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Summary of the previous
lecture

+ Exponential Distribution
+ Gamma Distribution

+ Extreme Value Distributions

- Extreme Value Type-| Distribution
(Gumbel's Extreme Value Distribution)

Good morning and welcome to this seventh lecture of the course stochastic hydrology. In
the last lecture, you can recall now that we discussed the exponential distribution, the
gamma distribution, and we introduce the extreme value distributions. If you recall the
exponential distribution is generally used when we are interested in the time between two
critical events. Let us say the time between two flood events, which it is self is a random
variable, then we would be generally using the exponential distribution. The gamma
distribution is in fact a family of distributions, and you recall that exponential
distribution is in fact a special case of gamma distribution, where we put eta is equal to 1

in the gamma distribution pdf, to obtain the pdf of exponential distribution.

The gamma distribution is a typically used for rainfall distributions across several time

frames or in many cases we use the gamma distribution also for a seasonal rainfall



monthly rainfall and so on. Then we went on to discuss the extreme value distribution, if
you recall we introduced three types of extreme value distribution, they are called as type
I, type Il and type Il extreme value distributions. The extreme value distributions are
very commonly used in hydrology, because we would be interested often in the peak
flows or the minimum flows, the high intensity rainfall. For example, the maximum
intensity, daily intensity of the rainfall, and also the low flows when we are interested in

water quality or drought phenomena, and so on.

Now, the extreme value type | distribution is a distribution, which draws from a parent
distribution, which is unbounded in the direction of the extreme values that we are
interested in for example, if you are interested in the maximum values, then you should
be unbounded on the positive side. If you are interested in the minimum values it should
be unbounded on the lower side. So, extreme value type | distribution essentially comes
from the parent distribution, which are unbounded in the direction of the extreme values
that we are interested in and we introduce the Gumbel’s extreme value distributions. We
will review what we discussed in the last class in the first two slides of today class; the

extreme value type Il distribution is not very commonly used in hydrology.

So, we then go on to discuss the extreme value type Il distribution, which is derived
from the parent distribution, which is bounded in the direction of the extreme value that
we are interested in for example, if you are interested in the minimum values it should be
bounded on the lower side. We will introduce in today class the extreme value type IlI
distribution. We discuss the extreme value type | distribution in the last class, which is
also called the Gumbel’s extreme value distribution. So, commonly in the hydrology
literature, we find this commentator that is Gumbel’s extreme values distribution or
simply Gumbel’s distribution. We introduce this pdf in the last class, f of x given by the
expression, which has two parameters alpha and beta, and we have the relationships for
alpha and beta, which are estimated from the samples using the standard deviation and

the mean.



(Refer Slide Time: 03:56)

Extreme Value Type-I| Distribution
(Gumbel's Extreme Value Distribution)
.=‘--‘1 - e e A A g | o

f(x)=exyp lx(.\ P/ a—exp [4.[.\ B) u]l,‘u

—mxy<H —n<f<nia>0
‘' for maximum values and '+’ for minimum values

o . ﬂ=ﬂ—“45(7 (maximum)

=+ 043 (minimum)

Y = (X = p)/ o — transformation

=pdf f(y)=exp ::F_l'-«rxp[:p_r]} —@f» %
- - f 1 A T
20 COF - F(y)=exp—exp(-1»); o
A g
‘..@)m Exponential i ) \ Y
nrFDEkibution) =1-exp-exp(y)

So, if you are looking at the extreme value distribution type | for maximum values, then
we use the negative sign here in the pdf, and for minimum values we use the positive
sign in the pdf correspondingly the parameter beta. The estimate for the parameter beta,
we use the negative sign here it turns out to be mu minus 0.45 sigma for the maximum
values and for the minimum values you get mu plus 0.45 sigma. So, given the sample
values, the sample estimate for the standard deviation and you also get the sample

estimate for the mean from which you can estimate alpha and beta.

We used the transformation y is equal to X minus beta or alpha which simplifies the pdf,
and we write the pdf for the transformed variable y as follows F of y is equal to
exponential minus plus y minus exponentials minus plus y and again minus is used for
minimum values like in the case of our earlier expression and plus is used for the
maximum values. The other way round we use the maximum we use the negative value

for the maximum value and positive values for the minimum values.

So, when we take the cdf, we consider the cdf, you get f of y is equal to exponential
minus exponential minus y. So, this is a convenient form to use for maximum values and
for the minimum values it comes out to be 1 minus exponential minus exponential y for
the minimum values. So, as you can see, it can be written as e to the power minus e to
the power minus y. So, this is called as the double exponential distribution. So, when we
use the transformation y is equal to X minus beta over alpha, the cdf comes out to be in



an elegant form e to the power minus e to the power minus y for the maximum values, let
us consider an example now for the Gumbel’s extreme value distribution. If you are
looking at the positive extreme value which means the peak floods or the peak run off

and so on, we will take this example which demonstrates the positive extreme value.
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Example-1
(Gumbel’s Extreme Value distribution)

The annual peak flood of a stream exceeds 2000m?3/s
with a probability of 0.02 and exceeds 2250m?¥s with a
probability of 0.01

1. Obtain the probability that annual peak flood exceeds

2500m3/s
Solution:
The parameters « and [ are obtained from the given
data as follows
P[X > 2000] = 0.02 F(y)=e*" —@c
P[X < 2000] = 0.98 : -~

{;) ie. ev098 Wl
MPTEL

The annual peak flood of a stream it is own that it exceeds a value of 2000 meter cube

per second with the probability of 0.02 and it exceed a value of 2250 meter cube per
second with the probability of 0.01. So, these are known from the samples and then we
need to obtain the probability that annual peak flood exceeds 2500 meter cube per
second assume of course that the peak flood follows a Gumbel’s extreme value
distribution. So, how do we do this? So, like we did with all earlier distributions, we first
estimate the parameter alpha and beta to estimate the parameter. We consider the fact
that probability of x being greater than equal to 2000 is given to be 0.02, from which you
write probability of x being less than equal to 2000 as 0.98 and you know that f of v,
which is the cdf is e to the power minus e to the power of minus y.

If you use the transformation, write e to the power minus e to the power of minus y is
equal to 0.98 for that particular value of y. We write this as e to the power minus e to the
power of minus y is equal to 0.98 and therefore, e to the power of minus y by taking
logarithms turns out to be minus log 0.98 from which we write y is equal to minus log of
this particular term, which is minus log 0.98 from which you get y is equal to 3.902.



What is y? You recall that y is a transformation like this the y is equal to X minus beta
over alpha. So, this is the y value which is 2000, which is the particular X value that we
are talking about minus beta or alpha. So, that should be equal to y, which is 3.902; this

is our first condition that we generate.

Then from the second condition, which is given as probability that the peak flows exceed
2250 meter cube per second is 0.01. So, we write probability that X is greater than equal
to 2250 must be equal to 0.01 from which we write probability of X being less than equal
to that particular value will be equal to 1 minus of this is equal to 0.99 again, we use the
same method and the estimate y. Y in this case transfer to be 4.6, which is y as you know
is a transformation X minus beta or alpha. So, 2250 which is particular value of X minus
beta over alpha this is equal to 4.6. So, we generated two conditions we solve these two

equations to get the two unknown alpha and beta.
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Example-1 (contd.)
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y=46
oy,

2250-p

@ —FL=46 @
t. ) o

3902 M

So, we get alpha is equal to 358 and beta is equal to 603. So, like in any earlier
distributions the first step is always to estimate the parameters from the sample values.
So, estimated here in this particular case alpha is equal to 358 and beta is equal to 603
now, we are ask the question probability, what is the probability that x will be greater
than equal to 2500 meter cube per second. So, this we write it as equal to 1 minus
probability of x being less than equal to 2500 which from the expression for f of y, we

write it as 1 minus exponential minus exponential minus 5 that is 1 minus e to the power



minus e to the power minus 5, where y is equal to x minus beta or alpha and x is that
particular value which in this case is 2500 beta we have estimated it to be 603 and alpha
we have estimated it to be 358. So, we get the corresponding value of y as 5.299. So, we
write probability of x being less greater than equal to 2500 as equal to 1 minus
exponential minus exponential minus y, which is 1 minus exponential minus exponential

minus y, which is 5.299.
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Example-1 (contd.)

Solving (1) and (2),
o =358 and 5 = 603

Now P[X > 2§00] = 1 - P[X < 2500]
=1 - exp{-exp(-y)}
y=(x=p) u
= (2500-603)/358

=5.299
P[X > 2500] = 1 - exp{-exp(-5.299)}
T

'O =1-0.995 o~
{ ‘j‘) = 0.005 il
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So, this turns out to be 0.005, which is probability that x being greater than equal to 2500
will be 0.005 which is fairly low probability. Then we move on to what we call as the
type 11 distribution. If you recall the type Il distribution is bounded on the side of the
extreme value that we are interested in for example, if you are interested in the minimum
values then it should be bounded on the lower side, if you are interested in the maximum
values then you should be bounded on the higher side, unlike the type I distribution
which will be unbounded, the parent distribution will be unbounded in the case of

distribution on the side of the extreme.

So, the extreme value type 111 is bounded it is derived from a parent distribution which is
bounded on the side of the extreme in which we are interested in now, for the minimum
value, if you are considering the type Il distribution for the minimum values, this is
referring to as the Weibull distribution; whenever we say it is a Weibull distribution, we
are talking about the extreme value type Il distribution. When we are considering the



distribution for the minimum value the pdf is given by f of x is equal to alpha x to the
power of alpha minus 1 beta to the power minus alpha exponential of minus x by beta to

the power alpha.

So, this has two parameters alpha and beta, and this is defined for x non negative x
greater than equal to 0 and alpha and beta both positive from this you can derive the cdf,
cumulated distribution function as f of x is equal to 1 minus exponential minus x by beta
to the power alpha. Now, it can be shown that the mean and the variance of this
distribution defined as the given here, will be the means is which is the expected value of
X, 1s beta into gamma function of 1 plus 1 over alpha. Similarly, the variance sigma
square is given by beta square into brackets the gamma functions of 1 plus 2 by alpha
minus the gamma function the square of 1 plus 1 by alpha. So, given the sample values
we should be able to estimate alpha and beta by using these two moments, mu and sigma

square.
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Extreme Value Type-lll Distribution

+ Referred as Weibull distribution for minimum values
« pdfis given by (for minimum values)

f(x)=ax""' c.\(p{—{ x/B) } x2a f>0
+ CDF is given by
F(x)=1-exp {—{ x-‘ﬂ]"} x20a.f>0

+ Mean and variance of the distribution are
pn=E[X]=p [(1+1/a)
(’9 o? = Var(X) = p2 {T(142/e) = T2(1+1) ™
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Now, if the low bound on the parent distribution is not 0, then we put a displacement
epsilon. So, we add a displacement and then redefined our pdf. So, whenever we do not
have the lower bound to be 0 then we add corresponding to the displacement that the
parent distribution has and this is known as three parameter Weibull distribution and
associated with this, we have the cdf as given by this expression f of x is equal to 1

minus exponential minus X minus alpha. I am sorry x minus epsilon divided by beta



minus epsilon raise to the power alpha just compare this with our earlier cdf which where
we had 1 minus exponential minus of x by beta. So, all we have done is we have
subtracted a displacement factor, a displacement parameter x minus epsilon here and beta
minus epsilon here that is all the difference and this is called as the three parameter
Weibull distribution, because it has an addition parameter of epsilon apart from two
original parameter alpha and beta.
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Weibull Distribution

+ |fthe lower bound on the parent distribution is not zero, a
displacement must be added to the Weibull (type Il
extreme for minimum) distribution, then pdf is
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Now, in this case again the moments that is the first moment mu is given by epsilon plus
beta minus epsilon gamma function 1 plus 1 over alpha and the variants, which is the
seconds moments about the means is given by beta minus epsilon square and gamma
function of 1 plus 2 by alpha minus the gamma function the square of 1 plus 1 by alpha.
So, again from the sample estimates of mu and sigma square, you should be able to get
the parameters alpha and beta by using also the third moment in that particular case. If
you have three parameters, we will discuss the parameter estimation hopefully in today
class of different distributions, the methods of different parameter distributions.
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Weibull Distribution

+ If the lower bound on the parent distribution is not zero, a
displacement must be added to the Weibull (type ||
extreme for minimum) distribution, then pdf is
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So, Weibull distribution with the two parameter alpha and beta appear something like
this as we discussed in the case of gamma distribution. The alpha parameter determines
the shape of distribution for example, for a given beta, beta is equal to 1, if we change
the alpha the shape will change alpha is equal to 1 provides this particular shape for beta
is equal to 1, if you change the alpha, it provides this particular shape. So, alpha governs
the shape of a parameter, shape of the distribution and beta governs the scale of the
parameter for example, alpha is equal to 2 here, beta is equal to 1gives you this scale and
beta is equal to 3 gives you this scale. So, alpha is therefore, called as a shape parameter
and beta is called as the scale parameter let us consider an example we have remembered
when we are talking about the minimum values that are the extreme distributions for the

minimum values.
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Weibull Distribution

o« — Shape parameter
[p — Scale parameter

u=1/
p=1

We call it as Weibull’s distribution. So, Weibull’s distribution, we are always talking
about the lower extreme. So, we will obtain the probability of x being less than 0.1 using
Weibull distribution for a sample x is equal to as given here. Now, these are the low
flows in a stream and we are interested in the distribution of the low flows and where
interested in the probability that x is less than according to 0.1 as | mentioned earlier
interest of on exist in low flows. When we are talking about water quality or when we
are talking about drought situation where the water availability of concern and therefore,
we will be interested in probability of flow being less than equal to a certain value 0.1.

So, these are the low flows maybe the minimum annual flows and so on.

Now, when we take the mean of this the sample mean is 0.25 this is simply the mean or
the estimate of the mean here, that is the arithmetic average x bar by n and the sample
variance, s square is 0.05782. Now, we use these 2 and equate them to the mean as
obtain for the Weibull distribution and the variance as obtain for the Weibull
distribution. So, this is in fact, called as methods of movement which will introduce into
this class subsequently. So, essentially what we are doing is the means as obtained from
the sample or estimated from the sample and the variance as estimated from the sample
are equated to the mean as obtained from the theoretical distribution and the variance as
obtained from the theoretical distribution and thus we generate two equation and solve
for the two unknowns alpha and beta.



So, mean as obtain from the theoretical distribution as was given here earlier for the two
parameter of Weibull’s distribution, the mean is given by beta into gamma function of 1
plus 1 by alpha and the variance is given by sigma square is equal to beta square into
brackets the gamma functions 1 plus 2 by alpha minus gamma square 1 plus 1 by alpha.
So, these are the expressions that we use and then obtain the two conditions mu is equal
to expected value of x is equal to beta into gamma function of 1 plus 1 by alpha which is
equal to we write mu is equal to beta into this one plus one by alpha the gamma function.
We call that when introduce the gamma function in the gamma distribution we said

gamma function of 1 plus eta can be written as eta as root eta.
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Example-2

Obtain P[X < 0.1] using Weibul's distribution for a
sample X:{0.2, 0.3, 0.45, 0.05, 0.6, 0.07, 0.02, 0.65,
0.15, 0.01}

Sample mean =025

Sample variange s? = 0.05782

w=E[X]=p r(1+1/x)
R(1+n)= 140
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So, that is the relationship that we use here and then write it as beta into 1 by alpha root 1
by alpha which turns out to be beta divided by alpha root alpha or we write it as alpha
root alpha is equal to beta by mu from this expression. Then we also use the variance
sigma square for the Weibull distribution sigma square is given by beta square into the
gamma function 1 plus 2 by alpha minus gamma square 1 plus 1 by alpha again, this 1
plus 2 by alpha we write it as 2 by alpha root 2 by alpha. So, we had taken out beta
square and then this is the first term gamma function of 1 by 1 plus 2 by alpha we write it
as 2 by alpha root 2 by alpha minus the gamma function square 1 plus 1 by alpha we call

that we wrote mu is equal to beta into gamma function of 1 plus 1 by alpha.



Mu by beta we write it as gamma function of 1 plus 1 by alpha and therefore, the gamma
square 1 plus 1 by alpha we write it as from here mu square by beta square and from
there you get sigma square is equal to 2 root 2 mu b this is what we are writing now, 2
root 2 mu beta minus mu square when you simplify this and then we get beta is equal to
0.1702 when you substitute the value for mu as well as sigma square. This is mu square
and this is sigma square. So, once you get beta you go to alpha root alpha is equal to beta
by mu and get alpha is equal to 0.774. So, this is how we are obtaining the two

parameters.
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Example-2 (contd.)

a2 = Var(X) = p2 {[(142/c) = [2(141/ct))

cl=f EF-L p=pri+t/a)
aNa f° wip =T(1+1/w)

o' =22 up =’
f= o’ +u’ _ 0.05782+025° Substituting the
22 u 22x0.25 sample moment
£=0.1702 VAl
I 0.1702 :
7 c:\fz_ = '-{]- == l,‘ - =().68063 o
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. a=0774

We essentially equated the first moment as estimated from the sample which is the
arithmetic average to the first moment as obtained from your theoretical Weibull
distribution and, similarly the second moment about the mean which is the variance we
get the sample estimate and equated it to the second moment about the mean which is the
variance as defined for your Weibull distribution theoretical Weibull distribution and
thus to generate two equations and obtain the parameter alpha and beta. This is in fact,
called as the method of moments for estimation of the parameter. This we would be
introducing in today’s class subsequently. So, once you get alpha and beta the Weibull
distribution is completely defined and therefore, we can talk about the probabilities

associated with the random variable following the Weibull’s distribution.



So, we write probability of x being less than equal to 0.1 which is by definition equal to f
of 0.1 F of 0.1 and f of x for the Weibull distribution is by 1 minus exponential minus x
by beta to the power half this x is that particular value of x. That we are interested in that
which is 0.1 in this case and beta is estimated here as 0.1702 and alpha is estimated here
as 0.774. So, we substitute these values and get f of 0.1 is equal to 0.4845 or probability
of x being less than equal to 0.1 is 0.4845. So, essentially in the extreme value
distributions what we do is that we use either the type one distribution or the type IlI
distribution depending on whether you are interested in the lower extreme or the higher

extreme.
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Example-2 (contd.)

P[X <0.1] = F(0.1)
k

F(x)=1-exp{-(x/A)}
F(O.)=1-esp{-(0.1/0.1702)' ™'}
= 04845

P[X < 0.1] = 0.4845

Now, the type I distribution essentially comes from the parents distributions which are
unbounded on the side of the extreme that you are looking for example, if you are
looking for the minimum values then the parents we which has a lower bounded or the
lower extreme unbounded for example, the normal distribution which has the lower
extreme unbounded, if you are interested in type I distribution which and you want to use
the maximum values or the hear extremes parent distributions should have a higher
bound which is the bound on the right side should be unbounded. Again the normal
distribution is an example or the log normal distribution is an example, gamma
distribution is an example, which have the higher bound as unbounded we use the type
Il distributions when we are looking or let say minimum values and the parent

distribution has the lower bound the lower bounded. So, in the type I distribution, type



111 distribution we are talking about the parent distribution being bounded on the side of
the stream that we are looking for. When we are using the type Il distributions for the
minimum values, it is called as the Weibull distribution which is more commonly used in
hydrology for events like low stream flows, low rainfalls, minimum temperatures and so

on.

When we are looking at the minimum value or the lower extreme values then we use the
Weibull distribution. So, essentially or the in hydrology most commonly we use the type
I distribution for the maximum values typically the floods peaks and high stream flows
high intensities of rainfall and such higher values of the event. Higher values of
particular random variable we will be using the type | distribution which is called as a
Gumbel’s distribution and type I distribution we typically use in hydrology for the
lower bound of the random variables, typically for low stream flows, minimum rainfall,

minimum temperature and such events and this is also called as the Weibull distribution.

So, we have covered a range of distribution we started the normal distribution then we
went on to the log normal distribution the normal distribution is most commonly used in
for normal processes for example, average stream flows, average annual stream flows,
and seasonal rainfall where you are accumulating large periods of time. Such normal
events we use normal distribution it is most commonly used in hydrology, but the
limitation of the normal distribution, if you recall are limitations are that there is a finite
probability associated with negative values and often in hydrology we deal with non
negative value non negative variable for example, stream rainfall of the negative and so
on. Also the normal distribution is a perfectly symmetrical distribution and in hydrology
we often get situation where the distributions are not symmetrical and they are often
skewed distributions. It is in these situations that the log normal distribution has
advantage that it is defined for non negative values of x. So, we graduated on to the log
normal distribution where we are talking about a positive skewed distributions and it is
defined essentially for non negative values of the argument x.

Then we also went on to the exponential distribution which is typically used for time
between two critical events and the we introduce the gamma distribution, which is the
family of distributions in of which exponential is a specific case then we went on to
introduce a extreme value distribution when we are interested in really high value or low

value of a particular random variable. Now, these are some of the distributions that we



commonly used, but they are not as set of distributions as any function which satisfies
the two conditions namely f of x is non negative and the integral between minus infinity
to plus infinity with respect to x must be equal to 1, any function that satisfies these two
conditions that is a potential probability density function. So, there are virtually infinitely

many such probability distributions.

We have, in this particular course introduced those distributions which are commonly
used in hydrology at first level. Now we move on to another topic where we are
interested in estimating the parameters of a distribution. As we know any distribution
which satisfies those two conditions | just mentioned is a potential a distribution and
therefore, we have virtually infinitely many such distributions each distributions will
have certain parameter for example, the normal distribution had two parameters and the

Weibull distribution that we just introduce has had two parameters alpha and beta.

The exponential distribution had a parameter lambda the gamma distribution had two
parameters log normal distribution had two parameters and so on. So, typically a
distribution will have one or more than one parameters given a sample we should we
should know how to estimate the parameters from the sample parameters of the
distribution from the sample for example, you have a sample of observed stream flows
for the last 50 years. How do we make use of this sample of observed stream flows to
estimate the parameters of let say normal distribution assuming that this sample follows a
normal distribution or if it follows a let us say exponential distribution, if you we have a
sample of time between two critical events and we have collected that sample over a past

historical period.

How do we estimate the parameters of the exponential distribution, assuming that the
sample follows the exponential distribution? So, we now introduce the important topic of
parameter estimation. So, essentially the problem that we will be concern within
parameter estimation is that you have a sample of observe values and from these samples
we want to estimate the parameters of a particular distribution. So, how do we go about

this? First we introduce the concept of the parameter estimation itself.
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Parameter Estimation

+ f(x) : pdf and F(x) : CDF
+ In general, f(x) and F(x) are also functions of parameters
106 04 0 ceevvvneen B) OF F(X 041 05 .o, 0,
+ Arandom sample X, X5, ...... X, is available

6 : Estimate of 6, : a function of the sample

. y : random variable since it is a function of the random
sample.

+ Two important properties of the estimators |
» Unbiasedness

o = Consistency
[ e B,

We have been talking about the pdf and the cdf, we denoted the pdf by f of x small f of x
and the cdf by the F of X, but in general f of x and f of x the small f of x and the capital F
of X are also functions of the parameter and therefore, we should be writing f of x
semicolon theta 1 theta 2 etcetera, theta m. So, this has m parameters, similarly f of x has
m parameters theta 1, theta 2, etcetera, theta m now, we want to estimate these
parameters theta 1, theta 2, etcetera, theta m from an available sample x 1, x 2, etcetera, x
n. So, this is an observed sample from the sample we should be able to estimate the

parameters theta 1, theta 2, etcetera, theta m.

The theta 1, theta 2, theta m which are set of parameters is in fact, a function of sample
itself because you are estimating. | repeat that theta 1, theta 2, theta m etcetera, are the
parameters of the population and you are estimating from the sample, the associated

parameter estimates you are obtaining the associated parameter estimate theta i cap.

So, whenever we put a cap here it means that it is an estimate. So, we denote for
example, theta | cap as an estimate of theta | whenever we are talking about the estimates
the estimates will be a function of the sample itself and therefore, as you change the
sample you get a different estimate and therefore, the theta I cap is a function of the
sample and because the sample is a random sample theta | cap itself becomes a random

variable; that means, you are estimating these parameter and these parameter estimates



themselves become random variables with their own probability distributions and their

own moments.

So, theta | cap has its own distribution and therefore, its own moments for example, it
has its expected value, its own variance and so on. So, the question is what are the best
estimates from the available samples sample x 1, x 2, etcetera, x n which in some sense
is best for our purpose of using this particular distribution f of x? Now, we introduce two
important properties of the estimators or estimates. So, we have one property called as
unbiasedness of the estimate or we call them as unbiasedness estimate and we have the
property of consistency of estimates or we call them the associated parameters estimates
as consistent estimates of the parameter.
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Parameter Estimation

Unbiased estimate:

. An‘estimatefi of a parameter 6 is said to be unbiased if
E@®) =6,

* The bias is given by E(d) -6

* An estimator is unbiased does not guarantee that an
individual ¢ is equal to 6 or even close to 6

* The average of many independent estimates of 6 will be
equal to 6,

Let look at what we mean by the unbiasedness or unbiased estimates as | just mentioned
or the theta cap which is a parameter is itself a random variable and the expected value of
theta cap, if it approaches theta that is we say an estimate theta cap of a parameter theta
is said to be unbiased if the expected value of theta cap is equal to theta itself and the
bias if any is given by expected value of theta cap minus theta. So, what we are saying
here is that your theta cap is such that your expected value of theta cap is equal to theta
this does not mean that an individual theta cap that you get an individual estimate theta

cap that you get will be exactly equal to theta or even close to theta it just means that the



average of many independent estimates of theta will be equal to theta this is what is

meant by a unbiased estimate.
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Parameter Estimation

Consistent estimate:

+ Anestimated of a parameter 6 is said to be consistent
if the probability that & differs from 6 by more than an
arbitrary constant £ approaches zero as the sample size
approaches infinity.

Similarly, we introduce a concept of a consistent estimate now an estimate theta cap of a
parameter theta is said to be consistent if the probability that theta cap differs from theta
by more than an arbitrary constant epsilon approaches 0 as the sample size approaches
infinity. So, let say you have sample of 50 values and you estimate theta cap and then
you have a sample of 100 values when you estimate theta cap and so on. So, as the
sample size keeps on increasing if your probability of theta cap being close to theta with
a distance of epsilon if this probability starts approaching O that is probability of theta
cap minus theta the absolute value of this being greater than equal to an absolute

arbitrary value epsilon if this approach is 0 as n tends to infinity.

N is a sample size as the sample approaches infinity then such a estimate is called as a
consistent estimate. What we mean by this is that let us say we estimated a parameter
theta cap with 50 values with some sample values and this probability is some this
particular probability is some certain value and then as you increase your sample size.
This probability becomes lower increase your sample size again the probability becomes
much lower and so on. So, as the sample size increases the probability this probability

starts becoming closer to 0 then it is called as a consistent estimate.



However in certain situations it may happen that as your sample size is increasing the
estimates that you are obtaining will lead to these probabilities fluctuating around 0 not
necessary approaching 0, sometimes they approach 0, sometimes they go away from 0,
etcetera, they will become inconsistent estimates So, in certain situations will be
interested in both unbiased as well as consistent estimates and therefore, it is important
for us to understand this concept and test for unbiasedness as well as consistency of
estimates. Now having introduced the concept of parameter estimate, we will now look

at some methods which are available for estimating the parameter.

We will typically used the method of matching moments, method of matching points,
method of moments and the method maximum likelihoods. We will introduce these three
methods for estimating the parameters or there is also a method of graphical plotting
method of potting which is a really approximate method which is used really as first cut
rough estimate, but we will not deal with that particular method in this course. With the
computers available etcetera, it is method of the graphically method is almost outdated
now. In the methods of matching points what we do is essentially, we look at the samples
values. From the sample values we estimate certain probabilities as relative frequency of
such things and then we equate these probabilities with the probabilities as expected
from the particular distribution and then from the associated probabilities we obtain the

parameters.
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Method of matching points

+ Not a commonly used method

+ Can produce reasonable first approximations to the
parameters

+ Use the data set to obtain probabilities and estimate the

parameters

+ Simple and approximate method
AT




This is not a very commonly used method; however, when you have samples from which
to we can estimate let us say probability of x being greater than equal to a given value is
80 percent and so on. When you can estimate those things as the first cut estimated of
parameters you can use these. It is a simple and approximate method. Let us take an
example here, a data set is assumed to follow the exponential distribution f of x is equal
to c e to the power minus ¢ x. Now from the data set that is available with us we see that
the 80 percent of the values are less than 1.5. So, we use this fact to estimate the
parameter c. So, what is it? That is given probability of x being less than equal to 5 in

this particular case this one written as 1.5.

This is written as 5 here it is actually 1.5. So, probability of x being less than according
1.5 is given as 80 percent. So, here we are saying this should have been 1.0. So,
probability of x being less than equal to 1.5 is 0.8 because 80 percent of the value are
less than 1.5 then from this we write you know that f of x for there is a capital F of X for
the exponential distribution recall that it is 1 minus e to the power minus lambda x in this

particular case lambda is c.
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Example-3

A data set is assumed to follow exponential distribution
f(x)=ce™ x>0

In the data set, 80% of the values are |ess than 1.5

Estimate the parameter ‘¢’

P[X <5.0]=0.8
1-e!5=08

e'%=02 .
-1.5¢ =In(0.2)
M ™

i 1.5¢ = 1.61 v
. ) c=1.073 t
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So, we write this as 1 minus e to the power minus c into x, x is 1.5, this equal to 0.8. So,
e to the power 1 minus 1.5 c is equal to 0.2 from which you get c is equal to 1.073. So,

essentially what we did here is that we looks at the sample we estimated some



probability from the sample. So, we said than 80 percent of values are less than 1.5 we
use that fact and then obtain c this is one way of estimating the parameters.

We just use one of the facts from the samples that 8 percent of the values are less than
1.5 and we obtain c this may be quite an approximate way of estimating the parameter.
So, this may not be really the parameter estimate that will emerge from large sample
values where we use the method of moments or method of maximum likelihood, which
will introduce just now a better way of estimating a parameter and one of the most

commonly used methods is by using the method of moments itself.

So, what we do here is that, let say a particular distribution has m number of parameters
theta 1, theta 2, etcetera, m we equate the sample moment recall that the first sample
moments is the sample estimate of the first moment is the x bar and similarly sample
estimate of the second moments is x square or the variance estimates of the variance and
so on. So, from the sample we can obtain the sample estimates of the moments first
moments second moments third moment and so on. We equate these with the moments
obtained on the population or the moments of the theoretical distribution and then equate
them generate m number of equations by equating the m moments of the sample with the
m moments of the population generate m number of equations solve these m equations to

obtain the m parameters.
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Method of Moments (MoM)

+ One of the most common used methods for estimating
the parameters

+ Equate the first ‘'m' moments of the population to the
sample estimates of the first 'm’ moments

+ Results in ‘'m’ equations; solve to get the ‘m’ unknown
parameters of the distribution.




So, this actually results in m equation and we solve the m unknown parameters of the
distribution. So, again we will take the example of the exponential distribution. So, we
have a single parameter lambda here. So, we take the first moment. So, first moment of
this distribution is mu is equal to 0 to infinity because x is greater than O here 0 to
infinity x f of x d X, x into lambda e to the power minus lambda x d x. So, we integrate
this by using method of a separation and then we get mu is equal to 1 by lambda. So, this
is 0 to infinity essential what we are doing here is using the fact that we are integrating u
v is equal to u v dash minus integral v u dash that is what you are using here and then
you simplify that and get mu is equal to 1 over lambda for 0 to infinity, this is fairly
straight forward you can refer to this later.
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Example-4

Obtain the parameter ‘2.’ using method of moments for the
pdf f(x)=Ae™" +>0

So, mu is equal to 1 over lambda now, what is sample estimate of mu? Mu is the first
moments. So, if you have a sample how do we estimate mu from the sample we
estimated by x bar which is the arithmetic average. So, we write this ass x bar is equal to
1 by lambda and therefore, lambda cap which is the sample estimate of a parameter
lambda will be equal to 1 by x bar. So, this is how we proceed for a distribution having
any number of parameters. If you have two parameters, what would do you will take two
moments first two moments one is the mean and the second one is the second moments
about the mean itself which is a variance and then you equate to the sample estimates of
these corresponding moments and then obtain two equations solve for the two equations

and then obtain the two parameters.



So, let us look at one other example here of which has again a single parameter theta. So,
f of x is equal to theta sin square x for x varying between 0 and pi you can verify that
this, in fact, is a valid pdf by integrating this between 0 and pi you will get one. So, this
has one parameter theta. So, again we will take the first moment. The first moment of
this would be 0 to pi x into f of x which is theta sin square x d x. Again we integrate by
parts you get you can either use mat lab or you simply integrate in by pass you will get x
bar is equal to theta sin x square by 4 minus X sin 2 x by 4 plus x square by 4 between 0

and pi.
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Example-5

Obtain the estimate ‘6" using method of moments for pdf
f(x)=8sin’ x 0<xsr

One parameter ' 6’

The first moment is = j.r-Hsin: xdx

X= J_\' -@sin” x div
[}

{:j) =@ sin x° ‘\'sin:\'_‘_.\': ’
3 = -
S 4 4 4]

So, that turns out to be x bar is equal to theta pi square by 4 remember here, we said x
bar is an estimate for mu and therefore, we get theta cap here. So, theta cap will be 4 x
bar by pi square. So, the method of moments we take those many moments as we have
number of parameters and generate those many equations from these and equate and
obtain the associated parameter. Now, we introduce a slightly more rigorous way of
estimating the parameters which is the which is the method of maximum likelihood we
have the sample consisting of n values x 1, x 2, etc,, x n. Now, your f of x if write it for x
1, x isequal to x 1, x is equal to x 2, etcetera, then we define a likelihood function as f of
x 1, theta 1, theta 2, etcetera, theta m into f of x 2, theta 1, theta 2, etcetera, theta m into f
of x n theta 1, theta 2, etcetera, theta m and so on. The basis of this is that is your write it

for n terms here.



(Refer Slide Time: 51:06)

Method of Maximum Likelihood

+ Consider the sample of ‘'n’ random observations x,, x,
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So, this is for n terms. The basis for this is that the once a sample has occurred x 1, X 2,
etcetera are independence. So, we are looking for those set of parameter theta 1, theta 2
etcetera, theta m which will maximize the likelihood of this sample x 1, X 2 etcetera, X n
appearing from that particular pdf. So, in a sense we are writing it as a joint distribution
of fof x 1, f of x 2, f of x 3, etcetera and because they are independent x 1, x 2, etcetera,
is the sample of which has actually occurred.

We obtain the likelihood function as product of f of x 1 into f of x 2 etcetera, for those
parameters theta 1, theta 2, and etcetera. So, we first define the likelihood function as
product of f of x i theta 1, theta 2, etcetera, over i is equal to 1, 2, n. This is the likelihood
function and we are seeking those parameters theta 1, theta 2, etcetera, which will
maximize the likelihood | which means we are looking for that set of parameter theta 1,
theta 2, etcetera, theta m which results in the maximum likelihood of obtaining this
particular sample x 1, x 2, etcetera, x n that is the principle here So, we formulate the
likelihood function and then we maximize the likelihood function with respect to theta
one theta two etcetera, theta m generate m number of equations by taking the first
derivative, because we are looking at the maximization of L here maximization of L
associated with the theta. So, with respect to each of the theta I, you differentiate that
equated to O generate m number of equations and solve the m equations to get the

parameters m parameters.



So, we just used method of moments as well as method of we have just introduce the
method of maximum likelihood the maximum likelihood estimates are not unbiased
estimates remember we also introduce earlier the concept of an unbiased estimate and the
consistence estimate maximum likelihood estimates are not unbiased. However as you
estimate using maximum likelihood method with several samples large number of
samples then they maybe asymptotically unbiased. So, it may be shown that the

maximum likelihood estimates are asymptotically unbiased.
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Method of Maximum Likelihood

+ We are interested in those values of 6,, 6, ....... «oers B, that
maximize the Likelihood function
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concept. So, the maximum likelihood estimates are consistence method of moments and
likelihood estimates method of maximum likelihood do not always produce a same
estimate of false parameter. So, this must be remembered that is, you may use method of
moments you may come up with some estimates for the parameters, but when we use the
methods of maximum likelihood you may come up with some other estimate for the
parameters. When this happens, the maximum likelihood is generally preferred over

method of moments.

So, the maximum likelihood estimates are generally preferred over the methods of
moments let us take a simple example to demonstrate how we estimate the parameters,
using the methods of maximum likelihood. So, we will again take the same example as
the exponential distributions as we consider for the method of moments f of x is equal to



lambda e to the power of lambda X, the parameter is lambda here. We formulate the
likelihood function | of lambda is equal to lambda e to the power minus lambda x 1 into
lambda e to the power minus X 2 etcetera. So, essentially what we do is we formulate the
likelihood function by putting X is equal to x 1 into x is equal to into f of x 2 which is by

putting x is equal to x 2 and so on.

This is the product lambda e to the power minus lambda x 1 lambda e to the power
minus lambda x 2 and So, on which is written as lambda to the power n multiplying it 10
times e to the power minus lambda sigma x | because this would be e to the power minus
lambda x 1, plus x 2 plus x 3 etcetera, inside bracket. So, this is minus lambda e to the

power.
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Example-6

Obtain the parameter ‘2.’ using method of maximum
likelihood for the pdf

f(x)=Ae™ X x>0

L(A)= Ae™™ x je™* je~t
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I will repeat, lambda to the power n e to the power minus lambda summation of x | over
I is equal to 1 to n. It is often convenient to take the logarithm of these, logarithm of the
likelihood function because log of x is a monotonic function of x. Therefore, log of x
will have the maximum at the same place where x has the maximum ad therefore, if you
take the logarithm of likelihood and the look at that value of lambda in that particular
case at which the log L of m has the maximum the same value of lambda also

corresponds to the place where L of lambda has maximum.

As we are looking for that particular value of lambda, it maximizes the likelihood
function L of lambda. So, the log of log likelihood will be equal to n lambda n log of



lambda minus lambda sigma of x | where simply taking the log of this we differentiate
this with respect to lambda, because we are looking for the maximum value of log of
lambda differentiate this with respect to lambda equated to 0. You get n over lambda
minus sigma X | here n over lambda minus sigma x | your differentiating with respect to
lambda will be equal to 0 and from this you get this is minus lambda sigma x | plus n is
equal to 0 from this you get sigma x | by n equal to 1 over lambda.

What is sigma x y by n that is x bar. So, x bar is equal to 1 by lambda. So, we write from
this lambda | cap which is an estimate will be equal to 1 by x bar. So, this is how we
estimate parameters using the maximum likelihood method. Essentially we formulate the
likelihood function which is simply the product of f of x at x is equal to x 1 into f of x at

X is equal to x 2 and so on.

(Refer Slide Time: 56:04)

Example-6 (contd.)

So, f of x I for I is equal to 1 to n, because you have the sample x 1, x 2, X 3, etcetera, X n
we formulate the likelihood function then differentiate the likelihood with respect to the
each of the parameters theta 1, theta 2, etcetera, theta m. Generate m equations equate it
to 0 that is the first derivative equate it to 0, because you are looking for the maximum
value the necessary condition is that the first derivative is equal to 0 generate m
equations solve the m equations to get your m parameters. So, in this class today what
we did is we went on to introduce the type Ill extreme value distributions and

specifically we covered the Weibull distribution which is used generally for the al lower



extreme. For example, the minimum values of stream flow and so on. We introduced the
Weibull distribution and solved a couple of examples. Then we went on to discuss the

parameter estimation.

We introduce the concept of an unbiased estimate and also a consistence estimate and we
covered three methods of estimating the parameters, one is the method of matching
parameters where we simply look at the sample and estimate certain parameters from the
sample and we estimate certain probabilities, from the sample and equate it to the
probabilities as obtained from the theoretical distribution. In the method of moments, we
take those many moments as we have a number of parameters and thus generating those
many equations and solving these equations we get parameters estimates of the

parameters.

In the method of maximum likelihoods we define a likelihood function and obtain those
parameters which will maximize this likelihood how do we do this, we take the first
derivatives of the likelihood functions with respect to each of this parameters. Equate it
to 0, because that is the necessary condition for the maximum of a function, equated it to
0 generate m number of equation when we have m number of parameters and then solve

then to get the parameters. So, we continue this discussion in the next class thank you.



