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Lecture - 19
Substitutions

Semantics of predicate logic and we also had this notation of variants. And then we have
now to introduce substitution. And what | said at the end of the last lecture was that there
is an interaction between substitutions and variant valuations which essentially connect
up the expressivity of substitutions with the kinds of variation you can get in the

valuation. So, that is semantic to syntactic connection which is important.
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Coincidence Lemma for Terms

The following lemma may be easily proved by induction on the
structure of terms.

Lemma 18.6 Given two L-interpretations (A, v) and (A, v"), and
atermt, ifv(x) = v’(x) for each x € Var(t), then V[, = VIt].»

[
Notational convention.
If 6(x1,....Xm), v(x1) = 47, ..., OXm) = ay fOr ay am € |Al
in some L-interpretation (A, v), then we write to(ay,...,ay) in-
_.stead of V[[i(xy,..., xu)], since only the values of the vari-
;‘"_i}bles occurring in f are needed to evaluate it.

Before we actually go into substitutions there is we had this coincidence lemma for
terms, right, which essentially said that for any two valuations if the variables in a term
are the same give the same value in both the valuations, then the meaning of the term is

the same in both valuations, right.
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Coincidence Lemma for Formulae
The following lemma analogous to lemma 1&.6 may be proved
by induction on the structure of formulae.

Lemma 19.1 Given two L-interpretations (A,v) and (A, "), and

a formula o, if v(x) = v'(x) for each x € FV(}), then
Tlole = Tl

®

So, there is something further that. So, we can do a similar coincidence lemma actually
for formulae and we need to do that. So, essentially what we are saying is that given two
valuations v and v prime and a formula phi if the values of all the free variables in the
formula. So, here there is at a restriction in the case of terms we did not have any bound

variables; in the case of formulas we do have free variables.

If for all the free variables in the formula phi, if both valuations match; then of course,
the truth values of the two of the formula under both valuation will also be equal, right.
So, this actually brings us to something which | mean. So, an actual proof requires some

kinds of extinction of the notation of variant.
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Variants

Definition 18.7 Two valuations v,v’ :  — |A| are said to be
X-variants of each other (denoted v =\ v’ for any X  V if for
allye V=X, v(y) = v'(y), i.e. they differ from each other at most
in the values for variables from X.

Fact 18.8
1. For any X € V and valuation v, v is an X-variant of itself i.e.
v =\ 0.
;-2' =\X is an equivalence relation on valuations.

So, one thing is that we can actually extend; we had this notation of the of an x variant
where x is some subset of the variables. So, v and v prime are x variants if for every
variable other than the variables in x, they have the same values, right. So, now it is also
possible. So, the other thing | said was that everywhere valuations is actually an x

variants of itself for all subsets x actually.

So, this actually can be formulized as an equivalence relation which I will denote by this;
equal to back slash x, back slash is like set subtraction. So, basically it stands for expect

X, yeah; e is equal expect for x is an equivalence relation on valuations.
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Variant Notation

Notation.

1. When X = (v} is a singleton we refer to v and v" as v-variants
and denote it by v =, v’

2. If v, &, vand vy(x) = a € |A| we write vy = v[x :=a].

3.0F X = {xy,..., xu}, vx =\x v and vy(x;) = a; € |Al, for each i,
1 <i < n, then we write vy = v[xq :=ay,...,xy, = ay].

And then of course, we will use this instead of saying every time that something is an x
variant of another valuation; we will just use this equivalence. Since, anyway the
notation of a variant is symmetric because of the equivalence we can just use that, right.
Now of course, what happens is that when we say that for example, v x is an x variant of
v then what we are saying is that v x and v coincide for all variables other than x in

which case sometimes the important question is this.

Okay, so what does v x gives to x, right. So, we could specify v x essentially as an
assignment of various values which distinguish it from v. So, essentially this notation v x
equals v x 1 assigned a 1 x and assigned a n essentially says that well v x and v match for
all other variables expect possibly for these variables in this set x, and for those variables

in the set x these are the values that v x needs.

So, you are saying that v x varies from v only in these values of these variables, yeah.
So, we will be using these notations. So, whatever | am doing today is going to be quite
regress, but surprisingly even then some of the most regress books on logic do not
actually treat it in this regress fashion. They tend to gloss over it which I think is not
suitable if you are going to actually program these things.
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Proof of The Coincidence Lemma for formulae (lemma 19.1)

Proof: By induction on the structure of ¢. However the
interesting cases are those of atomic predicates and quantified
formulae.

Case = p(h, ..., t;) where p is an n-ary predicate symbol. For

each x € FV(p(fy,...,tn)) = U Var(t;) we have v(x) = v'(x).
) 1<i<n )

Hence for each t; we have V[};], = V[f;]l» from which we get

Tlptt, ... t)lo = Tt o tn) ]

',r"gn.\c'( ) = 0x[Y), O € {VY, ). Assume ¢ = U(xq,...,Xy). We con-
£
" #der two cases.

So, we will go back to. So, this coincidence lemma essentially it says that. So, if for two
valuations v and v prime which are x variants of each other are which coincide for each
value each free variable of the formula phi, then the truth values of the formula under the
two valuations is the same, right. So, this is something that you have to prove by

induction on the structure of the formula phi.

In most cases we will just forget about the proposition connectives because they are very
easy and trivial and it only add to the t d m. So, the most interesting cases are that of the
cases of the bases when phi is an atomic formula and when phi is a quantified formula,
right.
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Semantics of Formulae

Let (A,va) be a Z-interpretation. Then T [¢], is defined by
induction on the structure of ¢». We omit the propositional con-
nectives as being obvious and concentrate only on the other
constructs.

1if (V4o -.., VItado) € p;
Tht-..t)lo = { o otherwiise i3
TIVx[0]] [T Moy | @ =\ 0l
T1Wx[0]] LITTOL | ¢ =\, 0)

In this it is probably necessary to keep in mind that we have defined the semantics of
these constructs like this. I think I have corrected the slides here. So, this is the corrected
version yeah. So, then obviously, what we are saying is that. So, since your language is
such that the language of predicates builds up on the language of terms. So, it is natural
that what we will do is in evaluating this formula phi for some atomic predicate pt 1 to t
n, we require the coincidence lemma for terms which we had previously proven, yeah

where was that? Here

So, this was the coincidence lemma for terms, and now we use that essentially to claim
that each of these terms t 1 to t n would have the same value under both valuations. And
therefore, the truth values of the atomic predicate under both valuations would be
identical would be equal. The only thing interesting really about the case of the quantifier
is the fact there are bound variables, right. So, we have to take that into an account.

And the fact that it is in some sense a summation or a product depending upon the
quantifier over a possibly large set of variants over the bound variable, right, valuation
variants over the bound variable. So, that is what might slightly complicate matters. So,
let us assume that x 1 to x n are the free variables of this quantified variable. | am using
this inverted g because to me actually it does not matter whether | am considering the

universal quantifier or the existential quantifier, because of the fact that what I am going



to do is I am not going to worry about these whether it is product or sum. Instead | am

going to worry about these sets.

So, supposing I can prove for both the valuations v and v prime that this set is equal for
both v and v prime; that two sets that | obtained without this product or sum are equal
then it follows that the truth value that will also be equal. So, it is necessary to prove that
these two that under v and v prime the sets obtained for the truth values are the same,
right. So, that is what we will do. So, that is why it does not matter to me which
quantifier I am using; many books actually consider the two cases individually and go
through some painful detail, but actually it is not necessary if you consider it as the set of

all truth values for all possible x variants of the body of the formula.

And if you can prove that under both v and v prime the two sets obtained are equal in
terms of the set of truth value, then you are essentially done because then whichever
quantifier you are talking about, you can take the product or sum and it will be preserved
under equivalent. So, this case as we have we assumed that x 1 to x n are the free

variables of the body of this quantified formula, right; this inverted g x side, right.
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Sub-case x ¢ FV(¢). Then x ¢ {xy,..., Y} and hence for every v,

and v}, which are v-variants of v and v’ respectively we have

TTv(xeq, .o X))o, = TTy(xq, H.\,.‘J]I\.r‘ from which we obtain
T Wk | o=y o) = [TThy | =\ v
and
LTI | ve=w ol = KTV | 9=\ )
which implies T[], = T [ 3]'\1‘.
Sub-case x € FV(). Then FV(V) = {x,xq,...,x;). Let T(x) =
(T Tey | vx =\ o) and T'(x) = (Ty] | v, =\ v'). Note
’_‘_lhﬂi I'(x), T'(x) € {{0), {1}, {0, 1}}. Assume for some (+) € [[], ¥},
:} [61o, # T ’]]_..\ Then T(x) # T’(x) which implies there exists

So, there are two possibilities either the bound variable x is a free variable of the body of
the formula or it is not. So, this simpler case is when the bound variable is not a free
variable of the body of the formula. So, x is not a free variable of psi, then which means

that x does not belongs to this set x 1 to x n. And hence for every v x and v x prime



which are x variants of v and v prime it follows that you are anyway not interested in

anything other than x 1 to x n. And therefore, these two sets will actually be the same.

So, regardless of what quantifier you are talking about you will get this equality which
implies that the truth values for phi under both the variations will be the same. In the
case when x is a free variable of psi, then the free variables of psi are X, x 1 to x n. So,
there is an extra free variable in psi, and now we have to consider the various x
variations, right. So, let me take this set t of psi v x such that v x is an x variant of v; let
me take this entire set for all possible x variations of v and similarly for all possible x

variation of v prime.

And what | am essentially going to show is that these two sets t x and t prime x are equal.
And once | have shown that basically it does not mean matter whether | am talking about
an existential or a universal quantifier; the result will always have to be the same if they
are uniformly applied. So, the other thing of course to realize is that finally, after all
those x variations are considered, even if that is in infinite domain; finally, your sets t x
and t prime x can only be one of each of them can be one of three possible sets. Either
just the singleton set zero or the singleton set one or the set containing both zero and one;
that is it.

There is no other possibility; especially since where the empty set is not a possibility
because we are not considering empty domains, right. So, supposing for some. So, we
will prove this by contradiction. So, assume that for one of these two operators’ product
or sum this thing is not equal to this. Then that means that these two sets are not equal.
Remember one thing; if you assume that these two truth values are equal, it does not
imply that the corresponding sets t x and t prime x are equal. But if these two are not
equal, then it is definitely sure that the two sets t x and t prime x are unequal, and that

comes from these three possibilities for t x and t prime X.
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a € A = |A| such that for vy = ¢[x := a] and v} = V'[x :
al, TTvle, # Tl I]:\ But this is impossible since FV(1))
{x,x1,..., %), vx(x) = a = v(x) and for each x; € (xy,..., X}, we
have vy(x;) = vi(x;). Hence T[¢]o, = Tl )]y m

So, if these two are not equal then it definitely means that t x is not equal to t prime x
which means that there exist a distinguishing element in the domain A such that the two
X variants v X. So, that for this x variant v x and v prime x where x is assigned the value
A, the two truth values for psi are different; otherwise, it is not possible, right. But this is
impossible because of the fact that you are assigning x the same value A and they

coincide on all other free variable x 1 to x n.

And therefore, what it means is that. So, therefore, these two must. So, it essentially
means it there is a contradiction, and therefore, these two sets actually must be equal.
Therefore, what it means is that these two sets this assumption that these two are unequal

is false which means that essentially these two sets are equal, right.
Student: Now it will be like it will exist in A belonging to x square?

No no, see look at it. T x and t prime x both are drawn from this set of values, right. Now
if t x is not equal to t prime X, then consider this. So, there are three possibilities for t x
and three possibilities for t prime x. So, the two sets are different. So, which means out
of those nine possibilities, three other possibilities of equality have been ruled out and
there are the other six possibilities, right. Without loss of generality assume that t x just

consist of the singleton set zero.



And if t x is not equal to t prime X, then t prime X either consist of the singleton set one
or the set containing both zero and one. In either case what you are saying is that there is
a distinguishing element A for which t x gives the value zero whereas t prime x gives
you a value of one. There is at least one distinguishing element. This same kind of
argument can be taken for all the other possibilities. So, if t x is the set zero, one and let
us say t prime X is the set just containing one, then how did that zero come in t x? There
is a distinguishing element A for which t prime x gave you one whereas for t x gave you
zero, right.

So, for all those other possibilities of inequality there is a distinguishing element in each
case, and that distinguishing element | am calling A. And basically what | am saying is
that for x being assigned that distinguishing element, the truth value of psi must be
different in the two cases v and v prime, right. So, without actually elaborating on the six
possible different cases, | am just using the inequality itself to reason about the inequality

of truth values, yeah. So, there is a distinguishing element, yeah?
Student: Sir, so v x and v prime x are both x variants of two different valuations?

Yeah. They are x variants of two different valuations, but the two different valuation
coincide on the variables x 1 to x n and x 1 to x, x are the only free variables of the
formula fact; that is the point; that is the coincidence. So, we are showing that therefore,
even if they vary on all other variables it does not matter really. The truth values would
have to coincide; that is what we are trying to say, yeah. So, this essentially says that
therefore, the assumption that the two sets t X and t prime x are different, it is false;
therefore, the two sets must be equal. So, now it does not really matter whether 1 am
talking about product or sum if the two sets are equal then if you apply there will be
preserved under the same operation anyway, whichever it might be. So, therefore, it is it

is not necessary to take quantifiers individually.

The thing about these proves is that in some of the books they actually consider only the
case when the formula is true or only when the case when the formula is false. Usually
only when the formula is true; they basically say the formula is true in this depend only if
it is true in that which by implication says that it is false in this if and only if it false in
that. And then they argue for truth, and then they consider the case of product and the
summation individually. But what | am saying is it is not necessary to; for the purpose of



reasoning if you consider this inequality and the fact that this inequality is based on

whether they both have an element that is not common; that is all.

We are looking for an element that is not common which creates an inequality, and
therefore, we are looking for a distinguishing element in the model in this semantics
which will clearly distinguish for the inductive step and we are reasoning on that basis.
So, we are not making or we are not doing out detail case analysis because that requires
six cases. It is possible to just reason without doing a detailed case analysis in this
fashion. So, therefore, essentially for both formulas and terms it is clear that if two
different valuations coincide on all the free variables of the formulas and all the variables

of that terms, then the two valuations yield the same results for both formulas and terms.

There is a certain sense in which this does not matter if you consider the whole thing of
first order predicate logic from a purely universal algebra framework because then all
that you are talking about are term algebras. So, predicates are also terms and terms are
also terms of a two level algebra, right; that is all there is to it. But if you are looking at
the predicates and the terms as are belonging to different levels, it is necessary to
consider this notion of coincidence and prove it explicitly especially when there is the
question of bound variables, because you do not know then what might affect the
valuations. So, next we will come to essentially this notion of syntactic substitutions, and
syntactic substitutions are something we all are familiar with in programming languages

pattern matching and so on and so forth.
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Substitutions

Definition 19.2

¢ A substitution 6 is a (total) function 6 : V — T(L) which is
almost everywhere the identity.

* (), (V) is the set of all substitutions.

o 0 is called a ground substitution if FV(6/(x)) = (.

¢ The domain of a substitution 6 is the finite set dom(0) =

[x | x# 8(x)). O acts on the variables in dom(6).

Notes and notation.
. » Equivalently a substitution & may be represented as a finite
{4} (possibly empty) set @ = {s/x | 6(x) = s £ x] containing only
=% the non-identical elements and their images under ©.

But to specify that in some details as far as | am concerned a substitution is a total
function from variables to terms and which is almost everywhere the identity and by
almost everywhere the identity what | mean is it is identity for every variable expect for
a finite subset of the variables, right. So, we will think of for any signature omega 1, we
will think of s omega 1 v as a set of all possible substitution. We will say that this
substitution theta is a ground substitution if the free variables of theta; actually it should

be the variables of theta applied to x are empty, yeah for every x.

For any substitution theta since only a finite number of the variables are being replaced
by terms, we can also express it as a set in this fashion s for x. So, I am replacing x by
the term s. So, this has to be read as s for x. So, where of course, s is not identically equal
to x. So, when you specify that s is not identically equal to x, your essential saying that
this set has to be a finite set if theta is a syntactic substitution. And the domain of the
substitution is only those variables which are actually being replaced by other terms by

distinct other terms, yeah, non-identical elements.
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Instantiation of Terms
Definition 19.3 Let ¢ be a substitution.

o The application of 0 to a term | € T(X) is denoted 0t and
defined inductively as follows.

Ay I, iy & dom(6)
O o(x), Y € dom(6)
= ”“fl “f,,‘.l’ f:s" a5l

o 01 is called a (substitution) instance of /.

And for any substitution you can apply a substitution to a term and that can be defined by
induction on the structure of the terms. So, you take for any variable which is outside the
domain of the substation, basically there is nothing to be replaced. So, the effect of the
substitution is to leave the variable unchanged, and for any variable that is in the domain

of the substitution the effect is to replace it by the corresponding term.

So, if s for x is the replacement then theta applied to x will give me s, right, and for any
complex term you essentially push theta down into the term. So, if you think of these
terms as abstract syntax trees and you are applying theta from the top, essentially it
filters down till it reaches the leafs which are variables and then some of those variable
are replaced by sub trees; s is also a tree replaces by new tree. So, that is what, and then
for any term t theta t will be called as substitution instance of t; very often we just say an

instance of t.
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The Substitution Lemma for Terms

Lemma 19.4 Given a L-integpretation (A,v), a term | and a
substitution s/ x}, let V[s]l, = a € |A]. Then

(VIHN/\“]]N = "’[[”].'[\:'1!'

The same kind of definition it can also be applied to predicates, but of course, now we
have to worry about bound variables, right. But before that there is a substitution lemma
for term which is like in a certain sense the complement of the coincidence lemma for
terms, right. So, essentially what it says is and moreover this substitution lemma
essentially relates the notion of synthetic substitution to the notion of valuation and
variation in valuations. So, this essentially says that supposing | have a term t and a
substitution of a single variable x by a term s. And if | have a valuation v under which
this s evaluates to some element A, then by substituting s for x in t and evaluating it in
the same valuation is exactly the same as taking an x variant of that valuation and not
doing the substitution where you ensure that that x variant of that valuation gives x the

value A, right.

So, the colors here should make it clear that, therefore, for the terms at least there is an
equally expressive way of looking at substitution as changes as variation in valuations.
And in fact, finetary variations in valuation, right; that means, that in a certain sense the
notion of substitution is not just powerful; it is also expressive in the semantics. That is

essentially the moral of the story if you like.
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Proof of The Substitution Lemma for Terms 19.4

Proof: By induction on the structure of .

Case t = x. Then (s/x)x = s and we have V[[[s/x}t]s = VIs]o =
a= (Vﬂ![]'.[‘: =]

Caset=y#x. Then {s/x}y = vy and V[{s/x}tle = Vvl
mu o(y) = v[x := a](y.

And this is something that can also be proved by induction on the structure of terms and
there is a more or less straightforward proof. So, we just have to consider the case when
there are two cases for variables; one when the variable itself is x, the other when the
variable is something other than x, and from that that it will follow. There is some

problem here which | do not know which | have to correct.
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Caset = f(H,..., ). Then

VIUs/x) o :
VYUs/x)f(H, ... ta)]o
VI f(ls/xIt (s/x)tm)]o
VIis/x}tmlo)
fA(VIH ]||‘|.‘H|, N ,’VI]!»:]],I\:,‘,|) By the induction hypothesis

L | T | I (|

".’[[f(r|,, ,l’wkll"[‘:_‘{]

But in the case of a complex term you can actually use the induction hypothesis. So, here

is where we are using. So, from our semantics of valuations what we do now is that for



every function symbol f, there is a corresponding function in the semantics which is this
brown f a right. And then both our substitution filters through and distributes through the
syntax tree are to each of the sub terms. And therefore, here | can use the induction
hypothesis to claim that for these t 1 to t m, the effect of substituting s for x in each of
them and evaluating each of them in the valuation v is the same as not performing the

substitution, but doing the valuation in an x variant where X is assigned the value A.

And once you have that, then your semantics also allows you to pull back and come to
this form, after all the meaning of this. So, this term would have it is a backward
substitution, yeah. So, is that clear. So, our notion of substitution for terms is at least
fairly powerful in the sense that it can be reflected in the semantic of valuations, and that

is the semantic notion.
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Admissibility
The occurrence of bound variables in formulae requires careful
handling when substitutions are applied to formulae. Intuitively,
an element s/x € 0 is admissible in a formula ¢ if the variables
of s remain free after instantiating the formula.
Definition 19.5 Let 6 be a substitution
o An element s/x € 0 is admissible in
~p(t1, .- . b)) '
-~ if it is admissible in ¢,
-(¢p© 1) if it is admissible in both ¢ and
~ -0x[¢],
(Y =Oylo] ifx 2 y, y € FV(s) and s/x is admissible in ¢,

#e» () is admissible in o if every element of 0 is admissible in o.

So, the notion of bound variables in the case of formulae complicates matter. In fact,
what does it complicate? It complicates a notion of substitutions. So it is always a good
idea to actually separate that complication out and that is what | am going to call
admissibility, not something that most people use, but several books use this term of
admissibility, right. So, essentially for those of you who have done programming
languages and things like the lambda calculus, one of the thing that we have to worry
about when doing either beta reduction or a substitution is that one should ensure the

there is no capture of free variables.



So, this admissibility is essentially the concept which ensures the there is no capture of
free variables. So, we would say that s for x is admissible on some formula phi, if phi
does not contain any variable in a quantifier fashion such that the effect of replacing s
with x might capture that variable. So, basically what we are saying is the bound
variables inside phi should be different from the variables that occur in the term s, right.
Because the effect of substitution is percolated to write down and distribute through all
the branches of the syntax tree, and it should not happen per chance that one of the
variables in s happens to have the same name as the variable in a quantifier. And

therefore, becomes bound by shear accident if you like.

So, the idea is that intuitively and semantically the variables in s that occur in s are meant
to be different from the variables that occur in the bindings of quantifiers inside any
formula phi. I mean the two things are separate and therefore, they should remain
separate. So, we would say that s for x is admissible if there is no variable in s which can
get captured by a quantifier in phi when you perform the substitution, right, and this
notion of admissibility can also be defined in a structurally inductive fashion in this.
Basically what we are saying is that s for x is admissible in every atomic predicate

because there are no bound variables in an atomic predicate.

And it is in compound predicate which is with propositional connectives, basically the
admissibility goes down to the sub formulize, right. In the case of the quantifier there are
now two cases. So, you are substituting s for x and if x is been quantified, then the effect
of the substitution is to leave the formula unchanged, because effectively this substitution
is only for free variables. And since x is a bound variable this substitution has no effect.
Basically x is not a free variable of this entire formula; therefore, the effect of that
substitution is to leave the formula unchanged. On the other hand, if you had a quantified
formula of the form q y phi, then the admissibility also percolates down where y is

different from x.

So, one thing is that admissibility requires that y should not be a variable of s because
otherwise there is a possibility of capture of a free variable by the binding quantifier y.
And the other thing is that s for x should be admissible in the sub formula phi, right. So,
there is an inductive way of specifying admissibility. There is of course, one other thing

that usually happens in the case of substitutions in the lambda calculus. And in fact, it is



applicable also in predicate logic though I have not actually mentioned it and, that is this

notion of alpha conversion.

So, it is possible to disambiguate all the variables by renaming bound variables
uniformly so that you have some unique names for all the bound variables, and the
bound variables do not clash with the free variables. So, by doing an alpha renaming you
can actually reduce the confusion, and therefore, make a substitution admissible. So, of
course, full substitution theta is admissible in phi if and only if every element in theta is
admissible in phi.
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Instantiations of Formulae
Definition 19.6 Let 0 be a substitution.

e The application of € to a formula ¢ € Py(X) is denoted 6¢)
and defined inductively as follows.

Op(ty,...,tn) = p(6ty...,00), p:s" €L

0=y = vl”(l),

61 o) = (By o oY), DE (A, V,D, o}

a0x(Y] = Ox[6'y], 0’ =0-{6(x)/x},0 € (V,3T)

O
\*)

And when you apply the substitution to a formula it works exactly like in the case of
terms; however, it is also defined by structural induction. However, what we need to
worry about is the case of bound variables. And supposing there is a term s for x in this
substitution theta and you have a quantified formula q x of psi, then what you are
essentially saying is that you should not substitute x anywhere inside this formula.
Because all occurrence of x inside this formula are bound to this quantifier, and
therefore, are different term any occurrence of x which might occur in theta, right. And
so, which means that | remove that s for x from theta it is a finite set and | remove that
and the resulting substitution theta prime is what | apply into the body of this quantifier

formula. So, that is the only complication that this gives us.
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The Substitution Lemma for Formulae

Lemma 19.7 Given a L-interpretation (A,v), a formula ¢ and

an admissible substitution {s/x}, let V[s]. = a € |Al. Then
'r[“*/‘\’“ ’]]-‘ = 'r[[' PIl.‘|\:ﬁt|'

So, now we have a substitution lemma for formulae which works almost exactly like the
substitution lemma for terms, and here we are essentially talking about truth values. And
we are saying that of course, there is this notion of admissibility is of course important
again. So, given an admissible substitution s for x and assume that s under the valuation
v has a value A. So, this substitution s for x on phi under a valuation v can be captured

without the substitution but with an x variant where X is assigned the value A, yeah.
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Proof of The Substitution Lemma for Formulae 19.7
Proof:  Case x ¢ FV(¢). Then it trivially follows that {s/x}) = ¢
and T[{s/x}o]lo = T [@], for all x-variants of v.
Case x € FV(¢). We proceed by induction on the structure of ¢.
Sub-case ¢ = p(ty, ..., ty). We have
T lls/x10]e
This/xip(ty, .., t)lko

Tlpds/x)ty, ... As/x)t)]o
T[[]’”} .,,rq)]l‘-l,:,l.]“." B\ ll‘i“ln.] 19.4

~JThe sub-cases involving the propositional connectives as triv-
{4181 and the only interesting cases left are those of quantified




So, the proof actually is quite similar. Here again the interesting cases are only the
quantifier cases, right. But before we get on to that there is one case when this. So, we
are looking at s for x applied to a formula phi, and of course, if x is not a free variable of
phi, then it is clear that all x variants give the same value to the free variables of phi. And
therefore, the truth value under the substitution is the same as a truth value for phi under
the x variant for all x variants. So, it does not actually matters, since x does not occurs in
it. Since x is not a free variable, the effect of this substitution is to leave the formula

unchanged.

And since x is not a free variable of phi, it does not matter what x variant you consider of
the variation, you will always get the same truth value. So, having disposed of this case
you basically have this case of x being a free variable of phi in which case you have to
proceed by induction on the structure of phi. So, again here in the case of the atomic
predicates you push the substitution down, and then you use the induction hypothesis
essentially to say that this works this way; | am sorry the coincidence lemma because

you come down to the terms, right.
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formulae.

Sub-case ¢ = Oy[v]. Since x € FV(¢) clearly x # y and hence
v € FV({)). Further since {s/x} is admissible in ¢, y & Var(s).
This implies that

1. {s/x} is admissible in 1,

2. [s/x}d = Oylls/x)] and

3.a = V[slo = VIs]y:=p) for arbitrary b € |A| since y ¢ Var(s).
By the induction hypothesis for any b € |A| we have

Tls/x) ‘]].'[|r:*."%| =TI ]];| y:=b][x:=a] = T '[l.'[\:*.a|[u:*i!|

~from which we get

G Is/x)¢ o, | vy =y ©) = (TTYhufrema), | vlx = aly = vlx = a))

So, use the coincidence lemma essentially to make this claim, and the sub cases
involving the propositional connective are just tedious. So, the only interesting cases are
quantified formally and here again we will not consider the two quantifiers separately.

We will consider them together which means again we are looking at sets of truth values



that are generated by variations of a valuation. However, what does complicate matters is
that x is a free variable of phi which means that x is not the same as this y. S for x is
admissible in phi which means that y does not belong to the variables of a. So, there is
not possibility of capture of free variables.

Now all this implies firstly, that s of x is admissible to the body and s of x phi because s
for x is admissible I can push s for x inside the scope of this bound variable y. And given
this A equals the value of s under v, it is clear that since y does not occur in s anywhere
any y variation of v that you might consider leaves the value of s unchanged, right. So,
for arbitrary b belonging to the domain, since y does not belong to the variables of s, the
value of s does not change or does not vary with the variation in the value of y, right. So,
for all y variants of v this will give you the same value A ,and then by the induction
hypothesis for any b belonging to A we have this; here is some certainty that you might

want to look at.

So, essentially I am looking at y variants all y variants. So, here | am taking all b
belonging to A. So, take any arbitrary b belonging to A and consider a y variant of v, the
effect of this substitution on psi under this y variant is the same as not doing the
substitution and taking an x variant of that y variant, right. That is the important thing,
and of course, we know that x and y are different distinct variables. So, one of the things
you can do is you started off with an original valuation v, and now you can commute you

can permute these two variations.

So, you can think of this same variant. So, you can think of this as a y x variant of v; any
y X variant of v is also an x y variant of v and that is what. So, by permuting these two
assignments | am essentially getting this. And this can be done only because of the fact
that y and x are different variables. Otherwise there is a certain sequentiality and the
assignment which is very much like assignments in programs in imperative languages
which will have to be respected, but this permutation can only be done because x and y
are distinct. And since this is true for all v what it means is that the entire set for all y
variants of v and I can actually enclose it by the set brackets, right.

So, these two sets are equal. So, for all y variants of v this set that is evaluated gives me
some essentially either a singleton set zero or a singleton set one or a set consisting of

both the elements zero and one. And here | am considering the x variants and | am



considering a y variant of this x variant. So, this is what is; why is the subscript of v of x
assigned A, right. So, this is a y variant of this x variant. And of course, these two y

variants are equal, yeah. This is all metasyntactic manipulation.
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which implies for any quantifier 7[[{s/x}¢flo = T [)N:=q) re-
gardless of the quantifier involved.

And what this gives us therefore is. So, this implies since the two sets are equal,
therefore, it does not matter what quantifier I am talking about as long as | use the same
quantifier on both sides I get inequality, and this is the substitution. So, the moral of the
story is that basically substitutions can be captured in the semantics and more
importantly semantical variations can be captured through substitutions. After all
ultimately in the description of an abstract mathematical theory, what you are trying to
say is you are trying to say that | want to explain or present in some language the
formalities of the theory. And therefore, | will be able to present all those semantical
variations also by syntactic substitutions, yeah.

So, this is fairly involved and it is actually not there in any book that | have seen except
in cursory ways in some books they talk about validity within the question of validity.
So, many of these things that we have used here are actually hidden deep in some other
proofs because they did not prove them earlier like as a substitution lemma or as a
coincidence lemma. But what | thought was that it is better to actually specify it right

from the start. So, | will stop here now, and then we can see that the semantics of first



order logic is getting to be a little stressful, yeah. So, we will stop here now and we will

continue again later.



