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Lecture - 03

Basic Concepts of Linear Algebra

Hello. So, as we discussed in our last lecture about the Errors in Floating Point Operation, the

next logical point of discussion is how the approximate solutions are constructed.
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Vector spaces

Vectors in Euclidean space

> A position vector r(x, y. z) as a linear
7 combination of orthonormal base vectors:

r Xi+yj+ zk

, X 1 0 0
e y x[0f+y|1]+2(0
D v z 0 0 1

> The set {i.j,k} constitutes an orthonormal
X basis (span the space) i-j=j-k=k i=0
andii=jj=kk=1

Manish Shrikhande mshrifeq@iitr.ac.in Department of Earthquake Engineering Indian Institute of Technology Roorkee

Finite Element Method and Computational Structural Dynamics

And, that is based on the concept of vector spaces, how approximate solution is created and
then how do we analyze about the quality of approximation and that is what we will discuss

in our lecture today.

Now, we move on to the next topic that is also essential, that also forms the basis of all
approximations. So, vector spaces, so vectors in Euclidean space we all know about the

vectors from high school levels that is the first time we probably started using vectors.

So, Cartesian coordinate system X, y, z and (Refer Time: 01:38) point P can be represented as

a summation of 3 unit vectors. So, a position vector r that you can see, that designates the



defines the point P in the any 3-dimensional geometry (Euclidean geometry) can be

represented as a linear combination, I mean when I say linear combination it is single power.

So, linear combination i + j + k, some proportion of i plus some proportion of j plus some
proportion of k, where 1, j, k are the unit vectors that we so very well know. So, that

represents the position vector r. So, the triad of the coordinates X, y, z can be represented as
x 1 0] 0]
3% = x|{0] +y|1)]+=2z]O0
z 0] 0] 1

So, this vector X, y, z, so, this is position vector r that can be represented as a linear
combination of these 3 base vectors. So, these are orthonormal base vectors we call them
orthonormal because they are all of unit length, so they are unit vectors, so, unit length. And
they are all perpendicular to each other that is when I say perpendicular to each other or
orthogonal to each other, the projection of one vector on to another base vector is 0. So, if I
try to compute the projection of i along the direction of j that is 0. And if I try to compute the

projection of unit vector j along unit vector k that is again 0 and that projection is given by

1
1
0o
dot product between these vectors. So, 0 0 multiplied by
0 0 11
14 0o
0 0 , that is the dot product. So, that will be again if you calculate, so 0 0 transpose that is
0o
11

the row vector and then column vector 0 0 that will yield 0. So, that is the dot product that

projection and that works out to 0. So, that is the orthogonality.

So, the (i, j, k) constitutes an orthonormal basis. When I say basis it means that it spans the
space; that means, any vector in 3-dimensional geometry can be represented as a linear
combination of these 3 orthonormal vectors, base vectors. Now, these are by no means the

only set of base vectors, these are only the convenient base vectors that we deal with.



But as I said the orthogonality properties, dot product between i and j is equal to dot product
between j and k and that is equal to the dot product between k and i, and that is equal to 0
because orthogonal vectors will not have any projection on other direction. And also they are

all unit length, so the dot product with themselves is equal to unity.

So, that is only a matter of definition. But what is important is they constitute orthonormal
basis, the significance of basis is that it spans the space. When I say spanning the space it
means essentially what I am trying to say here is any vector in this 3-dimensional geometry
can be represented as a linear combination of these 3 base vectors. So, as you can see in the
context of this position vector, position vector can be anywhere in the 3-dimensional

geometry and this can be represented as a base vector.

(Refer Slide Time: 06:18)
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Vector spaces

Vectors in n-dimensional space
» The position vector r = {x, .z} represents a point P(x.y,z) in 3-dimensional
Euclidean space.
» The Cartesian coordinates (x, y, z) are the projections of position vector r onto
orthogonal base vectors i, j, and k respectively.
> This geometric interpretation can be extended to an hypothetical n-dimensional
space wherein any n x 1 vector represents a paint in the n-dimensional space.

X1 1 0 0
X 0 n
x=| . |l=x|.[+tx| [+ . .+tx]. :Zx,ed
) ’ ’ i=1
X 0 0 1
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So, as I said, now we can extend this from 3-dimensions, we can extend it to n-dimension just

a simple mathematical extension. So, we can talk of instead of 3-dimension, we can talk of

X X

yy
n-dimensional space. So, just as a position vector r = z z represents a point P (X, y, z) in

3-dimensional Euclidean space. Any vector n-dimensional and the Cartesian coordinates x, vy,

z they are the projections of position vector r on to the, orthogonal vectors.



So, if I have this position vector r, I take its projection along x axis along the unit vector i that
gives us the coordinate x coordinate. I take the projection along unit vector j that gives me the
coordinate y and I take the projection along the unit vector k along the z direction and that
gives me the coordinate z. So, those are the Cartesian coordinates because those are the
projections of the position vector along the base vectors 1, j and k respectively. So, Cartesian
coordinates are the projection of position vector r onto orthogonal base vectors i, j and k

respectively.

So, this geometric interpretation can be extended to an hypothetical n-dimensional space,
vector space, where we have a vector of n number of elements and I can represent it as a

linear combination of base vectors. So,

X1 1 0 0
X2 0 1 0 o
X = . = X1 . + X2 . + ...+ Xn . :Zx;e,—
: - : ' i=1
Xn 0 0 1
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Vector spaces
Base vectors and linear independence-1

» x =37 xe;is just one of the infinitely many such possible decompositions.

» |s there any other way of breaking up an arbitrary vector, eg., x = [4,1, —3]T
other than dey + ley — 3e3?

> Let us verify the identity:

4 0.862 0.433 0.263
1| =188]-0267| +362( 0829 | +3.05 -0.491
-3 0431 -0.353 -0.830

> The coefficients (1.88,3.62,3.05) are the coordinates with respect to new set of
base vectors.
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. n n .. . . .
So, now x is equal to x= Yilixie Nty xier i just one of the infinitely many such possible
decompositions. It is a convenient decomposition very easy to construct, but it is not the only

possibility. There are in principle infinite such possibilities, I can find out infinite set of base



vectors which mutually orthogonal and of unit length, so orthonormal set of vectors which

can be used in similar fashion for the expansion of the any arbitrary vector, right.

So, just as an numerical example to explain the concept, so this arbitrary vector again we will
work with vector of 3-dimension just for it is easier to understand, it is easier to visualize, but

the results are very general. It can go up to any value of n even extending to infinity. So, any

vector let us say x= [41,-3]" [41,-3]" can be represented in any way other than4e ,+1e,
- 3 e, that is the Cartesian representation using e , € ,, € ; are synonyms for 1, j and k. So, let
us look at it from the other way around. I just have these numbers. Does this add up to this

left-hand side is equal to right hand side? So, 1.88 again I am using 3 significant digits here.

0.862 0.433 0.263
1.88 | —0.267 | + 3.62 0.829 + 3.05 | —0.491
0.431 —0.353 —0.830

And you will find that within the finite precision arithmetic more or less you will get the left
hand side is equal to right hand side. So, what does this mean? vectors that we see here this
vector here and this vector here and this vector here, together these 3 also constitute a base
vector, a set of base vectors. So, that is also is basis in this 3-dimensional space. And these
the numbers they are the coordinates. And I can write this as a linear transformation, so
coefficients 1.88, 3.62 and 3.05 they are the coordinates with respect to new set of base

vectors. So, I just effected a transformation.



(Refer Slide Time: 11:24)
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Vector spaces

Base vectors and linear independence-2

> Aset of nvectors (xi, i =1.2,....n)is linearly independent if and only if:

n

Z(\,x;:O

i=1

holds only when all coefficients i = ay = ... =, =0.

> A set of n linearly independent vectors spans the n-dimensional vector space —
any arbitrary vector in n-dimensional space can be expressed as a linear
combination of these vectors.
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So, these are the basic definition. Just to emphasize any set of vectors is linearly independent
as long as any linear combination is equal to null vector only if all the coefficients alpha 1,
alpha 2, alpha 3 that are the coefficients of the vectors associated with it. Only when these
coefficients are 0, only then this linear summation is equal to 0, then that set of vectors is
called linear independent linearly independent. And it is important for any set of vectors to be
constituted as a base vector that they have to be linearly independent first. Orthogonality is a
very stringent criterion. All orthogonal vectors will of course be linearly independent, but not
all linearly independent vectors need be orthogonal, right. So, orthogonality is a much more

stringent criterion.

So, a set of n linearly independent vectors they will they are sufficient to span the
n-dimensional vector space and any arbitrary vector in that n-dimensional space can be
represented as a linear combination of these vectors. And this is very fundamental statement
which allows us to construct approximate solutions. We will come to this in the next few
lectures when we start constructing finite element approximations, how do we derive finite
element approximations. So, the basis is essentially this. So, if I have a set of linearly
independent vectors then I can construct any arbitrary vector can be represented in terms of

independent, n number of linearly independent vectors.
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Orthogonal bases

Change of bases and orthogonal basis

> Vectors can be transformed with respect to different bases.

1 00| /4 0862 0433 0263 | /1.88
010[(1 -0.267 0829 -0491| | 3.62
00 15\-3

0431 -0.353 -0.830] \3.05
» Change of basis: y = B~ Ax (linear transformation)

or, Ax = By

» For orthonormal bases: B~* = BT
> Linearly independent base vectors are not convenient
» Orthogonal vectors often lead to simpler models

> Establishment of an orthogonal basis is a logical but expensive operation
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And just as an example, vectors can be transformed with respect to different bases.

1 00 4 0.862 0.433  0.263 1.88
010 1 = |—0.267 0.829 —0.491 3.62
0 01 -3 0.431 —-0.353 —-0.830 3.05

So, both of them are identical. They are referring to the same point, but with respect to
different set of base vectors. So, essentially the point representation that I have is I am
referring to the same position, same point in 3-dimensional space, but it is with reference to

different frames of references.

So, [41,-3]" [41,-3]" is with respect to some set of unit vectors, Euclidean base vectors,
and the same point can have coordinates [1.88, 3.62, 3.05]" if I use the base vectors which are
oriented along these directions as indicated. And I can have Ax. So, A is this matrix and this
is the column vector, so that represents Ax. And Ax is again another column vector that is the
position vector that is equal to B is this arrangement of base vectors and with associated
coordinates, so, By. So, it also refers to the same position vector albeit with different basis.
So, this is the change of basis. I can change coordinates, I can find coordinates with respect to
one from the other and if I know the basis I can find out the coordinates with respect to new
basis by just taking this linear transformation B inverse A and that would be the linear

transformation. Now, inverse computation is a very tedious process and we do not really



recommend. I mean inverse of a matrix should never be computed that is the thumb rule of
numerical computation, and we can find out several ways of doing the operation. I mean most

of the time we do not really need to find the inverse.

And interestingly for orthonormal basis inverse of a matrix, inverse of the matrix is same as
its transpose. So, the problem is solved. If I choose an orthonormal basis then I do not really
need to compute the inverse, I just have to find the transpose of the matrix and the problem is
solved, that transpose is its inverse and subsequent computations are also facilitated very
easily. So, that is why linearly independent vectors although they are very general they are
not convenient because of the need to more elaborate computation for finding the
coordinates. Orthogonal vectors are much more simpler and they will often lead to simpler
models in computation. And establishment of an orthogonal basis is a logical process, very
logical process, but it requires little bit of expensive calculations, expensive operations that is

called through the Gram-Schmidt orthogonalization, right.

(Refer Slide Time: 17:09)
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Orthogonal bases

Gram-Schmidt orthogonalization

» Let us consider a set of n independent vectors: [ul, up, ..., u,,] to be converted
to an orthonormal basis: [q1, 2, ... Qa).

» Normalize u; to unit length and save it as the first vector of the orthonormal
basis: q; = mul

» Vectorsuj, 1=1.2,..., n can be expressed as a linear combination:
Ui = G1q1 + Cag2 + ... + Cinlln

» Determine the projection of uy along the previously determined orthonormal base
vector: ¢ = q{ Uy (Since qf qj = 0.j # 1, by definition)

> Remove the traces of q; from up: {p = uy — qlqlTu2

» Normalize i to unit length to get second vector of the orthonormal basis:

1
02 = 2

Manish Shrikhande mshrifeq@iitr.ac.in Department of Earthquake Engineering Indian Institute of Technology Roorkee

Finite Element Method and Computational Structural Dynamics

We will not get into this Gram-Schmidt orthogonalization at the moment, that is not very
crucial for these subsequent discussions, but it is very important when we come to the process

of numerical computations. So, while we are at the vector space discussion let us also briefly



discuss this Gram-Schmidt orthogonalization that will help in understanding the operations

that we do for orthogonalization and what are the benefits.

So, the point is any linearly independent victors let us say [u ; ......... u ,] they can be
converted into an orthonormal basis thatis [q , g, ....... q »]- And the first process starts with
the first vector anything any arbitrary vector u ,, it can be normalized to unit length, so that is
just sum of squares and square root and divided each element by that number and that is take
that takes care of the orthonormal basis. And then we go by the definition of
orthogonalization that the projection has to be 0, projection on the resultant vector has to be 0
on the other components. So, if I want to make any vector orthogonal with respect to let us
say one direction then I just find out its projection on that direction and then subtract that
component. Once I compute the projection I know exactly by what amount that direction is
contained in this vector and then I sweep out that contribution. So, any vector u ; can be
expressed as a linear combination. Remember we have already computed q ; here, so

theoretically u ;can be represented as, any arbitrary vector u ; can be represented as ¢ ;; q ;+c ;

Now, I can find out the projection along the previously determined orthogonal basis let us say
q 1. So, that projection is given by q,"u, and that is ¢ ,,, and then remove the traces of q, from
U, just as this operation and then this represents resultant vector is orthogonal, is rendered
orthogonal to q;. And that is how we continue the orthogonalization. We can normalize it to

unit length and that is how we generate second set of the orthogonal orthonormal basis q,.

Again, u; will be made orthogonal with respect to q , and q , by the similar process and then
normalize it to get q ;. Then, u , will be made orthogonal with respect to q ; q , and q ; and
then normalize subsequently normalized to unit length to get q 4, and so on it continues. So, it

is a sequential process, and this process is called Gram-Schmidt orthogonalization.
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Vector and matrix norms

Vector norms

Sizing them up!

Comparison is possible only between scalars! How to compare vectors and matrices?
> A vector norm (||x||) is a function that maps a vector x onto a real scalar.
» ||x]| > 0 with equality holding if and only if x = 0.
> |lax| = |al|x]| for any scalar a

» [+ y] < [Ix] + [lyll (triangle inegality)

n 1/p
I = (Z )
i=1
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Now, another thing that we need to discuss is the how to we size it up. If you look at it this
particular thing we are using, so this is what we call as | , norm or the length of the vector,
length norm of the vector because when we are talking about approximate solutions we also
have something called error. I mean the moment we are talking of approximate solution we
are talking of errors. So, we need to find out what to, how to minimize the errors or when the
error is small enough. Now, small or large can only be discussed between two scalars, two
numbers, comparison is possible only between two scalars. If I have a vector of numbers and
another vector of numbers how do I compare between them? How do I say that this vector is
smaller than the other vector? So, during the process of approximation I have some error
from the one set of approximation, I have another measure of another error in solution that is
available as a vector from another set of approximation how do I judge which approximation
is better? And that is possible if I define a vector norm is a function that maps a vector onto a
real scalar. And this is a generic definition of a vector norm, any n-dimensional vector
absolute value of each element raised to the power p and summed over all the elements and
then taken the pth root. So, that is called pth norm. And we can generalize it norm of a vector
is a real number greater than or equal to 0 with it is equal to 0 only if x is a null vector and

norm of alpha times x is same as alpha times norm of x for any scalar number alpha.



And then, we have this triangle inequality. The norm of two vectors x plus y is less than or

equal to the sum of individual norms.

(Refer Slide Time: 23:03)
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Vector and matrix norms

Matrix norms

Sizing them up!

» A matrix norm (||A[) is a function that maps a matrix A onto a real scalar.
12

» Frobenius norm: ||A[f = (Z:Ll = \a,ﬂg)

> [[A]

Induced vector norm: ||A| = max Kl
x#0 X

» Maximum column sum norm: |Afl; = max Y7 |aj|
1<5<n

. _ nll )
> Maximum row sum norm: [|Alls = max 3 14l

v

Spectral norm: [|A[|2 = omax(A)
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And similarly, just as we have these vector norms we also have matrix norms that you can
look it up and there are different norms, Frobenius norms, and then we can transform a matrix
into a vector and that is called, then use the vector norm. So, that is called induced vector
norm. And then we can always set convert it into a column vector or a row vector and then
take the appropriate norm of the vectors or we can also have the spectral norm that is the
singular values of the matrix, larger singular value or the eigen values of the matrix that can

also be used as a measure of the matrix.

So, with this we stop our discussion. And we will continue with basic approximate solution

using finite element method in our next lecture.

Thank you.



