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Lecture - 10
The Completeness Theorem

Today we will do an important theorem called the Completeness Theorem. Which, you will see
some of the consequences of compactness and it something that this compactness is actually very
closely related to that topological notion of compactness. And it is possible to say it, possible that
it is possible to show that this, compactness is really the same as the topological notion of
compactness either, defined through matrix spaces or through neighborhood spaces whatever.
So, this compactness theorem but we will look again independent of topology wewill just look at

itasain itis isolation.
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Satisfiability of Infinite Sets
From corollaries 9.4 and 9.5 we have

Corollary 10.1 A finite set I is unsatisfiable iff there is a closed
tableau rooted at T".

m
Corollary 10.2/f a finite set I' is satisfiable then every
nonempty subset of I' is satisfiable too.

]
Question 1. Suppose T were a denumerable (countably inifinite) set.
Linder what conditions is I' satisfiable?

Question 2. Suppose every subsel of a denumerable set T is satisfiable.

Aen is T gecessarily satisfiable?
t@destion 3. Suppose that only all finite subsets of a denumerable sel

wiravre satisfiable. Then is T satisfiable?

And so and it is we will see the importance of that. So, main thing is what does supposing you
have an infinite set of sentences. And you want to know essentially by infinite of course we are
talking about a logical system it is we mean only countably infinite. So, denumerable we are
looking at denumerable sets of sentences and essentially if, you look at this Satisfiability of
Infinite Sets say essentially from these corollaries 9.4 and 9.5 which essentially says that.



So now, when you are talking about infinite sets there is no guarantee that your tableau
construction would be finite. So but, we can always take the notion of that tableau to infinite a

tableau is just a tree. We take the notion to infinite trees thatis as simple as that .
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Unsatisfiability

Definition 9.3 A tableau is completed if no leaf in any path may
be extended.

Corollary 9.4 If I is satisfiable then there exists a completed
tableau rooted at I which has a satisfiable leaf.

Corollary 9.5 A set I is unsatisfiable if there exists a closed
tableau rooted at I'.

Question. If a completed tableau rooted at T is closed could there be
other completed tableaux rooted at T which might be open?

)
by

So, this corollaries 9.4 and 9.5 say that. if gamma is satisfiable then there exists a completed
tableau rooted at gamma which has a satisfiable leaf. And a set gamma is unsatisfiable if there
exists a closed tableau rooted at gamma but, a the corresponding notion for infinite sets would be
that. If, an infinite set is unsatisfiable then you should definitely get a closed tableau or there
should be at least one closed tableau. But, if it is satisfiable then there would be essentially be
some kind of infinite tree but the problem with any finite point of that infinite tree is you do not

know whether itis going to close at a later point .

So, there is a problem when dealing with these issues for infinite sets. And so what we would
like to do is we would like to look at this notion of satisfiablility of infinite sets. And
satisfiability as far as we are concerned is the same thing as consistency of an infinite set of
sentences . So, essentially so these are the questions that it raises suppose gamma were a
denumerable set under what conditions is gamma satisfiable. Suppose every subset of a

denumerable set gamma is satisfiable then, can you say whether gamma is necessarily satisfiable.



So whole point about dealing with any kind of infinity is to either get a finite representation or to

get approximation in terms of finite tree objects.

So, the construction of let us say irrational numbers or real numbers by deleting cuts is
essentially as looking at finite tree intervals or at least intervals with end points and trying to
represent letus say real numbers as limits of those. So, limits and continuity are the most
important notions when it comes to infinite sets in any branch of mathematics here. So one
question is whether you can always approximate something infinite by a possible infinite set of
finite tree approximations. So that this infinite tree set each approximation is finite tree but, the
set itself might be infinite so essentially you have some limit construction which tells you that if

this limit exists then so it is then this infinite tree object is essentially being captured.

And that is exactly what has been happening throughout the history of mathematics ever since
the start of the subject of analysis. So, this question to essentially is asking whether this infinite
tree object this infinite set of sentences it satisfiability can somehow be expressed in terms of
finite tree approximations satisfiablility of finite subsets. Then, of course the converse question
is that is related to the topological notion of continuity and limit does a limit exist sometimes
under discontinuity those limits do not exist. So here, suppose only finite subsets of a
denumerable set gamma are satisfiable then what can you say about the satisfiability of the

whole of gamma that is.

So, these are the kind of questions that actually come up when you have in any branch of
mathematics when you have some infinite tree object. And this also includes all branches related
to mathematics like this also happens in the case of trying to find the semantics of recursion in
programming languages for example. So, it has a wide kind of applicability the kinds of methods

that are used have a wide kind of applicability.
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Trees & Konig's Lemma
Consider trees which may be either finite or infinite.
Definition 10.3 Let .7 = (N, —,r) be a tree rooted at node
reN. Anode n € N is called infinitary if Desc(n) is an infinite
set otherwise it is called finitary.

Lemma 10.4 In a finitely branching tree, every infinitary node
has an infinitary successor.

Lemma 10.5 Kénig's Lemma Every finitely branching infinite
tree has an infinite path.

So now, we have to consider trees in some generality. We have to be prepared to deal with
infinite trees throughout our data structures and algorithms kinds of course trees are always
finite. But now, for example you have actually come across infinite trees when you do define this
SOS semantics of a programming language with values what an SOS semantics generates for a
program is for the dynamic behavior of the program is essentially an infinite tree. And so the
program itself is a finite object thatis a finite abstract in text tree but, the behavior of the program
the execution behavior of the program is essentially infinite tree. So, we letus look at trees and

let us also specify some of our notation and terms.
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Rooted trees: Definitions and facts
Definition 10.6

® An unordered tree is a pair (N, —) consisting of a finite or a countably infinite set N of

nodes and a set —C N x N of (directed) edges such that for any edge (s, 1) €— (usually
denoted s — t in infix notation), s is called the source and t the target of the edge. s is called
a predecessor of t and ¢ is called a successor of s.
® A (rooted) tree is a triple (N, —, r) such that (N, —) is an unordered tree and r € N is a
distinguished node called the root of the tree and satisfying the following the properties.
= There exists a function £ : N — N called the level such that £(r) = 0 and for any s — t,
i) =Lls)+1.
= Every node in N = [r) has a unique predecessor.
We will be primarily interested in rooted trees and we will simply refer to them as trees

Eacts 10.7

i_'“ﬁ very node in N is source or a target of one or more edges,

So, we are interested really in not un ordered trees where so lam distinguishing between un
ordered trees and rooted trees. Unordered trees are that kinds of trees you get in graph theory
which, is not necessarily the same as the kinds of trees you get in let us say structures and
algorithms so all the trees that we deal with in computer science usually are rooted trees. So, our
abstract in text trees are rooted trees execution behavior of programs are all rooted trees they
start from a starting point and then more over all the edges in these trees are all directed edges

and they are not undirected edges. So, wewill look at a rooted tree.

So, a rooted tree essentially consists of a set of nodes end and an edge relation which Iwill
represent by an arrow. And of course it distinguished node called the root such that of course
every note other than the root has some what might be called a unique predecessor. And there
exists a function called the level function which for the root gives you a 0. And for any given an
edge from s to t where s and t are both nodes then the level of t is one more than the level of s.
So, this ensures | mean these things are fact that | is function, and the fact that you have an exact
notion of successor here and a predecessor here essentially make it clear that. This rooted tree is

for example a cyclic and it does not have any self loops nodes do not have self loops.

And then this function essentially guarantees that the nodes are not sort of repeated here so, there
you cannot have multiple copies of nodes. So, it is like the standard notion of trees that you



encounter in data structures in algorithms like binary trees and so on so forth. And of course,
only difference here is that this set N could be infinite so, you can have a tree with an infinite set
of nodes it need not be finite. Otherwise it is a standard set of standard notion of a binary tree or

a multi way tree that we have.
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o The — relation is irreflexive (i.e. there is no edge whose source and target are the same node).
o The root node has no predecessor.

o A leaf (node) is a node with no successor.
Definition 10.8 Let 7 = (N, —, r) be a rooted tree.

o 7 isalso called o tree rooted at r.
o 7 is infimite if N is an infinite set.

e A pathin 7 is a finite or (c trlmmi'f_ul infinite sequence r = Mg =+ Ny = Hg — = stich that

(1, mysy) €— for each i 2 0.
o~
o A finite path r = ng — 1y — My — Ny is said to have a length m 2 0. A path which is
not finite is said to be infinite
o A branch is a maximal path = it is cither infinite or is finile r = ng = 1y — Ny = <<y
stch that ny, is a leaf.
#®The successors of a node s € N is the set Suce(s) = [t € N | s — t] and predecessors of a
{3 Bode t € N is the set Pred{t) = [se N | s — ¢t

So, the basic facts are that so this edge relation is irreflexsive and the root has no predecessor and
there is a notion of a leaf node which are in the case of finite in the case where trees are finite
there is a the leaf nodes do not have successive that is. So, we also talk about trees rooted at
some r and the usual notion of a path in this case we define a path as always starting from the
root here. If, it is does not start from the root we can talk about a segment of the path or we can

talk about a path starting from a the root of a sub tree rooted at some node and so on so forth.

But, otherwise in general when we talk about a path wewill just talk about a path starting root so
essentially you traverse the arrows you traverse the nodes so that each you go through successor
nodes some sequence of successor nodes. So, since our trees can be infinite so your path can also
be finite or infinite. And wewill talk about branch as a maximal path so, it means you do not
start any where you do not stop any where you go through the full path from the starting from the

root. And then we have this usual notions like successor of a node predecessor’s of a node.
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o —" s the transitive closure of the — relation and —" is the reflexive-transitive closure of

o The descendants of a node n € N is the set Desc(n) = (n) UL usu0n) Descls) and Desc(n) = (n)
is the set of proper descendants of n.

o The ancestors of @ node n is the set Ances(n) = [n) U | opraion Atices(s) and the proper
ancestors of n is the set Ances(n) = (n).

o A subtree of @ rooted tree 7 = (N, —,r) is a tree 7' = (Desc(n), —*, n) rooted at a node
n € Dese(r) such that s —'  for 5,1 € Desc(n) if and only if s — 1

o A rooted tree T = (N, —, r) may be extended to another tree 7' = (N', —', r) by an edge
n—"n' provided n' ¢ N, N’ = N U [’} and n is a leaf node of 7.

& 7 = {N,—=,r) is said to be finitely branching if for each n € N, Succ(n) is a finite set.

Facls 10.9 In any rooted tree 7 = (N, —, 1),

1. N = Desc(r)

"
E"_;_\Qhr.'( sim)=|seN | s —"n|foranyn e,

And since this arrow the edge relation is irreflexive we can consider the transitive closure of the
edge relation. We can consider the reflexive transitive closure of the edge relations those will just
be represented as arrow plus and arrow star respectively. And you can talk about the descendants
of a node which I will represent by Desc. We can talk about ancestors of a node and of course,
the root node has no ancestors we can talk about sub trees rooted at some node and we can also
talk about tree being extended at the leaves to another tree.

So, what | have in particular I have said that when we talk about a tree we are talking about this
edge relation in such a way where that tree is well in graph theoretic terms itis weakly connected.
So, there are no isolated nodes there are no sub trees disconnected from other sub trees and so on
and so forth. So, | have so a sub tree rooted at a node also means that we are essentially
restricting the set of nodes from n to all the descendants of that node n. So, that is why the sub
tree t prime here that is why so | can take a sub li can take the tree rooted at r and i can take a
tree t prime rooted at some node in t. And just look at all itis descendants so and then there is a
essentially a new edge relation arrow prime. This arrow prime is just a subset of the old arrow
relation the edge relation except that itis restricted to only the descendants of n. So, by the way
my definition of descendants includes n also so there is a | made it reflexive and similarly for

ancestors also | have made it reflexive.



So, this is the notion of a sub tree rooted at something then, we can also talk about extending the
tree with a new node such that the new tree has the same root as old tree. So it is the
distinguished root is still the same except that there is an extra edge for a new node n prime
which was not there in the original set of nodes. So, you are the new set of nodes capital N prime
is just the old set of nodes n union the new n prime. So, you can extend it one leaf at a time so
and this is an extension that i have tableau construction naturally allows so this is a way. And
finally we will say that a tree is finitely branching. So now, when you talk about infinite trees
there is possibility that you might have an infinite number of branches you might have an

unbounded number of branches but finite and you might have infinite paths also.

So, we can talk about trees being finitely branching. If, every node has only a finite set of
successors immediate successors here then we will say that the tree is finitely branching. So the
tree could be infinite and a finitely branching tree could still have an infinite number of paths.
So, in that sense the number of different branches could be infinite paths could be of infinite
length, the number of different branches could be infinite. But, any particular node has only a
finite number of immediate successors and so that is it is important the other thing of course is
that something that I did not mention but which we will take for granted is that this set of nodes n
can be at most countably infinite. 1 mean we are not taking set of nodes which might be

uncountable or anything.

So, it could be only countably infinite set of nodes. But, then even thought the tree is finitely
branching it could actually have a infinite number of different paths distinct paths each it could
have both finite and infinite length paths branches. And so those we are not putting any
restrictions on that. So, one thing of course these are some simple facts as a consequence of these
definitions if the for any tree rooted at r the descendants of r are exactly the set n set of nodes

ancestors and so on.
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3. Descim)=[teN | n—"t) foranyn e N

4. A rooted tree is acyclic e, for all nodes n, n 4= n,

Definition 10.10 Let & = (N, =, r) be a tree rooted at node r € N. A node n € N is called
infinitary if Desc(n) is an infinite set otherwise it is called finitary.

Lemma 10,11 I a finitely branching tree, cvery infinitary node has an infinitary successor

Proof: i not, then for some infinitary node 1, Suce(n) is finite and for each s € Suce(n),
Desc(s) is finite which implies Desc(n) = (1] U | sy Pese(s) a finite union of finite sets
would be finite.

Lemma 10.12 (Kénig's Lemma) Every finitely branching infinite tree has an infinite path

Proof: Assume F {N s, 1) is a finitely branching infinite rooted tree which has no
infinite path. Clearly since N 5. Dese(r) is infinite, r is infinitary. r has an infinitary successor
by lemma 10111, Hence there exists a maximal path in 7 all of whose nodes are infinitary.

Aivg path has to be infinite, otherwise there would be a last node in the path which is
E,I'R! itary but has no successors, which is impossible ]

nd these are | mean these are usual
things and then a rooted tree is usually a cyclic and basically for all nodes there is no path of
length one or more from a node tree itself. So, it is thatis the basically condition so the notion of
self loop is something we eliminated at the start because, we said that | of t is equal to | of s plus
1. And that is not possible unless I mean unless you exclude self loops. But now, we have to this
also consequence of all that is also that trees have to be basically. The other thing is we will take
so, we will letus take any tree and wewill call a node to be infinite tree if the set of descendants
of that node is an infinite set. So, a descendants means you are taking all possible finite length
paths starting from that node. All possible so descendants is synonymous with this reflexive
transitive closure of the edge relation so this reflexive transitive closure does not go through
infinite path infinite length paths it only looks at all finite length paths thatis important.

So, the a node is called infinite tree if all itis descendant if the set of itis descendant’s is infinite
otherwise the node is called finite tree. But, still so a finitely branching tree could have infinite
tree nodes. So all that we are saying is that for any node itis the set of itis immediate successor’s
is a finite set. But, the set of itis descendants need not be finite. So, nodes could be infinite so one
basic one simple Lemma that we have is in a finitely branching tree every infinite tree node has
an infinite tree successor. You can think of this the next two these two lemma as essentially some
kind of pigeon hole principle generalized to infinite trees. Means the analogy with pigeon holes

is letus look at the standard pigeon hole principle. Itis usually defined for finite sets and you



essentially say if there are n plus one elements n plus one balls to be distributed in n boxes. Then,

there is at least one box which has two balls.

You can start generalizing this for all kinds of finite ends and n plus all kinds of ends so on and
so forth. But, you can also go into an n infinite set if 1 have an infinite collection of balls and |
have a finite number n of boxes. Then, an extended pigeon hole principle would essentially say
that there is at least one box with an infinite number of balls in it. But, these when you look at so
finitely branching trees are a further weakening of that because even though a tree might be
finitely branching. The number of different branches might still be infinite. So, actually you have
so the branches corresponding to the infinite boxes and think of putting the individual nodes in
the individual boxes distributing the nodes in the boxes. So it is a kind of infinite tree pigeon

hole principle for finitely branching trees.

So, in a finitely branching tree so what we are saying this every infinite tree node has an infinite
tree successor is essentially like saying that there is at least one branch. So actually that it
becomes more clear with the next lemma which is going to use this lemma every finitely

branching infinite tree has an infinite paths and this is Konig’s Lemma.

And this essentially says that if | take all these branches as boxes and the nodes as balls. Then,
there is at least one box with an infinite number of balls in it. The main weakening here is that a
finitely branching tree need not correspond to only a finite number of boxes. Itis finitely
branching but the total number of distinct branches might be infinite. So, itis still so you are you
are looking at a case of an infinite number of balls being put in an infinite number of boxes. But,
there is this constraint of finitely branching which somehow seems to indicate that there should

be at least one box with an infinite number of balls.

So, letus look at the proof of the first lemma. So, all we are saying is that so we can label the
nodes as being each we can associate the finite tree or infinite tree property with each node. And
we are saying that you know finitely branching tree every infinite tree node has an infinite tree
successor. Supposing not suppose thatis not true then for there is some infinite tree node which
of course is a finitely branching tree so the successors of that node the set of successor’s of that
node is a finite set. So which means and if it is if there is an infinite tree node which does not

have any infinite tree successor. Then, all the successors are finite tree. If, all the successors are



finite tree then they each of the successors has only a finite number of descendants. And
therefore | can actually add up all those sets and | get only a | get that then original node
therefore must be finite tree which contradicts assumption that the original node was infinite tree.
So, which means that among the successors of this infinite tree node n there is at least one node

which is also infinite tree yes is it clear.

So, now letus go to Konig’s Lemma proper which just says that every finitely branching infinite
tree has an infinite path. So, again we prove by contradiction assume that t is a finitely branching
infinite rooted tree which has no infinite path. Then, firstly the root that descend the set of
descendants of the root is entire set of nodes itis an infinite tree. So, the root is clearly infinite
tree by the previous lemma the successors of the root there must be one node which is infinite
tree at least. So which means that so r is the root node r is infinite tree and r has an infinite tree
successor by this previous lemma which means there exists a maximal path end t all of whose
nodes are infinite tree. Because, an infinite tree and every infinite tree node is guaranteed to have
an infinite tree successor so you take this. So, from r there exists a maximal path in which all of

the nodes are infinite tree which means that, path has to be an infinite path.

So, even though the tree might have an infinite number of different paths there is itis not that so
the tree can never if it is finitely branching so if the tree is infinitely branching then all paths
could be finite. So, for example if | were to right. so for example here is a so you can just take a
tree with root node 0.
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And i can have infinite number of branches basically 1, 2, 3, 4. Say in infinitely branching tree
where every path can be finite. Every path has as link of 1 this is an infinitely branching this is
an infinite tree which as a single infinitery node 0. And all other nodes are a leaf node is finitery
cannot be infinite. So, what quensclimer says is that so now if | have finitely is but unfortunately
this thing is in infinitely branching node this node 0 is an infinitely branching node. So, this does
not satisfied quensclimer. If, I made sure that every node has only a finite number of success
words and the tree is still infinite. Then, even thou their might be a infinite number of different

branches there is at least one branch which is an infinite paths.

It is actually a beautiful generalization of a pigeon over principle for finitely branching trees. So,
in fact what you can do is so this this is actually in the form of an implication. It is actually you
can | can reword quensclimer as every infinite routed tree is either infinitely branching or is
finitely branching and has at least one infinite path. That is your pigeon over principle for all
router trees if you like. So, this see it is actually is surprising the lemise is very basic but some
entity is actually widely known. But, it is never thought usually in any under graduated course as
have you guys uncounted this lima before is a very simple lima. But, it is some never someone
never people never teach it any under graduated course. But, it becomes important for the for our

notion of compactness
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The Compactness Theorem

Theorem 10.13 (The Compactness Theorem) A (countably) in-
finite set is satisfiable if all its nonempty finite subsets are sat-
isfiable.

Corollary 10.14 Any (finite or infinite) set of formulae is satisfi-
able iff all its non-empty finite subsets are satisfiable.

Note:

o|f T is a countably infinite set then it can be placed in 1-1
correspondence with the set IN of naturals and hence there
fﬁ some enumeration of its formulae and each formula carries

i An unique index from IN.

So, which gives us brings us to the compactness things. So, take a countable infinite set a
sentence satisfiable. This infinite sentences is satifiable if all non empty finites sub sets of the set
are satisfied. The first thing to realize in this theorem is that any count ably infinite set has an
unaccountably infinite number of different sub sets. But, of course out of that uncountable
number of different sub sets. The number of finite subsets is only countable all the other sub sets
or all infinite sub sets I mean some of this thing give you a severe headache thinking about it.
But, the analogy is with real numbers let us take the real numbers a real numbers basically
consists of the rationales and the air rationales. The rationales are a countably infinite set. The
real’s are an unaccountably infinite sets their fore clearly the set of irrationals this is
unaccountably infinite. And its exactly the same whatever, argument you might have applied to
the real’s to. E ssentially we are looking here essentially here looking at an extension of numbers

in and cadnalities to infinite sets.

So, what we are saying is that the number of rationales is really the same as the number of the
number of integers or number of naturals. But, the number of irrationals is really the same is the
number of real’s. And its and it is notch higher. In the case of your in countably infinite sets also
you take any count ably infinite set it what we do. So one thing is clear no set no no set weather
finite or countable or uncountable no set has the same number of elements as it is power set. Is a

simple diagnolisation argument which will show that in case a set a can we place to in one to one



correspondence with its power set 2 raise to a. And then i can actually create a diaganolisation
argument which shows that any any kind of the that there is their exits are sub set. Which you are
not accounted for. So, which destroys the notion of the 1 to 1 corresponding so this is this a very
standard thing that we can show.

So, one thing we can show is that no set can be placed in 1 to 1 correspondence with its power
sets. Which means no set the cardinality of no’s of any set cannot be the same as the cardinality
of its power set. But, then ones you got that the cardinality of a set is different from the
cardinality of its power set. We can defiantly ask the questions, What is the cardinality of this
set of finite sub sets of the set? And what is a cardinality of the set off infinite sub sets of this
sets? If the set is the original set is infinite we can ask this questions. So, in the case of this and
just like, you go through these proofs for real numbers and rationales and irrationals. You can go
through similar proofs to show that the number of finite sub sets of a count ably infinite set is
actually countable. And the number of infinite sub sets is actually uncountable.

And therefore the total number of sub sets of an infinite sets of a countable infinite set is actually
uncountable infinite. So, | do not want to get into that but this is so that this. The compactness
theorem says that i just required the all the finite sub sets to be satisfied. And | can guaranty that

original infinite set will be satisfied.

(Refer Slide Time: 33:39)

Proof of the Compactness Theorem

Proof:  Let I be a countably infinite set of propositions, Then clearly I' may be enumerated
in some order, say
[ e iy, Py o) 3)

where each ¢; has the unique index j 2 0. For eachm 2 0, let Uy, = [dy, @y, oo oo th)

Claim. Every nonempty finite subset of I is satisfiable iff for each m 2 0, 'y, is satisfiable. )
F (=) clearly holds since each 'y is a finite subset, 5
(=) Let® # A S I'. Let k = 0 be the index of the formula with the highest index in A
Clearly A €y I'h. Since the set [ is satisfiable, by corollary 10.2, A is also satisfiable.

4

Hence it suffices to prove that if each of the I, i = 0 then I' is satisfiable.

Consider a tableau & rooted at I'y constructed using the tableaw rules. Since 1 is satisfiable,

7% has one or more open paths. Extend each of the open paths with the formula ¢y and

gantinue the tableau. The resulting tableau 3 is for the set Iy and it does not close either.
{ HeRee tableaux 3 for each Iy may be extended to yield open tableaux F 4, for Iy,




So, let us look at the proof of this theorem. So, let us, so if let me start with a set gamma. Which
is countably infinite and it has. If it is count ably infinite then basically it can be placed in 1 to 1

correspondence with the naturals.

Which means | can essentially enumerate the set of formulae and gamma and index them with
naturals. So, | can talk about phiO, then phil, phi2 all the elements in gamma can be a
enumerated corresponding to whatever 1 to 1 correspondence with the naturals you may choose
to define. So, typical for any natural j phi j is essentially is the j plus 1 the element in this a
numeration like. And now what I can do is take this a numeration I can consider all this finite sub
sets gamma j for example. So, gamma j just consists of the first j sentences in the enumeration.
So, where i have written gamma m should be this m minus 1 it this lets look at gamma m may be

its may be its does not matter.

But, lets think of gamma m as consisting of phi not phi m minus 1 the first m elements in the
enumerations. So, one thing is every non empty finites | have a pequrearway of sometimes
writing proofs. Which is that | state claims and a create approves. So, this that you see here there

is a claim, which is under line and in italics.
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And then there are these two symbols turn style and left turn style and turn style which actually

bracket the proof of only this claim. So, that so it is this is like a lot like program structuring in



any kind of structure programming thing. You would like to divide up your program into various
functions and then use those functions in some name way. So, this claims are like some functions
in a program. And we will see the analogy with programming in the proof theory also that we
do. But, essentially possible to have a nested structure of theorems and proofs especially of
proofs. So, that you can have a individual claims sub claims and so on so forth and very much of
like programmers. So, here is a claim which actually is not very important. It just says that every
non empty finite sub set of gamma by the way and it also follows the usual spoke rules of
programming | mean. So, gamma as already been declared in the outer spokes. So, it is available

in the innerscopia un less it is renamed.

So, it follows all the structure programming a rules. So, every non empty finites are and basically
so all the properties that you have defined before are available in here, fallows exactly the
program structure that we normally would like to employ. Every non empty finite sub sets of a
gamma is satisfiable if an only if for every m gamma m is also is satisfied. So, this is one thing
of course is clear if every nonempty finite sub set of gamma is satisfied will than clearly each
gamma m being a finite sub set also a satisfible. Other thing is given this particular order of
gamma ms given that there is a particular. So, take can you claim make the same claim that all
all the finite sub set are also satisfied. So, will just go from finitery.

So, you take any finite sub set delta by the way this is my notation sub set with sub script f
means it’s a finite sub set. So, and of course this is non empty finite sub set we are only looking
at non empty finite subsets. So, take let delta be any nonempty finite sub set then clearly there is
an m in which such that delta is also a subset of m. So, delta contains these various formulae
from the enumeration phi naught, phil phi2, phi3 etcetera and they all index by the naturals. So,
there is a highest index in delta. So, now i just take gamma m or gamma m plus 1 their.That will
include every sentence chosen in delta. So, delta is a subset of some gamma m or some gamma
K.
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Satisfiability of Infinite Sets

From corollaries 9.4 and 9.5 we have

Corollary 10.1 A finite setI' is unsatisfiable iff there is a closed
tableau rooted atT'.

[ ]
Corollary 10.2 If a finite set I' is satisfiable then every
nonempty subset of I is satisfiable too.

[ ]
Question 1. Suppose T were a denumerable (countably inifinite) set.
Under what conditions is I satisfiable?

Question 2. Suppose every subset of a demumerable set I is satisfiable.
aen is I necessarily satisfiable?
{@destion 3. Suppose that only all finite subsets of a denumerable sel
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wbrare satisfiable, Then is T satisfiable’

So, then gamma k is satisfiable we know that any finite subset of gamma is gamma k is also is
satisfied. Because the same truth assignment which was used to satisfied all the sentences and
gamma k can be used for all these sentences in delta and will be true. So, now the our theorem
proof of the compactness theorem reduces to essentially showing that if each of the gamma eyes
is satisfiable then gamma is also satisfiable. So, what do I do, I start | am going to use it tableau
method. So, | start with gamma not so gamma naught just consists of that formulae phi naught
create a tableau for it. The assumption is that gamma is a count ably infinite set of propositions
in which each subset of gamma is satisfiable. So, a single ten set is also a subset and so their fore
what does is mean it means that this tableau rooted at gamma naught this tableau at gamma
naught. The essentially a tableau rooted at this at the formulae phi naught does not close. Since

that means phi naught is satisfiable.



(Refer Slide Time: 40:32)

P
7
/// \\ (%7}
i fﬁj (
ert

BPTEL 'J-
L

So, | have this tableau which so I have this tableau which essentially starts with phi naught. And
it might have some close branches but, the fact that phi naught is satisfiable means at there is at
least one open branch. Now, what do | do in this open branch I also had phil. So, I extend it to
phil so now what do | do I continue the tableau phil is some complex formulae. And | continue
this tableau this will again have some close branches. But, this is this whole thing is essentially a
tableau for this set phi naught phil. And that is a finite set and it is satisfiable and their fore there
must be one open branch. | add phi3 there and so on. | essentially and then basically then I get an
extended tableau. Which is a tableau for a subset gamma 3 phi naught phi2 for gamma 2. And

then gamma 3 and so on and so far.

So, now so essentially i start with a tableau t not extended to tableau t1 extended to tableau t2
and so on so fore. And since each of these gamma ms is a finite set each of them is satisfiable.
So, for each m tableau tm has at least one open path. Then by quenisclamer I and this this tableau
is a finitely branching tree. So, their exists an in an infinite tree such that all the formulae is phi i

in the set gamma accruate some stage on open paths. So, basically all | am saying is.
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So we take all the open paths and I should have mention that in every open path we put phil
here. And and when you put phi2 you put it on every open path. Because you do not know which

one might close and which one not close.

But, what the satisfiability of each finite assures you that there is always going to be at least one
open paths. And that open paths will have an occurrence of each of the phi i at some stage or the
other. At and that will an infinite path by quenisclamer. And it will never close so every one of
this formulae phil to phi n occur in at least one path. So, the fact that there an infinite set
collection of formulae the entire gamma occurs in this path. Which is not closed and therefore
this gamma must be satisfied. Why must gamma must be satisfiable? Your tableau construction
creates hintikka sets, so take (Refer Slide Time: 44:22)



So, supposing you take you take this open path starting from phi naught what we were shown
last yesterday is that. If, you add if you look at all the formulae their this is actually a hentikka-
set. H naught and the addition of phil and an open path here, is and an open path here.
Essentially is a hintikka set for phi naught phil and for each gamma m therefore if i just collect
all the formulas in the path I get hintikka set for gamma m. For every m for every gamma m
there is a hintikka set if i just follow the path and what we know is that is hintikka sets or always

satisfiable.

(Refer Slide Time: 45:14)

Tableaux Rules |

OAY ' (O AU '
A - YN -
@ = | -y
Y
OV (o V) |
V., ——— 3 1
& | w =
)
O —= U =(h = ) |
— - -}

- | U Q@

o . e . [T ]
§.0 O & =) & ) [
L -, - -, -

|J/\[:' = A Q@ A Y ﬁt),f\t__'l




So, you this that application of the the first ser of the tableau rules and you think of it collecting
all this formulas along the open path. And and what we showed last time was we showed that,

every hintikka set is satisfiable here. A hintikka set every hentice set is satisfiable.
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Tableaux Rules: Restructuring

In general the elongation and branching rules of the tableau
look like this

()

Q) I
Elongation. — | Branching,
i X

\

where ' and y are subformulae of .

Let I' = AU (&b} where & ¢ A be a set of formulae. It will
be convenient to use sets of formulae in the tableau rules. The
elongation and branching rules are rendered as follows respec-
tively

. | AUTP} | AU{D
E'"_g‘Elongation. G 11

———— Branching. —M8M—
AULY, x) AUyl | Aufx)

So, we showed this last time and what we are and what this open path contains a only hintikka’s
sets the path is infinite because it does not close. And by quenisclamer and of course every

element of gamma appears in it is an open path and it Is.



(Refer Slide Time: 45:29)

Hintikka’'s Lemma

Lemma 9.7 Every Hintikka set is satisfiable.

Proof: Let I be a Hintikka set. For any atom p, since {p, -p| &

I', consider the following truth assignment 7.

1.7(p)=1itperl,

2.7(p) =0if -p e T and

3.if {p,—p} NI = 0 then choose any value (say 1 for definite-
ness). i

We may then show by induction on the degree of formulae in I’
,i?t each formula in I' is satisfiable.

[k

A Hintikka’s set remember that the fact at its still its an infinite path. So, | cannot conclude
therefore that it is directly satisfiable. What allows me to conclude their it is satisfiable is the fact
that what this path has is an hintikka set. And all hintikka sets are satisfiable by this lemma. So,
say essentially the tableau for T m has a hintikka se in it for each m. By queanisclama sense there
is an infinite path. And it is not closed at but, that infinite path if I collect all the formulas in that
infinite path. The set of all formulae that accrue in that hintikka path in that infinite path is a
hintikka set. And all hintikka sets are satisfiable and their fore this entire path infinite path is
satisfiable so the formulas in this path are satisfiablethe which means that gamma which is just a

subset of this original hintikka of this hintikka set is also satisfiable.
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Consider the final tableau .7 obtained by this process of extension. .7 is a finitely branching
infinite tree with at least one path that does not close. By Kinig's Lemma 10.12 there is an
infinite path. Let @ be the set of all formulae in this path. Since this path contains each of
the formula gy € I, we have I' € @ and further € is a Hintikka set. By Hintikka's lemma ¢
this set must be satisfiable n
'_f'
I‘-_\j

So, | think we are formely started logic at a point where we probably do not think of this. And
so, we have this compactness theorem and it as some fairly serious concequences one is the
notion of inconsistency.
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Inconsistency

We have earlier defined consistency of a set of formulae as

being the same as satisfiability. In view of the compactness
theorem 10.13 and its corollary 10.14

Definition 10.15 A set I is inconsistent if some nonempty finite
subset of I is unsatisfiable.

Facts 10.16
1. Any superset of an inconsistent set is also inconsistent.

2. Any set containing a complementary pair is inconsistent.
3. (see table) If AU {7, \} is inconsistent then so is A U {¢))
where ¢ = ) O )

4. see table) If both A U {y') and A U |’} are inconsistent then
=50 js AU () whereh = @ .

So, we defined Inconsistency as this being this same as satisfiability. So, inconsistency is just

lack of consistency. But, the compactness theorem essentially says that if the set gamma is if you



have an infinite set gamma. Which is consistence if every set finite subset of it consistent then

this infinite set gamma is also consistence.
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Consistency

Definition 9.1 A set I" of formulas is consistent if it is satisfiable
i.e. there is a truth assignment under which every formula of I’
is true.

Lemma 9.2 Each tableau rule preserves satisfiability in the fol-
lowing sense.

I ; e :
Elongation Rules — If the numerator I' is satisfiable then so is
the denominator I”.

Branching Rules ( ) If the numerator I' is satisfiable then

|
o I

’:\’ar least one of the denominators I'” or I'”* is satisfiable.

So, now inconsistency reduces to essentially taking the converses of both sides. Firstly the it is
abuse that you have this corollary.
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The Compactness Theorem

Theorem 10.13 (The Compactness Theorem) A (countably) in-
finite set is satisfiable if all its nonempty finite subsets are sat-
isfiable.

Corollary 10.14 Any (finite or infinite) set of formulae is satisfi-
able iff all its non-empty finite subsets are satisfiable.

Note:

o [f I' is a countably infinite set then it can be placed in 1-1

correspondence with the set IN of naturals and hence there

~Is some enumeration of its formulae and each formula carries
‘i}m unique index from IN.




So, any finite set finite or infinite set of formulae is satisfiable or consistant. If an only if, all it is
non empty finite subsets are satisfied. This is a consequence of this compactness theorem. So,
what this also means for inconsistency is at any finite or infinite set of formulae is inconsistence.
If an only if, their exist at least one nonempty finite subset which is inconsistence. So,
inconsistency therefore reduces so this so essentially why so we can think of this definition of a
inconsistency. Now, that we have the compactness theorem so we just say that a set gamma is a

consistence if there is some nonempty finite subset which is unsatisfied.
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Consistent Sets

Lemma 10.17 If T' is a consistent set then for any formula o
at least one of the two sets 'y = T U {0} or Ty = T U (=) is
consistent.

So, onething is its clear satisfiabality or consistency if gamma consistant the any subset of it is
also consistant. In the case of inconsistency it works out all together all you take inconsistence
set | had a few more formulae into it it is still remain inconsistant. So, any subsetp of an
inconsistence set is going to be inconsistant. Because, the tableau which was use to prove let us
say the inconsistency of the original set can be used without any change to show that this set is
also the subsetp is also inconsistant So, the other the simple facts so that any set containing at
complementary pair is obviously inconsistence it want gonna be its never going to be become a
hintikka set.
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Hintikka Sets

Definition 9.6 A finite or infinite set I is a Hintikka set if
l.LgTlandforanype A, {p,-p} €T,

2lifp=poyerl foroe A =Vv,= >} then |y, ') CT,
Blfp=p@yelforde(v, A —,~e)then ), INT 0
where | and )\’ are defined by the following table
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(& X)) | A Y] A )

And of course our motions of multiplicated and additive operators our give us this facts. So, we
had these notions of multiplicative and additive operators. So, for each minary operator
multiplicative additive operator of the form I mean. So, with component say and kay we had a
corresponding say prime and kay prime. So, you take this if you so the notions of inconsistency
essentially say that if | take say prime and kay prime and additive said delta and that that is set is
inconsistence. Then just adding phi to delta also makes the set delta union phi inconsistency. In
in the case of the multiplicative operators in the case of additive operators you had only say
prime or you only phi prime. If both of them are inconsistence then, adding phi makes the certain
consistence like an this is justan doing the converses with negations starting from the
characterization of consistency as finite or infinite set gamma is consistant. If and only if all it is

finite nonempty finite are consistence.



