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Lecture - 16
The Hilbert System : Completeness

From yesterday’s lecture there the hilbert system changing the terminology to soundness
rather than consistency. So, that we reserve consistency for a set of segments and we
think of system is being sound and which is a which is fairly well known which is a
fairly failures word for prove system in general. So, might have just used that. So, we are
talking and of course, the main reason for that is that you know it is a its possible to
prove inconsistent things if you are set of assumptions inconsistence. So, the soundness
of a theory does not does not necessary mean you cant prove any inconsistencies right if
you make an inconsistencies set of assumptions you can actually prove inconsistencies

things which is fine that is way its important to define the soundness.
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Soundness of Formal Theories

Given that the proof theory may be the only finitary tool avail-
able to us in reasoning about some domain we need to define

the notion of consistency of the theory in terms of the proof-
theoretic notions. S

Definition 15.1 A formal theory is unsound if every wif is a the-
orem. Otherwise it is said to be sound.

As being one in which you cannot prove all possible set things | mean or rather not all
possible sentences are theorems formal theorems so; that means, given an empty set of
assumptions whatever you can prove should not be the entire language that is. So, that is
an notion of soundness of a formal theory and lets quickly go through it. So, basically we
showed that every instance of every axiom schema’s and the Hilbert system is a

proctology and more rule actually preserves property of tautologousness right of right.



So, so which and since we know that not all formulae in the language | will not our
tautologies says it may shows that the Hilbert system is sound right. So, so as | said the
proof of soundness it just means that showing each of the axiom schema’s the actually is
a kind of a template for a class of tautologies following a certain pattern right and and

proof that modest pronouns tautologousness is also something that is easily done.
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Soundness of the Hilbert System

Theorem 15.3 Every formal theorem of % is_a tautology.

o
The theorem follows by induction on the heights of proof trees,
since every leaf would be a tautology and every internal node
preserves tautologousness.

Corollary 15.4 The system . is sound.

So, and from the soundness of the Hilbert system we also get that every formal theorem;
that means, every statement that you can prove without any assumptions is a tautology
and therefore, the system is sound and now lets actually look at the completeness.
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Towards Completeness

1. By theorem 15.3 the only theorems of the system .#{ are
tautologies.

2. By theorems 4.2 and 4.3 the question of completeness of ./

reduces to that of whether every tautology of Py is provable in
).

3.If % is complete then by exercise 14.3.4, 4, is also com-

plete.
.'/-

So, what I said was. So, one thing is that the only formal theorems are the system are
tautologies and, but we need for for completeness we need to show that every tautology

is. In fact, provable in the system right.
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Exercise 14.3

1. Prove the logical equ nces of Py using the system I
2. Prove the non-obvious logica: wtlences of Pa in the system @

3, Derive each of the riles of % from the system M5 You may use the rules OE and Ol as and
when needed for each operator,

4. Derive the axiom schemas K, S and N in

So, and then a consequence of that is that is the hilbert system is complete then by this
exercise in which you derive the axiom schemas k s and n in the gensis system if you

floow the gensisi system is also complete right.
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Towards Truth-tables

1. Restricting ourselves to showing that every tautology is prov-
able in .7 is sufficient.

2. But we proceed to show that every truth table can be simu-
lated as a proof in 2, thereby capturing all of the semantic
features of the language % in its proof thgory.

And what | said was we will we were yesterday we were actually looking at simulating
the truth table and in that proof of the simulation of the truth table they were quite a few
errors. So, first thing | thought I would do is correct this those errors and the next thing |

thought was | will actually go through the proof of completeness because its non trivial.
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The Truth-table Lemma

Lemma 16.1 Let » be a formula with atoms() € {py, ...,
For each truth assignment t,

Pl B b
where foreachi, 1 <i <k,

e | if T(p;) =1
Pi =] —p; otherwise

.‘={e' FTo) =1

-() otherwise

So,. So, will stimulate a truth table. So, the simula. So, the truth table lemma as | call it
essentially says that you take for any formula with whose atoms are contained in this set

and some finite set p one to p k for every truth assignment tau there is formal deduction



from the assumptions p | star the formula phi star where p | star and phi star are defined
as being p | and phi if the truth assignment tau gives truth value one otherwise the

negation of p a and p I and phi here ok.
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Proof of lemma 16.1

Proof: By induction on the number n of operators in ¢. Let

R (PR o

Basisn = 0. Then ¢ is an atom say, ¢ = py. The claim then
trivially follows since py* = ¢,

Induction Hypothesis (IH). The claim holds for all wffs with
less than 11 = 0 occurrence of the operators.

Induction Step. Suppose (» is a wif with i operators. Then there
are two cases to consider.
Case ¢» = =1, where 1 has less than 1 operators. Then by the

Sod

[k

E-’::) induction hypothesis we have have a proof tree

So, this. So, as | said. So, we are going to this proof is by induction on the number n of
operators in the formula phi. So, and the set of assumptions the set gamma which is. So,
essentially we are taking some particular row of the truth table and p one star to p k star
of the set of assumptions if that number of operators and phi is the zero then phi must be
an atom and therefore, it trivially follows that p one star is syntactically the same as phi

star and therefore, and that is provable right.

Part of the monotonocitic considerations and that is provable and any anywhere you can
prove p r o p without any assumption and then by the deduction theorem you can move
the left p to the assumption and therefore, you are proved proved this. So, assume this
induction hypothesis that for all the claim holds for all well found formulas of which
have less than n operators and we take this inductions step. So, the induction step of
course, is by case analysis on this structure of the formula. So, let us assume that phi is a
formula with n operators and then we have two cases to consider essentially one is where

phi is of the form naught of some sie where sie has less than n operators.
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Subcase T[Y']r = 1. Then T[¢]r = 0 and ¢* = ¢ and "
-0 = ==, Then we have the following deduction.

DN R\‘ s
Iy
MP '

I‘ F _‘_‘{'El."

Subcase T[V]r = 0. Then T¢]lr = 1 and ¢* = =y and " =
¢ = =, By the induction hypothesis we have I' F ~1) = ¢
Case (= 1 — 1. where each of ¢ and y has less than n op-

erators. By the induction hypothesis there exist proof trees
o A '

K, 5

L A ,

Ik 1.2 Cky* Here again we have three subscases.
yr \

-
(%)

And the other case is when phi is of the form some sie arrow kie where each of sie and
kei has less than n operators right. So, the case when phi is not sie then we by the
induction hypothesis we actually have a proof tree t one where from assumption gamma
you can actually prove sie star whatever that is yeah. So, then of course, when you have
two sub cases one is with the truth assignment sie is one or zero. So, in each case what
happens is if. So, if the truth assignment to sie is one then phi must be zero because phi is
not sie and therefore, sei star is the same as sie and phi star is naught phi which is the
same as naught of naught of sie and then this this deduction essentially shows that from
gamma you can prove phi phi star yeah this prove tree essentially shows this given that

SO.

Actually. So, so we actually had gamma proves sie star, but | have written gamma proves
sie here because we know sie star is the same as sie right in the case when sie is been
assigned zero by the is assigned false by the truth assignment then t of phi must be true I
mean phi must be true therefore, sie star is not sie and sie star is tee same as phi. So, it is
also naught not sie by the induction hypothesis we have this and and the proof is clear in
the case when phi is of the form sie arrow phi we have essentially three sub cases when
sie is assigned false clearly it does not matter what kei is when kei is assigned true
clearly it does not matter what sie is the only other case third case is when sie is assigned

false.
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. . G
Subcase T[Y]: = 0. We have U* = ) so tree 7 is "?P ! / ’
Tlolr =1and ¢* = ¢ = — y. We then have the proof tree

NG/

[E—)

*Try—=—=))

MP

TFo—o =0
which proves the claim,
Subcase T[x)r =1.Then* = yand T[¢): =1land O* = =

: e el
= X. ehnee tee o 15 . . L . el Cons L
\. Hence tree 55 i Pl We may then construct
\ b

the following proof tree to prove the claim.

And kei is assigned true the I am sorry when sie is assigned true and kei is assigned flase
and that is the important case.

So, in each of these cases. So, in the case when sie is assigned false and it does not
matter what kei is we have sie star as naught sie so; that means, our induction hypothesis
says there is a proof tree t one of this form and phi must be therefore, b true which means
phi star is the same as phi which is which must be syntactically sie arrow kei. So, now,
we can we do not have this proof tree this is one of the exercises.
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Exercise 14.2
1. Prove the axiom schema
N ]
(*Y = ~X) = (X = Y)|
A deduction theorem variant of this schema is also called the modus tollens rule or the contra-
positive rule.
2. Avariant of the system 6 is the system ;) obtained by replacing the schema N by N°
(@) Prove the axiom schema N in the system 2!
Tie double negation rules DNE and DNI in %

nuing axiom schemas in 2. In each case you are allowed to use any version of the
theorems previously proven.

— What can you conchude about the system 2 from your proof?




You can see as you can prove naught x arrow X arrow y right. So, that and you can
actually apply this ah this derived inference rule and you can claim that from gamma you
have proved naught sie arrow sei arrow kie and you already have naught sie here by
modest pronence therefore, you have sie arrow kie which is the same as phi star in the
case when kei has been assigned one then kei star is the same as kei phi is been assigned
one and therefore, phi star phi star is the same as phi. So, phi star is the same as sie arrow
kei.
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N/
|

I = y=o0

KI' Fr— (=)

MP

Subcase T[U]y = 1and T[]y =0. Then ¢* = ¢» and }* = -}
and T [¢]lr = 0 from which we get 0" = =(» — y). By induc-
NG
| L

tion hypotheses we therefore have the trees and

Na&/
I'k -y
to prove our claim.

using which we construct the following proof tree

So, we have this proof tree proving kie by the induction hypothesis and then we can use
that proof of tree starting with the axiom k where you have kei arrow sei arrow kei and
you have proved kei arrow in this prrof tree and therefore, you have sie arrow kie which
is the same as phi star yeah the last sub case epsilon sie has been assigned one and kie
has been assigned zero clearly phi is not true since phi is of the form sie arrow Kie right.

So, which means that. Firstly, sie star is the same as sie kei star is not kei and phi star is
naught of sie arrow kei. So, we have these proof trees t one and t two by the induction
hypothesis which from the same assumptions gamma prove respectively sie star which is
sie and kei star which is naught kei.
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(d) G - —1 Derive the proof by cases rule Cases

X = Y] = (=X =Y) =}

(¢) Derive the proof by contradiction also called the indirect proof method rule | in the system
i

X r Y
X kY
| »

I'k =X

And now what we do is we have this derived rule here which says x arrow naught y

arrow naught of x arrow y right if you proved soy can use this derived rule along with t
one.
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D ==
N"f F U= (o= (0= ))
MP

I' Sy =+ Yy = x)

[ ()= y)

Which proves sie apply modest pronece to get naught kie arrow naught of sie arrow kei
and of course, you have by the induction hypothesis this proves tree tree t two with the
co9nclusion naught kei. So, you can again apply them modest pronence rule to get

naught of sie arrow kei which is the same as phi star right. So, those those exercises



called were actually important in order to show that you you can simulate every row of a

truth table by by a proof by a deduction from assumptions.

Ah from the assumptions which are the truth values essentially of the atoms of the truth
table right.
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The Completeness Theorem

We are now ready to prove the completeness theorem by re-
stricting it to all the tautologies of propositional logic.

Theorem 16.2 (The Completeness Theorem). Every tautology
Is a formal theorem of 7.

So, now. So, the actual completeness theorem has to show that every tautology in |
naught is a formal theorem of the system h naught and though I thought it was though 1
initially felt it was sort of like obvious if you simulated the entire truth table and you
have intitualy clearly captured all the schematics. So, that intuition is fine, but the formal
proof of this theorem still requires the fact that you are not allow to have any
assumptions right you are talking about every assumption every the truth table has
assumptions right the atoms the truth assignments to the atoms are still assumptions in
every proof. So, is it is it clear from their you can actually get down to proving every
proctology and that step is not as | originally thought it was and this is a and it is also

very beautiful proof as you can see. So, will go through this proof right.
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Proof of the Hilbert Completeness Theorem 16.2

Proof:  Let o) be a tautology expressed in the language £ and
letatoms(0) = {py, ..., py). Since every row of the truth-table for
() assigns it a truth value 1 we have ©* = ¢». Each bit-string
s; € 10,1 IA indexes a row of the truth table containing 2 distinct
rows. Let I’y = [p* | 1 <1< k] denote the set of assumptions
for the s;-th row of the truth table. Corresponding to each such
Ny

P For each bit-string s,
ét ()

5 there exists a proof tree,

A

0 < j £k, we construct the proof tree Lobo *

f}Ntl\\' consider any two proof trees whose indexes differ only
[ % ’ ’

So, what we do have is that every row of the truth table cannot simulated by a proof
where the truth values of the atoms from the assumptions of that proof right. So, what is.
So, what | will do is. So, we will encode each row of the truth table with a standard by a
bit string of if if we are talking about atoms then each row of the truth table has
essentially k columns one corresponding to each atom take the k atoms in the order p one
to p k and take the truth assignment in that row as essentially a a k length bits string
right. So, now, what we are saying is. So, the back. So, the truth table lemma essentially
says that for every such k length bit string s k | have a proof tree and we have to proof
that every tautology is a formal theorem. So, assume phi is a tautology which means the
truth table assigns the truth value true to in all rows of truth table to phi. So, phi star in

this case by the truth table lemma is just phi itself.

So, now what this means is that corresponding to each row of the truth table I have proof
tree a t s k where the assumptions are gamma s k. So, | am using the same encoding to to
specify what is the truth assignment to each of the atoms with those atoms | can proof
phi and that is this is this is given from the truth table lemma. So, for each now what we
are going to prove is that you take any bits string s j where j is the length less than or
equal to k we are going to construct the proof tree t s j such that gamma s j proves phi.
So, in the case when j is equal to k of course, we have already have these proof trees, but
what we are going to do is we are going to systematically contract the assumptions till |

becomes zero when j becomes zero essentially you got a gamma s zero s zero is just a



empty string that is gamma epsilon and essentially that that is empty set of assumptions
otherwise s j for j less than or equal to k essentially gives you the truth assignment for
each of the atoms p one to p j and if and assuming that you have already removed the
atoms p j plus one to p k right. So, so. So, so. So, there are two raised to k rows on the
truth table and we have two raised to k different proof trees one for each string s k there
are two raised to k strings bits strings of length k right. So, what we are going to do is we
are going to contract this bit strings still you come to the empty bit string right. So, this is
what. So, in order to do that consider two bit strings which differ only in the last bit in
the right most bit. So, we. So, assume that you you. So, we have already got t s k right

for all for all the case.
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in the rightmost bit. That is, for any s;_1 € {0, l}f_]. we have

) NTns NG 0l
the prooftrees . "» and . We construct the

I--.ll’:” I*, ;ul—ul

N
proof tree r

as follows.
F

DT i
MP

o We can thus eliminate the atom p; from the assumptions by
{ ":}lppl_\ ing the above proof procedure to all pairs of proof trees

So, you take essentially. So, starting from any proof tree t s j you take s j minus one zero
and s j minus one one. So, you got proof trees t s j minus one zero and t s j minus one
one which proves from the assumptions gamma s j minus gamma s j minus one one it
proves phi and from gamma s j minus one zero it proves phi right. So, this is a this is a
this is a j length bit string this is also a j length bit string where s j minus one is j minus
one length bit string and then you have had have a one all zero. So, essentially we pair
wise we choose the two bit strings which which are identical who have identical j minus
one prefixes, but differ only in the j’th bit right. So, what we. So, then what we are going
to construct is a proof tree t s j minus one from these proof trees. So, this is very simple.
So, this is how we are going to go about it. So, you take t s j minus one one which proves



from gamma s j minus one it proves phi and you apply essentially the deduction theorem.

So, that you move the j’th assumption to the right.

So, when you move the j’th assumption to the right you get p j arrow phi right in the case
of one you get p j arrow phi in the case of zero you get naught p j arrow phi right and
then we have this exercise of proof by cases right which shows that which says that x
arrow y and naught x arrow y implies y essentially that is what it says. So, this is a proof
by cases and. So, we essentially apply this proof by cases right. So, when you apply this
proof cases and for these two conclusions p j arrow phi and naught p j arrow phi you get
that gamma s j minus one proves phi right. So, what we have done is we started with two
raised to k different proof trees and we halve it by taking proof trees pair wise and
creating proof trees two raised to k minus one proof trees with assumptions only from p
one to p k minus one and this procedure of removing the right most assumption is very
general is absolutely general. So, you can do this systematically one by one. So, we start
with two raised to k proof trees halve it down to two raised to k minus one by removing
the assumption p k and naught p k then you remove the assumption p k minus one and
naught p k minus one s one and till you will actually obtain this a singe monolithic proof
tree right and this procedure is absolutely this procedure is absolutely general and this

proof by cases works as generally right.
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whose assumptions differ only in the value of p°,

Thus the 2* proof trees are combined pairwise to pm. uce 241
proof trees that are independent of Eﬁh atom py. Proceeding
in a like manner we may eliminate all the atoms one by one
by using similar proof constructions so that finally we obtain

N/
a single monolithic proof tree “ 7 where I'c = 0, thus

Tek&
concluding the proof that the taufology o is a formal theorem
of J4). n

)
¥y




So, this one monolithic proof tree essentially gamma epsilon is empty and therefore, you
have proved that starting with the assumption phi is a tautology can actually be the
proven right. So, so this is how this proof goes and this proof cannot be replicated the
moment you have you have a system where the schematics is infinite tree right and that
is precisely what is going to happen when we do first order logic right. So, this. So,
which means we when we when we come to first order logic there are certain things that
we will not have any access too one is the notion of the truth table or at least a finite truth
table any logical notion of a truth table there with probably be infinite tree depending
o0n the model that you are looking at depending on what you are trying to aximotize.
Secondly, there is. So, which means that this this proof is actually you need to this this
construction and therefore, this proof will not such a proof cannot be extended easily to
first order logic or anything which is which has an infinite tree schematically nature
which might generate infinite infinite trees. So, on. So, right and you can see that this
proof is also very different from the proof of completeness that we use to the tabular
system right was there is question was not really of validity, but of set un staisfiability or
satisfiability right and. So, you have different kinds of proofs and it is a good idea to
actually look at. So, it is a it is a good idea to look at various different kinds of proofs
where as the tabular method of completeness proof might actually be applicable even to
other other systems which are infinite tree in nature, but this kind of proof will noOt be
applicable then right.

So,. So, there is there is actually one more concept which | have not done, but which
should which I will mention, but I will not proceed further with it and that is a very
important concept, but | do not think we have the either the time or the where without to
actually deal with it.
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And that is the independent of axioms. So, there. So, we we had we had several
important concepts in in a logic. So, we of course, we have already dealt with three
important concepts one is of course, | mean besides soundness completeness
compactness. So, these are the this are the three important these are the three important
concepts there is fourth important concept called independence and that independence
has to do with the question of. So, we have this notion of derived rules and derived
operators h we also had this notion of adequacy and function completeness right. So, our
functional completeness essentially said that every any operator that you might define in
propositional logic can be expressed in terms of whatever the operators are well not
actually it is a its enough to just have is adequate to just have the operators arrow and not
right.

So, in that sense the operators any operator that you might define for propositional logic
is not functionally independent of the operators arrow and naught this a similar and
analogous notion is that of independence of axioms and inference rules right. So, one
important thing that therefore, at which needs to be shown especially in a minimal
system the hilbert system was suppose to be a minimal system is that the the two
concepts I mean the the the axiom schemas of the hilbert system are mutually
independent it it is not possible to take any sub set of those axiom schemas and inference
rules and prove the rest as in a derived fashion this this independence is actually fairly a

hard concept to prove, but its an important concept for example, its not a concept that is



easily applicable to something like natural deduction which is not meant to be a minimal
system, but if you take a minimal system then you actually have to prove the
independence of the axioms and the proofs of independence are general not not are not
very easy. So, | will not actually go into them, but independence is as an impart is an

important concept from the point of view of logical theory for other reasons.

So, yesterday | took the example of the parallel postulate right. So, what we what are
what are we saying now | can remove uclid’s parallel postulates and put another parallel
postulate which says that there are no parallel lines basically and still get a consistent
geometrical theory | can still have a sound geometrical theory. So, in that sense the
parallel postulate is sort of independent of other axioms of uclid right and this
independent notion also have comes up when you when you do something like axiomatic
set theory right. So, one of the one of the most boolean proofs of independence was this.
So, | do not know how much of axiomatic set theory you know. So, its possible to take
tree set theory as an axiomatic theory very much like the wave you have defined within
the domain of a stardology. So, which we have in the end yet done and one of the
important things about axiomatic set theory is this notion of the axioms of choice which
actually you have you have probably seen a different fashion because the axiom of
choice is actually equivalent to other thing one is on’s lemma and and the other is the
well ordering theorem right yeah. So, so. So, and actually in any kind of in any kind of in
in a large number of proofs we use a notion of a well ordering the fact that there are no
infinite descending chains right and this. So, what for a long time it was assume that the
axiom of choice which which essentially is required for which is required for any kind of
proof that you have only a finite sequence or it is always possible to construct from an
infinite set some finite from total ordering and. So, on and. So, forth all those things
required this notion of either the axiom of choice or they require a form of well ordering
or they require ones lemma, but what Pual in the sixtees well after axiomatic set theory
was well established was that this axiom of choice is actually a independent of the other
axioms of set theory. So, which means its possible to remove the axiom of choice and
have a completely separate set of set theory separate axiom system for set theory or non
standard set theory in which the axiom of choice may not be applicable the moment
axiom of choice may not be applicable it also means you may not you may not use any
kinds of well ordering you van not use ones lemma and. So, on. So, forth right and in

that sense you still have a you can this the axioms of set theory still allow enough leaving



to adsorbed some of their axiom instead of the axiom of choice because axiom of choice
itself is independent of time right, but this concept of independence otherwise in a first of
logic is actually quite hard to understand where it ahs come up with some phenomenally
interesting results on formal theories. So, | will not. So, this is a the concept that | will
not touch on we will proceed straight to first order logic yeah and. So, today | will not

late to start that right will I think will stop here today



