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Lecture-39
Elastic Analysis of Circular Tunnels-Displacements
Hello everyone. In the previous class, we discussed about the elastic analysis of circular
tunnels, we saw that how the stress distribution can be obtained all around the tunnel periphery
or along any direction say ¢ equal to 0 and & equal to 90°. We saw these things with respect to
hydrostatic state of stress as well as for uniaxial state of stress. So, today, we will continue that
discussion and now we will see that how the displacements can be obtained in this elastic

analysis of circular tunnel.

Because, it is not only the stresses, but the displacements are also very important from the
design point of view. So, today we will learn about the aspects related to the determination of
displacements all around the tenor periphery. So, these expressions can be obtained by
integrating the stress displacement equations for plane stress state.
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Expression for displacements

Obtained by integrating the stress-displacement equations for plane stress

Let us see how? So, far the plane stress state we have these equations which are
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We discussed that this u is the radial displacement and v is the tangential displacement which
is in the direction perpendicular to the direction of u. Now, recall our discussion of the previous
class, we had equation number 12 where the expression fora,, gy etcetera was given. So,
whatever the expression for these quantities which are here so,., gy and 7,.,let us substitute it

in these 3 equations that is 1a, 1b, and 1c.

So, we have here substituting from equation number 12. So, first let us see that what will happen

to this equation 1a. This is going to be
u_1 1(5 +5,)(1 @ +1(5 Sy) 1+3a4 4a2 26
or E|2V* 7Y rz) 23V 7Y r# 7z ) €03

1 2\ 1 3a*
—%[§(5x+5y) <1 —%)—E(sx—sy) <1+Ti4> cosZBl - (2a)

Make this equation as equation number 2a. Now, if we integrate this equation 2a we will be
getting the expression for u, let us see how?
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So, integrating this equation 2a what one can get,



11 a?\ 1 a* a?
u=E§(Sx+Sy) r+— +§(5x—5y) r——3+4—|cos26

4

1 2 1
_%[E (Sx + Sy) (r — a7> — E(Sx — Sy) (r —:—3> cos 29] + g.(8) - (3)

And there is going to be one constant of integration which will only be the function of 6. So,
make this equation as equation number 3, where this g, (6) is the constant of integration. Now,
you substitute this equation number 3 and expression for u in equation number 1b. So, what

we are going to get is this substituting equation 3 in equation 1b. So, we have here that

+0v_r
w+ = = = (05 — oy

6v_r

% E(Ue—.lwr)—u

Now, here you again substitute the expression for a, and o, and also for u and then simplify it

further let us see what we get.
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So, we have here



W s, 5 (1-%) =25, —5,) (1429 ) cos 26
90 E|2\* Ty r2) T2\ Ty T

ur 1 a? 1 3a* a?®
_F E(Sx-|-Sy) 1—ﬁ +§(Sx_sy) 1+T_4_4T_2 cos 260
-z E(5x.|_5y) Tt — +§(Sx_53’) r——3+4—|cos26
ul1 a? 1 a*
+EI§(Sx+Sy)<r—7>—E(Sx—Sy)<r—r—3 cos 26| — g1(6)

1 2a*  4a?
=E(Sx—5y) —2r —— - —

v 1 2<Sx—5y) +2a2+a4
00 E TS

2
_ 2 4
_%[2 (S’Z—Sy) <r -Zi+f—3>] c0s 20 —g,(6) = (4)

2a*  4q?
+u —Zr—r—3—7 C0529+g1(9)

Now, if we integrate this equation, which is equation number 4 with respect to 8 and | will be
getting the expression for v.
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So, let us do that integrating equation number 4 what we will get is
1 2a®  a*\ ul1 2a®  a*\
sz —E(Sx—Sy) T+T+r_3 sin 26 —E E(Sx—Sy) T—T‘l‘ﬁ sin 26

- [ 91@d0 + 5,07 >



This is equation number 5 and this g, (r) is again the constant of integration. Now, what we
can do is differentiate equation number 3 with respect to # and equation number 5 with respect
to r. So, this is what that | am going to get is differentiating equation 3 with respect to 6 and
equation number 5 which is this equation with respect to r.
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So, see this is what that we will get, say

ou 1 1 a*  4a?\ u 1 a*\
%=E _ZXE(SX_Sy) T_T'_3+T sin 260 —E ZXE(SX_Sy) T'—r—3 sin 260
dg,(6)
g ~©

ov 1] 1 2a®>  3a*\ | ul1 2a®>  3a*\ |
§=E —E(Sx—Sy) 1_1"_2_1"_4 sin 260 —E E(Sx—Sy) 1+__T'_4' sin 260

So, you will not have any difficulty. Now, what we will do is, we will substitute these equations
5, 6, 7 in equation number 1c.
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So, substituting these equations 5, 6 and 7 in equation number 1c. So, what we are going to get

11 a*  4a?\ 1u a*\ 1dg,(8)
;El—(sx — Sy) (T — T'_3 + T) Sin 29] - ;El(sx — Sy) <T‘ —ﬁ> Sin 29] +F 40

17 1 2a®>  3a*\ |
t5|7 7S =)\ 1 -5~ )sin26
I 2a* 3a*) . dg,(r)
E[ Z(Sx 5y)<1+ i sin20| + .
11 2 g4
- _E(sx—sy) r+—+—|sin26
1uf1 2a* a*\ 1 1

20+ w[ 1 2a?  3a*\ .
o =— |5 (Sx = Sy) (14— ——5|sin26| - (120)

Now, what we need to do is as we did in the case of the stress distribution, we compare the
terms on either side of these equation. So, this is what that we are going to get. See this all
these terms they have Sy - Sy in with their terms. So, these terms that is this, this, this one and
this one, these have to be equal to 0 in a combined fashion.

(Refer Slide Time: 25:35)



I
Expression for displacements

(r—w#““‘ f1a  Fewns o ether Sda Of e

d ’l

(B B [, dafe> :
(438 aipyda | & (Y9132 _ o1 ’ _ o
| 1)\ (& 48 \ | 5 5,00
46 2 J ¥ =S
- {7 A, o™
(noof B o ~
A 381t T %Y L 94"
¢ ) faa) D I = Cv -k _froa
dy0) q(7) = Grstuat "__"; ()= % {
Y it = NS (
A e ; ab) [ 9(0)=A8M8 4Bl ——(
g , (3@ = Gt ke ——— O P8
o |
Ab LC sl be ek mind wing & J.(.J (o o

So, comparing the terms on either side of this equation, this is going to give us,

dg,(0 d
[ g;; ) + f gl(H)dHl + Ir gazl:?”) — gz(r)l =0-(8)

Now as this g1(0) is a function of @ only and your g(r) is the function of r only.

So, separately this and this they both will be equal to a constant. So, that is what that we are

going to write that is

dg,(r)
dr

r

dg,(6)
dé

— g,(r) = constant,k - (9a) = g,(r) = Cr — K - (10a)

+ fgl(H)dH = constant,k — (9b) = g,(6) = AsinO + B cos 6 — (10b)

These A, B and C, they are the constants to be determined from the boundary conditions using
the boundary conditions. So, let us see further what we can do. So, this 10b I will substitute in
equation number 3.
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So, substituting equation 10b in equation number 3. So, what we will get is

u=%l%(5x+5y)<r+a72>+%(5x y)< ——4+4 2>coszel
l (Sx +Sy)<r——>— (S — y)<r—z—:>c0520]+Asin9

+ BcosO - (11a)

This equation | will mark as 11a. So, similarly, I will substitute equation 10a in equation

number 5 which is the expression for v.

1[ 1 2a? a4 _ ul1 2a? a4 _
vzg _E(Sx y) r+—+ sin 26 -z E(Sx y) r——+ sin 26

+ Acos@ —BcosO + Cr
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Now, after getting this is the time to apply the boundary conditions. So, we need to apply here
the boundary conditions with respect to the displacement. So, what do we have here is that
displacement v will be equal to 0 then # = 0 or 77/2 for all values of r. Now, what is the reason

behind this? It is due to the axis of symmetry. So, this is due to axis of symmetry. Now, this

v=0atf8 =0 =>A+Cr=0

T
v=0at0=5:>—B+Cr=O

And if you try to solve both of these equations, so, the solution will be A =B = C = 0. Now,
like we did in case of the stresses in this case also we will take the 2 conditions, one for the
biaxial and the second one is for the uniaxial.
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So, for the general biaxial state of stress what we will get

11 a?\ 1 a*  a?
u=E§(sx+sy) r+— +§(sx—sy) r——3+4-—)cos26
7} 1 aZ 1 a4
_EIE(S"-l_Sy)(r_T)_E(Sx_sy)<r_r_3 cos 20| - (12a)
1 1(5 5) L2at et “1(5 5,) 20  a"\ o
v—E 5 (Sx =Sy r " 3 sin £z 5 =Sy r " 3 sin
- (12b)

That is 12b. Now, what will happen at the tunnel boundary?
(Refer Slide Time: 36:31)
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So, at the tunnel boundary that is, at r = a just substitute r = a in the earlier expressions. So,

you will be getting

u=—[(S+S,)a+2(S;y —Sy)acos20] - (13a)

) -

1
v=z [2(S; — S, )asin26] - (13b)

Now, you know that any point on the periphery will be defined by 6, if you just recall this
figure that we had.

So, for any point we had this r, 6, this was x direction and this was y direction r was this distance
and 6 was here. So, along the periphery any point will be defined by the value of & because r
is going to be equal to the radius of the tunnel which is equal to A. So, for a typical hydrostatic
state of stress what will happen? That is Sx = Sy = - p. Why | am writing - p here because

tension we have taken as positive in this case, so, this is compressive.

So, with a negative sign, substitute this whole thing here and what you will get,

—2pa

u= andv =0 - (14)

So, your v will be equal to 0, make it equation number 14. Now, this is typically for the
hydrostatic state of stress.
(Refer Slide Time: 39:12)
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Now, what will happen in case if you have the uniaxial state of stress where you have Sx = 0

and Sy is nonzero. So, you will get here as

Sy uk
u=-—=[a—2acos26] » (15a) > — =1 — 2cos 26
E Sya
Sy , VE :
v =—=[2asin20] -» (15b) > — = 25sin 26
E Sya

Now, the variation of this quantity and this quantity with respect to 8 has been shown in this
figure on the tunnel periphery that is, when you have r = a. That is what is the case that we are
considering? So, accordingly this plot is giving you the variation of u and this one is giving

you the variation of v.

So, just keep on substituting the value of 8 from 0 to 90° and you will be able to generate this
kind of smooth curve, some typical values which you can take let us say that when you have
here 6 = 15°, just substitute & = 15° and see what you get the value of v it will work out to be

1. Similarly, for 6 = 75° also this v will work out to be 1.

And this for 45° your u will work out to be 1. So, this is how you keep on substituting the value
of 4 in these expressions and you will be able to get this variation of the displacement u and v
on the tunnel periphery. Now let us see that what happens in case of the plane strain. So, this
is what that we discuss till now was the plane stress state.

(Refer Slide Time: 42:14)
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Now what will happen in case of the plane strain, displacement which is occurring when the
circular hole is subjected to a two-dimensional stress field under the condition of the plane
strain? So, in this case we have to integrate these stress displacement equations which are there
for the plane strain. In the previous case we integrated the equations for plane stress. Now from

the theory of elasticity what are the equations for the plane strain?

See these look like this
ou

1 2
oy = gl =420y —u(1 +m)op] = (1)

u 1ldv 1
S — 2 _
—t o= [(1—u?)og — (1l + o] - (2)

10u+0v v 2(1—up)
vo6 or r_E '

re — (3)
So, these are the equations for stress displacement relationship for the plane strain situation.

Now we can substitute the expression for or oy and trpagain as we did in the previous case.
(Refer Slide Time: 44:24)
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So, let us see what we get is

ou 1—u*[1 a®\ 1 3a*  a?
a—T: 7 E(Sx-l—Sy) 1_7'_2 +E(Sx—5y) 1+T_4_4T_2 cos 20

4

1 1 2\ 1 3
SR ;“) [E(sx+sy)<1+z—2>—E(Sx—Sy)<1+ri4>Coszel -



Similarly, you will have

u+1av—1_”21(5 +5,) 1+ & L(s,-5,) 1439 cos 26
r rag E |2V* 7Y r2 2V 7Y e ) €08

1 a?\ 1 3a*  a?
_Tz(5x+5y) 1-— +§(Sx—5y) 1+—5 —4—5cos26

And the last equation which is

16u+6v v —=2(1-p 1(5 s)(1 3a4‘+2a2 120 ‘
_ Gt — - = 7 |- - _ — -
rdd or r E 2V Y r4 2 ) St (6)

So, now if you integrate these equations this, this.
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And this you will be able to get the expression for u and v how? Let us see,

—1_”21(5 +5,) +a2+1(5 5,) T 4% ) cos 26
YWETE [ Tew\T T 2 W Ty \T s P

1 1 2\ 1 ’
_#—( ;‘u) IE(Sx+Sy) (T-%)‘E(Sx_sy) <T—a—> cos 29] - (7)

r3

This equation will be your equation number 7.



And what will be the expressions for v let us see that,

1—p?] 1 2a*> a*\
= E —E(Sx—Sy) T+T+r—3 sin 20
4

2
_@E(SX—SJ,)G—Z%%-%)sinZHl - (8)

Now these equations 7 and 8, these are the generalized expressions for u and v.

u is the radial displacement, v is the tangential displacement and you can see that these are the
functionof a, r, 6, Sx, Sy, 1 and E. If you recall in case of these stresses those expressions where
not the function of the elastic properties, but in case of the displacement E and x also come into
the picture.
(Refer Slide Time: 51:10)
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Now what happens at the periphery of the tunnel? That means at r = a. So, at periphery of the

tunnel what does that mean? Thatisr = a,

1—p?

E

u= [(Sx +S,)a+2(S, — Sy)acos 28] - (9)

1-—
E

v =12 15 (s, = 5, )asin26] » (10)

This is equation number 10. Now if you compare these 2 equations of the plane strain with

those of the plane stress equations, so compare.



And if | just substitute x = 0.25 then we will see that u and v for the plane strain situation they
are approximately equal to 0.94 times the u and v for the plane stress case. So, in case if you
have the elastic ground conditions, so tunnels do not require any support lining, they all stable.
If the excavation is at shallow depth, then in this situation seismic effects place an important

role.

So, as for as the expressions for displacement are concerned, we saw these for the plane stress
as well as for the plane strain condition for a circular tunnel and we see that when we compared
these 2, they are more or less of the same order for same x = 0.25 and this is how the analysis
of the circular tunnel can be carried out. So, we discussed about not only the stresses but the
distribution of the displacement or the variation of the displacement all along the tunnel

periphery which is circular in shape.

So, this is what that | wanted to discuss with you as far as the elastic analysis of circular tunnel
is concern, in the next class we will discuss about the elastic analysis for the lining of the tunnel.

Thank you very much.



