that. This is required not only for biometric; you may require this thing for future also.
These Eigen vectors and Eigen values are basically depend on the some certain
transformation or it will give you certain another vector that is the thing.

Suppose, you have n cross n observation matrix that whatever we have considered and
we have n cross that n variables and n dimension. You have n cross n and you have a
vector say a it is also n cross 1. So, if | perform this operation what | will get another
vector. Some symbol is there no vector arrow mark and | assume that this is vector,
because generally we write in bold letter but here there is no scope of writing. So, this is
another vector. Now these two vectors are parallel when | can express, this is
multiplication of some scalar multiplication of a. So, these two are parallel when this can
be expressed as a scalar multiplication of a or one can be expressed in terms of the other
one by multiplying by something some real number.

So, that means what X a can be expressed as lambda a then you can tell these two vectors
are parallel and if you can express this where lambda is some real then this a is known as
Eigen vector, what it means basically a point is here and this is origin and it gives the
direction like this. Now lambda is a scalar so it will give you the increase form or here, it

is giving only the direction of elements with respect to the origin. That is the vector and



what is this lambda? Lambda gives you what it means once you transform this a to this
bigger one what is the deviation? What is the dispersion? What is the variance? Once
you move this one to another transformation then there will be a dispersion variation.

What is the variance with reference to that pattern? That will give you the lambda.

So, we will be looking for the larger value of lambda for our principal components.
Largest value of lambda will help us to detect that yes. This is the principal axis so this
can be written as you will be writing this is determinant of X minus a | lambda | equals
to 0. That is the thing you have to do. Now you solve it you will be getting the values of

lambda.
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Let us consider two three small example so A dotaisa2 1120 1and so it will become
what 1 2 so this is observed that these two cannot be expressed in terms of this. So, this

IS not a this is not an Eigen vector.
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But if | consider three minus three so this becomes lambda is one and this x can be

expressed a in the form of a so it is an Eigen vector.
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Now, tell me what should be a so that a is an Eigen vector. So, one possible could be 3 2,
is it correct 1? So, we come later on how to find out or first this is a just trial and error
method we are using. So, lambda is 4 and so 3 2 is your Eigen vector and now how to
find out this, see here. | have just putted the value and | have told you that this is an

Eigen vector.
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Now in order to find it, you have to find out what is your X X is 2 3 2 1 and so you have
to find out X minus lambda I is nothing but 2 minus lambda 3 2 1 minus lambda, because
I is the identity matrix so you will be writing this. So, determinant of X minus lambda I 2
minus 3 lambda plus lambda square minus X, this has to be 0 lambda square minus 3
lambda minus 4 equals to 0. Lambda minus 4 lambda plus 1 will be equals to 0. So, this
gives you lambda 1 equals to 4 and lambda 2 equals to minus 1 so you got the two Eigen

values.

(Refer Slide Time: 18:00)




Now you have to find out what is your Eigen vector. Now you have 2 32 1 and X y is
equals to 4 times of x y, see this is the things you have to find out. This Eigen you have
obtained only this part lambda but not the Eigen vector you have to find out what is your
Eigen vector.

So, this gives you 2x plus 3y is equals to 4x and 2x plus y equals to 4 y and this gives 3y
equals to 2x. So, once you want to find out the principal axis so it will be a straight line.
Y equals to x forms so this will be possible only when it is 3 and 2, 3 into 2 is 6 and 2
into 3. So, this is the only way you will be getting this line so this is your x y that is your
Eigen vector.
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Suppose, | have X 52 4 minus 3 6 2 3 minus 3 1 and now can you find out what is this
Eigen values and Eigen vectors. It is not essential that matrix should be square matrix but
after multiplication you must get the square matrix and the minimum dimension will give
you that many number of Eigen values. That means this size of this will give you the
number of Eigen values. That means number of dimensions will give you the number of
Eigen values. Here we have considered is the 3 cross 3 and now can you find out the first
you find out the Eigen values and then you find what Eigen vectors are.

How many lambdas, you will be getting. First you tell me three so one of those should be
at least correct. If one is correct remaining, two will be correct. We can assure you, is it

this line first you check. This line if it is correct then you expand that is 5 minus lambda



it will be 6 minus 7 lambda plus lambda square plus 6 so it becomes 12 plus 3 times.
What is the final equation, so you are getting lambda cube minus. What minus 12 lambda
square then plus 41 lambda 42 and this will give you lambda 1 equals to 2 lambda 2
equals to 3isit 2 3 and 7 you told lambda 3 is equals to 7. Hopefully it is correct.
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Now what is the Eigen vector? Find out one Eigen vector you take 3 lambda 2 equals to
3 and then you tell me the Eigen vector 52 4 6 2 was it 5 or 3 is this what about relation

betweenx 1 x3orx2andx333x1plusx32x324minus 324 minus 3.
What is two x 1 2 x 2 4 how did you get 2 4.
Minus 3.

So, that 2 4 2 4 minus 3 so if you put this value you can find out the result is coming.
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Configuration is Centered

Each variable is adjusted to a mean of zero (by subtracting
the mean from each value).
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Varable X,

So, this is your background of Eigen values and Eigen vectors and that Eigen vector
gives you the direction with respect to the principal axis and Eigen values will give you
the variance with respect to the that pattern that principal axis has given the n
dimensional, p dimensional elements of n observations. Your aim is to rotate the axis
point to a new axis point that axis point is termed as which satisfies the following

properties.
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Principal Components are Computed

PC 1 has the highest possible variance (9.88)
PC 2 has a variance of 3.03
PC 1 and PC 2 have zero covariance.




First one is that it should be ordered in such way that the principal axis has the maximum
variance then the axis two. Which is the next maximum variance and you will be getting
since it is a p dimension so you will be getting the p principal components. P principal
axis but you will have to arrange in certain order increasing or decreasing order. Highest
one will be your principal axis, one then next one and so on and also you have to select
this axis in such a way that they are perpendicular to each other. The principal

component | is perpendicular to principal component one two three and so one.
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The Dissimilarity Measure in PCA

PCA uses Euclidean Distance calculated from the p
variables as the measure of dissimilarity among the n
objects

PCA derives the best possible k dimensional (k < p)
representation of the Euclidean distances among
objects.

So principal axis should be perpendicular to so that is they are 0.

Now PC 2 to calculation competition is the important thing that PC 2 is also similar to
whatever you obtain in the case of variance here also this is a user distance but its
distance the measure of dissimilarity. How much it is deviating and based on this
dissimilarity, you decide whether this component is getting the higher preference with

the other one because the variable gives you the unit characteristics.

So, more the variance more the dissimilarity and you will be choosing it first and
suppose you assume that it is a p dimensional and you observe that all p dimensional
activities may not be there. Some case you will find that very closely similar you do not
have to consider that one but you have to select in such a way that total dissimilarity
values should be near 100 or some of the coverage some of the information’s

characteristics of the image, whatever you are considering within the k dimension should



be as nearer as possible to the original image. That is the closely close representation or
you have to have the original representation. You may not get the exact representation
but as nearer as possible keeping as many as dimension reduces you can do on your

image.
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Generalization to p-dimensions

In practice, nobody uses PCA with only 2 variables

The algebra for finding principal axes readily generalizes to
p variables

PC1 is the direction of maximum variance in the p-
dimensional cloud of points

PC2 is in the direction of the next highest variance, subject
to the constraint that it has zero covariance with PC1.

PC 3 is in the direction of the next highest variance, subject
to the constraint that it has zero covariance with both PC 1

and PC 2

and soon...up to PC p

So, if we have the two variables and nobody does the PCA, just you find out the
correlation coefficient. You can easily find out what is the pattern. You do not have to do
that proper more than two dimension pattern for pattern re-cognize. Pattern analysis you
need to do the principal component and as that principal means the direction of
maximum variance to the p dimension and then you consider the PC 2 with the condition

that this a perpendicular to PC 1 and so on.
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Generalization to p-dimensions
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Variable X,

So, in this image first you will be getting the direction this one and then with preference
to PC 2 and then you rotate the image. So, it will maintain the property of all the things.
How to obtain the corresponding coordinate of this value with preference to PC 1 We
will be discussing later on.
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Generalization to p-dimensions

Given a h:mlplt' of H(:l)st‘l'\':lliullh On a vector o|-p
vartables B8

Delme the hirst principal component (PC1) of the
sample by the linear transformation

where the veetor (RN

1s chosen such rlmr- 1S maximum

So, what is the formula? Or what is the algorithm? First let us find out how to find the
maximum principal that is the first one then the second one third one and so on. Suppose

you have the n observations X x 1 x 2 p dimensions this is a vector.



So first principal component is defined by z 1 equals to a 1 p transpose of a 1 X and
which is nothing but summation over i 1 to p x 1 I a i. Now what is not known this you
have to find out this Eigen vector? You have to find out such that the variance is
maximum variance of z is maximum that is the problem. Your aim is to obtain the vector
a in such way that variance of z 1 is maximum now can you recollect here. It was the
three dimensional that is why we could solve this one but if it is a n dimensional how
you could have been solve determinant finding is a very difficult problem. In n
dimension what will be how can you solve and moreover do you know that PCA and

other thing there readymade routines are available.

So, only thing conceptually it should be clear and other part is that if you just call PCA
and you will get the results. So, tell me can you recollect how to find the determinant or
find the values of solution of x minus lambda a equals to that 1 I want to find out the
Eigen values. How can | find them, x minus lambda a equals to 0 we want to find the
solution of that, there is no term singular value decomposition s v d. So, please and try to

understand what s v d is? that is the only thing you do yourself because.
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Generalization to p-dimensions

Likewise, define the & PC (PC k) of the sample
by the linear transformation

where the vector m

is chosen such that [EISEE is maximum
subject to [ NGEG e
andto [

Now what happen the next if 1 want to find out the k-eth principal component? | will
finding the z k same way a k T X, now you have vector and you have to select this vector
with the condition that variance of z k is maximum but of course, must be lessthanz 1 z

2 z 3 z k minus 1 also the covariance between the z k and with the z 1 z 2 z 3 each of



them that should be 0, because | told you that it should be perpendicular to every other

axis and this is the condition of orthogonality so that should be maintained.
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Generalization to p-dimensions

If we take the first k principal components, they
define the k-dimensional “hyper plane of best fit” to
the point cloud
Of the total variance of all p variables:
PCs 1 to k represent the maximum possible proportion of
that variance that can be displayed in k dimensions
1.e. the squared Euclidean distances among points

L

calculated from their coordinates on PCs 1 to k are the best

[‘nx_\il\h’ representation of their squared Euclidean

distances in the full p dimensions

So, this part already I indirectly told that you are not selecting all the p value dimensional
variables. We are selecting k of the k best of them on the hyper plane and these k piece
parts of principal components 1 to k represents the maximum possible variations in the

data and that is definition of nothing but we are considering the Euclidean distance.
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Covariance vs Correlation

Use of covariance among variables only makes
sense if they are measured in the same units

Even then, variables with high variances will
dominate the principal components

These problems are generally avoided by
normalizing each variable to unit variance and zero

mean
Mean
variable 1
andard deviation
of variable i




So, you could have used the simple covariance matrix on your data but there is a little
problem, because their units the variables the p dimension units may not be the same. So,
that is the issue if you know that the unit is same then directly you can obtain the

covariance matrix.

Another thing is that you must ensure that the there is not too much dispersion not too
much variance is not that high because the high variance will create or will have the
positive impact towards the principal component. | have principal component so best
way is that you normalize how to normalize it just X minus X bar divided by sigma.

So, in that case X minus X bar divided by sigma if you do it then all the dimension your

mean will be 0 and standard deviation will be one.

(Refer Slide Time: 39:41)

If you have the variable X and X bar is the mean and sigma is the standard deviation then
X minus X bar by sigma obviously the normal distribution with 0 mean obviously the
distribute the 0 mean and standard distribution one. So that is the thing so we generally

normalize it to 0 mean and unit variance.
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Covariance vs Correlation

Covariance between the normalized variables are
correlations

After normalization, each variable has a variance of
1.000

Correlations can be also calculated from the
variances and covariance:

Covariance of
variables j and j

Correlation between
variables i and §
Variance

of variable j

Variance
of variable i

Now if you have the normalized elements or of subjects or objects of n dimension p
dimensions then your covariance will directly and covariance will directly give you the
correlation. Covariance because it is a normalized one X minus X bar divided by sigma
so if I just covariance matrix will give you the information about whether there exists a
correlation between any two variables and also that standard deviation, also each variable
will have the standard variance one, because you have already divided by this sigma so

variance will be always one.

Now if I have the covariance matrix that is C ij is the covariance between i and j then and
if my variance is not normal that is not lying is not one then correlation matrix r ij

correlation between i and j becomes C ij divided by square rootof Viand Vj.
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The Algebra of PCA

First step is to calculate the cross-products matrix of
variances and covariance (or correlations) among
every pair of the p variables

This gives Square, symmetric matrix

Diagonals are the variances, off-diagonals are the
covariance

Variance-covariance Matrix Correlation Matrix

Now, this can be written that first you obtain the cross product of matrix of variance and
covariance and if you have that cross cross product, what happen the diagonal elements.
It will be the always variance and this will give you the correlation ship or variance
covariance between X 1 and X 2. This is covariance between X 2 and X 1 and so on.

And this will become always a square matrix, because you are making x and x t the
diagonal elements will give you the variance, and this will give you covariance and these

are symmetry is there everything else clear.

(Refer Slide Time: 42:44)

The Algebra of PCA

In matrix notation, this is computed as

where X is the n x p data matrix, with each variable
centered (also normalized by SD if using correlations).

Variance-covariance Matrix Caorrelation Matrix



So, this can be in matrix form notation and this can be written as prime X, because that
will give you the covariance matrix. Here X is a normalized elements and your size n
cross p, otherwise you could have written x prime minus mu divided by sigma into. They
could have written but this is normalized variables so you do not write those things.
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The Algebra of PCA

Trace of the covariance matrix represents the total
variance in the data

Frace = 12.9091 Irace = 2.0000

Now remember that trace one trace of a matrix is sum of the diagonals elements.
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The Algebra of PCA

Finding the principal axes involves eigen analysis of the
covariance matrix(S)

The eigen values (latent roots) of S are solutions (4) to the
following characteristic equation

S—-All=0

In that case it is a very useful property here or the relationship with the value of Eigen

values. Now you have the here your notation x, and there you have written x that there is



the determinant. You have to find out the solution of this characteristic equation and will

be use the similar value technique to obtain the values of lambda.

(Refer Slide Time: 44:00)

The Algebra of PCA

» The eigen values, 4, 4,, ... 4, are the variances of

the coordinates on each principal component axis
» The sum of all p eigen values equals the trace of S
(the sum of the variances of the original variables).

A, =9.8783
A, =3.0308
Note: 4,+4, =12.9091

Trace = 12.9091

And these Eigen values for this, one that Eigen values that will be coming lambda 1
equals to this and lambda 2 equal 0 3. That sum of these lambda values is equals to sum

of the standard variables that this trace of this equals to trace of.
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The Algebra of PCA

Each eigenvector consists of p values which
represent the “contribution” of each variable to the
principal component axis

Eigenvectors are uncorrelated (orthogonal)

their dot-products are zero.

Eigerlvectors

1

0.7291*(-0.6844) + 0.6844*0.7291 = 0

Now, what happen that you got Eigen vectors from these Eigen values? Now, each Eigen

vector consist of how many variables, it represents the consist of p values. P values will



be there and it also gives you the contribution of each variable to the principal
component, because that will provide you the principal axis and this for with reference to
the original x y values; x values, it has certain contribution on it so Eigen vector consist
of p values which represent the contribution of each variables to the principal axis and
they are uncorrelated as their cross product. This into this plus, this into this will be 0

because they are uncorrelated.
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The Algebra of PCA

Coordinates of each object i on the k” principal
axis, known as the scores on PC k, are computed as

where Z is the n x k matrix of PC scores, X is the n x
p centered data matrix and U is the p x k matrix of
eigenvectors

Now this x is given to you, the whole matrix original matrix and u is just now you
obtained that Eigen. So, you need to know that what will be the mapping function for
each x values into the principal axis. This is known as scope, so coordinates of each
object on the k-eth principal component, which is known as the scope on PC k-eth
principal component, which can be computed as z k i equals to this is known one k into x
1 1. These are also known u 2 k, because this is the vector Eigen vector and this is your

original matrix.

Now, Eigen vector it has given you the p cross k matrix of vectors. How are you getting
that one vector is of size p? There are k such vectors so the whole all this p, you have one
vector of size. P then another vector of size and p like that there are k such vectors this
form a matrix that is your Eigen matrix. So, you have X is of size n cross p and U is of
size p cross k; so you will be getting z k i the corresponding value of on the with

reference to the principal components.
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Now you know the lambda values, lambda is nothing but the eigen values lambda 1 and
lambda 2. The trace is nothing but summation over lambda 1 plus and lambda 2, now
what is the information you are getting with reference to PC 1. That is nothing but the
difference or dispersion or variance or with respect to the first component. Eigen values
divided by sum of all the lambda values that is the coverage or information you are
getting with reference to the first principal component. That means that 9.8783 divided
by 12 point this is 76.5 percent information are being carried out with respect to the first

principal component.

Now if | consider and second principal component, here since you have the two principal
components. So, second will be the remaining of this element. It may so happen that
there is a three principal components, and now you find out how much information, you
are getting through lambda 1 divided by lambda 1 plus lambda 2 plus lambda 3, then
lambda 2 by lambda 1 plus lambda 2 plus lambda 3. If you take the sum and you are
finding that they are coming 99 percent that means the 99 percent of information you
will be getting. If you consider only these two components and if you reduce the you do

not consider the third one.
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The Algebra of PCA

The covariance matrix computed among the p
principal axes has a simple form:

all off-diagonal values are zero (the principal axes are
uncorrelated)

the diagonal values are the eigen values.

PC, PC,

9.8783 0.0000

0.0000 3.0308

Variance-covariance Matrix
of the PC axes

So, there is also again another correct all of them, because of this design problem. If |
have that variance covariance matrix with respect to the principal component since they
are orthogonal, they are uncorrelated. So, this diagonal these elements will be 0 only the
diagonal elements will contain the variance and covariance part will be 0, because they

are called not correlated.
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Projection of Data into New Space

V: Ligenvector matnix ol size p x p where each row
contains one elgenvector

Eigenvectors in 'V are arranged m the order of thew mer ASHIE
CIgCnNvalues, Le., 1™ row corresponds to CIECTIVECTon ol |||,_| st
clgenvalue, 2 oW Corr ~|HJ'—.|<l~ O clgenvedctor ol next mghest

egenvalue, and so on
V, sk x p matrix containing the first & & <<u) signilicant
eigenvectors (or hirst & principal components)

A 1 n x p data matrix



So, this is your variance covariance matrix. Now have to know the Eigen vectors you
have to project it with reference to the principal axis. How it looks so you have these

Eigen vector matrix of size P cross P with each row contain the Eigen vectors.

So, first row contain all the Eigen elements and the entire first row contains the large
Eigen vector of the largest dispersion largest lambda value. Second row contains the all
the Eigen values. Eigen all the elements of the Eigen vector having the second largest
lambda values and so on V k is the sub part top k element top k rows. V Kk is the top k
rows because do not want to consider the remaining ones. So, V K is the top k rows and a
is your original matrix. N cross P so original matrix and V k transpose is your the top k
rows of the Eigen matrix. So, if I multiply these two will be getting x which is the

projected pattern.
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Projection of Data mto New F
Space

® Projection of data matix 4 mto new space defined by
st & significant eigenvectors (first 4 principal

components) 1s given as follows
X=AxV’

where \'is new 1 v £ data matry obtamed afier projection

Now, suppose | have the projected (( )) matrix and | want to see whether | can regenerate
back or | can get back my A. So, of course you will be writing X V k transpose inverse
should be equals to A. So V k transpose inverse is also V k, because V k v, it is relation
is like this. That is the thing that you can always tell that this can be replaced by V. So,
whatever value you are getting that need not be exactly a, because you have suppressed
some of the information, but it is nearer to A. So your aim is to obtain such a V, such that
after projection after regeneration | should get the near value of A. So, that k is

important, that k is the require value.
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PCA?

0 Assumes relationships among variables are
LINEAR
8 cloud of points in p-dimensional space has
linear dimensions that can be effectively
summarized by the pring ipal axes

o Ifthe structure in the data 1s NONLINEAR (the

cloud of points twists and curves its wav through

p-dimensional space), the principal axes will not
be an etficient and informative summary of the

dala

Now, what assumptions you made? The most important assumption a is the relationship
among the variables must be linear; otherwise, you cannot have this principal axis
concept, because if it is non-linear, then this axis, principal axis, you cannot determine
and everything has gone, whole idea will be gone. So, you must be able to express in
terms of that something is equals to a into lambda plus something into lambda 2 plus

something into like that.

So, this is the assumption in the principal relationship must be linear among the
variables. So, any anything you want to ask on this. So we will be show, we will consider
one example where face of once the way it has been used. PCA have been used
intensively so we will consider that one while we will be considering that face

biometrics.



