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Lecture: 25
Mapped Infinite Elements for Semi-Infinite Soil Medium

So, good morning students in the previous class we had seen the modelling of the interface
elements and in today's class let us look at how we can model the semi-infinite nature of the
soil. Because as you know the soil is a semi infinite in extent wherever you go there is soil
then how do we accommodate that in our analysis because we are basically doing finite

element analysis with some finite domain like finite length and finite height and so on.

But then how do we represent the semi-infinite nature and that is what we are going to see in
today's class.
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Problems with semi-infinite domain

il Several problems in geotechnical engineering involve
semi-infinite  domains with integral equations as
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So, when we deal with many of the geotechnical problems we come across this type of
integrals integral of function integrated from - infinity to + infinity 0 to infinity and so on. So,
when we do this analytically we can easily handle but then the moment you mention the word
infinity to any numerical program then they get jittery they will just simply collapse they will

say that no we give up.



l= f+o°f(x).dx

— Q0

I = +wf(x).dx
0

And so, we need to find some other way and we cannot really substitute any Infinity in any of
our parameters whether it is the Young's modulus or the limits and so on.

(Refer Slide Time: 01:57)

Semi-infinite soil domain

Analytical solutions can consider infinity in limits
Boundary element methods can consider the infinity easily

FEA & CM In finite element analysis, the infinite soil medium is represented by
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Especially, in dynamic problems, the boundaries need to be located far
away such that the wave energy does not reflect back into the soil
medium. If significant fraction of wave energy is reflected back into the
soil medium, the reflected waves interfere with the oncoming waves thus
producing spurious displacements/stresses in the soil medium, e.g. large
tensile stresses develop in driven piles during pile driving due to wave
reflection while driving through soft clays

To overcome the above problems, mapped type infinite ®lements are
developed to represent semi-infinite soil domains
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So, our say the analytical solutions that we have seen they can consider. So, you might have
derived several Solutions in the elasticity and also even in within the geotechnical
engineering we deal with. So, many things but cannot do them numerically and the boundary
element method that is that is actually it is not similar to finite element but it is another

numerical method where we consider the boundary.

And we can represent either the outside of the boundary or inside of the boundary and we can
apply this boundary element methods because if you say outside of your boundary
everything. Everything up to Infinity that is automatically considered in the analysis or some
people they consider the finite element analysis but then prescribe some known

displacements along the boundary.

These could be from your theory of theory of elasticity solutions and by prescribing these

known displacements at the boundary we may be able to partially account for semi-infinite



nature of the of the soil but then this may not be practicable in all the problems maybe in
some cases we can get the solution but we cannot do that in all the cases. And some in

investigators they tried combining finite elements and then the boundary elements.

Because the boundary elements are good in representing the boundary problems and the finite
elements are good within the finite region. And so, when we deal with any dynamics
problems the boundary plays a very important role. So, if you place the boundary too far then
your computational effort could be very high because instead of having let us say 1000
degrees of freedom you may be having 10000 degrees of freedom because you have

additional number of elements.

But if you place the boundary too close also you will have a problem you will have some
numerical influence like your waves may be propagating once they reach the the resident they
will reflect back and then your oncoming way and the reflected wave might interact. And
they might they might produce some other extraneous stress condition within the soil and that

is also not correct.

See one simple example that I can give you about the reflected wave is. So, when you have a
driven pile you know that you are giving energy at the top and if the soil is strong enough it
will absorb the energy and then it will allow the if the energy that you are imparting to the
pile is much higher than the resistance then the pile will be driven into the soil. And if you are
say when you are driving and you give a large energy and suddenly let us say you come into

a soft clay.

And the soft clay obviously it will not be able to absorb the energy that is coming from the
pile. So, it will get reflected back then that will reflect in the tensile stresses generated. So, if
your waves are moving apart like let us say on coming wave and then the reflected wave if
they move apart they will have they will produce tension . And so, if you see the is code for
the driven piles they recommend a very large percentage of Steel almost 2 percent of the
cross section whereas for a board pile it could be just a nominal reinforcement for the normal

shrinkage purposes.

So, this additional steel in this the concrete of the driven piles is because of these extraneous

stresses that that you could generate. And the same thing happens even in the case of finite



element analysis of our geotechnical problems. And so, we need to take the boundary very
very far away and to overcome that now we have this map type infinite elements that can
represent infinite soil medium by using one simple element that we will see in this class
today.
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And just to illustrate I have a small problem like let us say we have a dam and that is resting
on the soil and then we are giving some seismic excitation and there are some moving
boundaries or viscous boundaries. And let us monitor the deformations at this point a very
close to the dam.

(Refer Slide Time: 07:17)

Time displacement responses with
boundaries at different distances at Point-A
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Larger displacements when boundaries are located at short distance due to
larger magpnification
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And these are all the results that we get by locating the boundary at different locations. The

green line is when your boundaries at a far off location and then the blue red and then this



pink line they are all with different distances and you see your numerical result does not; it
not only depends on your properties but also on the boundaries. So, if you place the

boundaries too close then your displacements are very high.

And as you move the boundaries far away then the result may be more appropriate
corresponding to loading whereas with boundaries too close your results may be affected by
oncoming wave and then the reflected wave. So, because of this you need to be very careful
whenever we are doing this type of dynamics problems where we have some wave

propagation we need to do something.

And one method is that by providing observing boundaries but absorbing boundaries also
may not be effective in some cases. So, we can go in for these infinite elements that can
represent the infinite soil medium.
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+ Some are based on including infinite soil domain in
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* Mapped infinite elements — these are simple &
compatible with other isoparametric elements for
ease of numerical computations - found to be
highly accurate
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So, in the recent past almost about 40 years varieties of infinite elements have been
developed. Some are based on including infinite soil domain in the analysis. We can define
with very very large displacement or sorry the distance and we can prescribe some known
solutions at some finite distance so, that we can represent the infinity or we can combine

boundary element and finite element.

And then the more recently map type infinite elements and these elements are very simple
and also these are also isoparametric. So, they are compatible with the other finite elements

that we have developed. So, they are easy to to implement and then we do not need to do



much changes in the eXisting computer programs to implement this map type infinite
elements.
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See these are all some of the papers can go through for some literature on the infinite
elements and of course there are many more number of papers that I did not list here but I
have just listed some more some very prominent papers.
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One-dimensional Mapped infinite element
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Let us look at one dimensional map infinite element to start with because that is the simplest
one. And let us take a 3 node bar element an aXial element with the 2 nodes at some finite

distances x 1 and x 2 and let us say the third node is at infinite distance.



3-node bar element in Cartesian space with 3™ node at infinite distance

® ® o
X=X, =X, X3=%
= ; 1 :‘% — :1 Corresponding element in isoparametric space

x 1 and x 2 these are the finitely located nodes and then x 3 is at infinite distance this is the
Cartesian space. But then the corresponding isoparametric element will be only in this space

of-1to+1.

So, we have 3 nodes one at Xi of - 1 are to 0 and Xi of + 1 and the node at Xi of + 1 is the
one at infinite distance. And so, how do we simulate that in our numerical analysis. So, we
can actually develop some mapping functions that are singular at Xi of + 1 and we can do the
mapping in terms of these 2 nodes that are located at finite distances. So, when we develop

our polynomial equations we can develop them with a singularity at Xi of + 1.

As the 3™ node is at infinite distance, the mapping functions are
developed based on the two finitely located nodes .. singular
polynomial terms are assumed with singularity at £=+1 to represent
the 3™ node at infinite distance, denominator could be (1-£), (1-£)? ,

JaA-8./(1 - §?),etc.

So, that we can represent the infinite distance at the third node and this Singularity we can
achieve by having in the denominator 1 - Xi r 1 - Xi whole Square R square root of 1 - Xi r
square root of 1 - Xi square and so on. like there could be anything like any combination such
that when Xi is + 1 you should have Singularity that is you should have 0 the denominator so,

that the value will blow up. It will go up to Infinity.

Assume a polynomial series with singular terms as,

a, a,
x(é) = 1-¢ +m.

a, & a, can be determined in terms of x, & x,

§

atE=0, X=x,= 8, = &%,

at &=-1, x=xy=(a, - 8,2 = a,=a, ~2.X; = X, ~2.%

xz—z_xl —2{ 14¢
= - X1 +

1-¢ 1-§ 1-¢

xQ) =2+ x2 = My(©).x; + My(§). x,



And one of the simplest ones is by using a polynomial like this let us say you have 2 finitely
located nodes at x 1 and x 2 and we can write the x as a function of a naught and a one these
are the generalized coordinates a naught by 1 - Xi + a one by 1 - Xi times Xi. And purposely
we had made them singular at Xi of + 1 because we want Infinity okay and we can determine
a naught and a one in the same manner as how we determine them earlier by substituting Xi

of -1 ourxisx 1andat Xiof 0 our xis x 2.

So, by going through we get that a naught is x 2 OK that is when you substitute Xi of 0 our x
is simply a naught that is equal to x 2 a naught is x 2 and then we see thata oneis x 2 -2 x 1
and our x of Xi we can write as x 2 thatis a naught by 1 - Xi+x2-2x 1 by I - Xi times Xi.
And by grouping these under x 1 and x 2 we can get this M 1 can be written as - 2 Xi by 1 -
Xi and M 2 can be written as 1 + Xi by 1 - Xi and we can write ourxasM 1 x 1 + M 2 x 2
where M1 and M2 are our mapping functions.

(Refer Slide Time: 14:12)
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Andour M 1is -2 Xiby 1 -Xiand M 2 is 1 + Xi by 1 - Xi and if we sum up these 2
mapping functions we get exactly one and M 1 + M 2 of 1 means there is a unique mapping
unique mapping between the Cartesian space and then the isoparametric space. And so, and
then at Xi of + 1 we have infinite distance and let us calculate the dou x by dou Xi that is our

Jacobian determinant for the one dimensional problems.



M,(§) = 1—¢ M,(§) = 1=¢ M, +M; =1
x _JoM, . OM. &xi-x)
e e :
o 0¢g oS (1-¢
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-1 0.5%(x5x4)
-J06 0.635*(x,-x,)
-1/33 0.804*(x,-x,)
0 2*(X5-X4)

+1/43 11.196*(x,-x,)
++0.6 39.365%(x,-X,4)

And that is equal to dou M 1 by dou Xi x 1 + dou M 2 by dou Xi x 2 and that is 2 times x 2 -
x 1 by 1 - Xi whole Square and for finite element we have seen that the dou x by dou xI is
equal to the half the length for bar element of some length 1 the dou x by dou Xi is just simply
L by 2. So, at a different Xi values let us calculate this dou x by dou Xi at - 1 it is 0.5 times x

2 - x 1 and that minus of square root of 0.6 is 0.635 times x 2 - x 1.

See these are all the sampling points that we have with the 2 points and then the 3 points at 0
is 2 times x 2 - x 1 and that + 1 by root 3 it is this and at + of square root of 0.6 is about 39
times x 2 - x 1 and actually although we have the singularity at Xi of + 1 we will we will not
have any numerical problems because we are not going to use any sampling point at Xi of + 1

and we are also not going to compute any stresses the strains at Xi of + 1.

So, we should not have any technical issues by using this type of singular mapping functions
and as we see here as Xi is tending towards one our Jacobian value is increasing rapidly and
in fact exponentially beyond Xi of 0. So, that means that our mapping functions with
singularity in the in the in the mapping functions they are able to represent semi infinite
domain.

(Refer Slide Time: 17:11)



¥ As the Jacobian value is in the denominator, the stiffness
matrix of infinite elements will be much smaller than that of
similar sized finite elements.

» The interpolation is performed using the regular iso-

FEA & CM parametric shape functions.
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Does the Jacobian value is at the denominator whenever integral B transpose DB calculations
are done our determinant of the Jacobian is in the denominator. So, in fact when you calculate
the stiffness of any stiffness Matrix of an infinite element we will see that it is of very small
value because you are determinant of the Jacobian matrix is in the denominator . And so, for
doing the finite element calculations we can use the normal shape functions for interpolation
say for interpolation of displacements or the pore pressures we can use the normal shape

functions.

And then for forming the B Matrix we can use the singular mapping functions and then as the
third node is at infinite distance the nodal variables like your displacement strain stress at the
pore pressure everything will be 0. And so, we do not really need to do an interpolation based
on that value. And our interpolation for the field valuesisN 1ul+ N2u 2+ N 3 u 3 where
our N I, N 2 and N 3 they are our well-known shape functions that we have derived for the

for the isoparametric elements.

u(g) = N4(€).u; + Ny(£).u+N3(E).ug; uz=0
N,FE(E-1)/2, Np=(1-£2); Na= E(E+1)/2

And then in this case our U 3 is 0 so, in fact we may not be including this in our interpolation
I think the reason is because your u 3 is anyway 0. and our N 1 is Xi times Xi - 1 by 2 N 2 is
1 - Xi Square N 3 is Xi times Xi + 1 by 2.

(Refer Slide Time: 19:19)



Shape and mapping functions are not the same for this
infinite element

_ Interpolation is based on field variables at three nodes
el while mapping is based on coordinates at two nodes -
FEA&CM order of polynomial is not the same in both

Mapping functions are linear functions while the shape
functions are quadratic functions

Mapped infinite elements belong to the category of sub-
parametric elements in which interpolation functions are
- of higher order compared to mapping functions
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functions. See the mapping functions are - 2 Xi by 1 - Xi or 1 + Xi by 1 - Xi whereas our
shape functions are Xi times Xi - 1 by 2 and 1 - Xi square and so on. Because we are
basically 3 nodes for interpolation and the 2 only 2 nodes for the mapping and the 2 for the
mapping we have singular mapping functions whereas the interpolation is done by using our

conventional interpolation functions.

So, in this particular case our mapping functions are linear functions because we have used
only 2 nodes for our mapping whereas we use the 3 nodes for interpolation. So, we have the
quadratic functions a quadratic shape functions and linear mapping functions. So, these
mapped infinite elements they belong to the category of sub parametric elements in which the

interpolation functions are of higher order compared to the mapping functions.

See in the first class and the isoparametric elements we had seen 3 types of elements
isoparametric in which both the mapping and shape functions are exactly the same and then
the super parametric where the mapping functions are of higher order compared to the shape
functions. And then sub parametric where our shape functions are of higher order
comparative mapping functions. So our infinite elements they belong to this sub parametric
category.

(Refer Slide Time: 21:14)



Choice of x, and x, values
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convergence but then our Sigma of M is g 1.

2 and infinity and should there be any relation between the x 2 and

general equation for X in terms of Xi and x 1 and x 2.

And then another thing that we need to notice is when we had discussed the convergence
principles one of the requirements is that our mapping and shape functions should be well
defined at all the nodes within the element and but in this case our mapping functions have

Singularity at Xi of + 1. So, we are not really satisfying all the requirements of the

So, that means that we can get unique mapping and in general once you have the unique
mapping that means that you can get the convergence also because our Sigma of N i is one

because we are using the conventional shape functions. So, here and we dealt with x 1 and x

x 1 let us see whether

there needs to be anything see where should we locate x 2 with respect to x 1 this is our

*Where should x, be located with respect to x,?

*When x,=2x,,

x(§) =

=% 14 2.

.x1+ .2.x1=

1= 1-¢

§=1-2"2 asxow, §>+1

1

- as the coordinates x; and x, are entirely
choices, the x, can be chosen as 2x, wh
developing the mesh

Xy

=<

user
ile

Let us substitute x 2 as 2 x 1 and So our x of PSI'is 2 x 1 by 1 — Xi and Xi in terms of the x

can be written as 1 - 2 times x 1 by x. So, as x tends to infinity Xi tends to + 1 and then in



general we can say that this has one over one by R times d k because our distance is
increasing in the ratio of of this this Singularity is in the denominator 1 - Xi says Xi is
tending towards one we are reaching the infinite distance in proportion to this denominator

value.

So, our coordinates x 1 and x 2 are entirely user choices. So, x 2 is the normally we take as 2
times the x 1. So, that we get this relation that Xi is 1 - 2 times x 1 by x.
(Refer Slide Time: 23:46)
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And we can actually there are other forms of singularity I have not explained here but you
can refer to published papers there are several papers and I have referred to them in the list.
And you will see the shape functions derived or sorry the mapping functions derived for other
types of Singularity one by by Xi are one by square root of 1 - Xi are the denominator you
may have 1 - Xi square and so on. You can you can see them from the published papers.

(Refer Slide Time: 24:32)



2-d mapped infinite element

Following the analogy of 1-d mapped infinite element, 8-node
quadrilateral element with three of the nodes located at infinite

distance can be imagined as follows,
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Node-5

And whatever we derived for one dimensions we can also extend to the 2 dimensions very

easily by using our Lagrange method. Let us imagine a night node quadrilateral with the 3

nodes 6 7 and 8 at infinite distance let us define an 8 node quadrilateral like this. Node 1 and

node 2 are finitely located and these are the 2 coordinate nodes and nodes 3 4 and 5 these are

the mid side nodes at different locations nodes.

. Node-5
Node-1 i ittty @ Node8
. :
Node-3 T_.- a Node-7
¢
I
Node-2 S 4 Node-6
Node-4
E=— 1 -=0 &=+ 1
X=X, X=X, X=X3=00

1,2,3 orat Xif- 1 andnodes 4 and 5 are at Xi of 0 and the nodes 6 7 8 are at Xi of + 1 and

the Xi of - 1 refers to x 1 Xi of 0 refers to x to and usually x 2 is taken as 2 times x 1.
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The three nodes 6, 7 and 8 at £=+1 are located at infinite
distance while the remaining five nodes are located at finite
distances. The nodes 1,2,3 are located at £&=-1 and nodes 4
~9and 5 are located at £=0. The corresponding Cartesian
\locations of nodes x;, x, and x;=co are as shown above.

\x,is placed at 2.x,
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And we can imagine this map infinite element in 2 dimensions and then write our shape
functions and mapping functions. So, let us let us look at see our mapping functions in the
desired Direction they are developed in terms of the singularity at Xi of + 1. So, our M 1 is -
2Xibyl-Xiand M 2is 1 + Xi by 1 — Xi. Then in the eta direction our along this line there

are 3 nodes.

So, we have quadratic function in the eta whereas along this line we have only linear function
1 -etaby 2 1 + eta by 2 and by using our Lagrange method we can get our mapping functions
in terms of Xi and data as the product of these 2 independent functions.

(Refer Slide Time: 26:54)
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So, our M 1 in terms of Xi eta can be written as - 2 Xi by 1 - Xi multiplied by eta times eta +

1 by 2 that is by looking at this Xi direction these 2 are our mapping functions in the Xi



direction these 2 are our mapping functions then the eta direction this is the one. So, if you

want for node one we can directly take a product of this and this ok to get our mapping

function for node one.

Y .
A r.m.r:-lr 1 5 +n
2
a-n)3 3
’?1’?: 1] 2 - .4 ]_2’?
-2& X3 I+& x=2xx,
I-¢ * I-¢

» X

And similarly for getting the mapping function at node 5 we ill use this singular mapping

Function One + Xi by 1 - Xi multiply with this to get our mapping function at node 5 you

turn it off.
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Mapping functions of infinite element
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1 (1= ) isoparametric & Cartesian space as
( - é:) M=1

So, by using the Lagrange principle we can get our 5 mapping functions like this and you I

want you to notice that we have numbered these nodes in the 90 clockwise direction. Unless

you number the nodes in the anti-clockwise direction you will not get your your positive

Jacobian matrix or the Jacobian determinant. So, 1 2 3 4 5 and as the convention we

numbered the corner nodes first and then the mid side notes later.



Say 1 and 2 and 3 along the direction of 1 and 2 and then the 4 and 5 and although we got
these mapping functions directly by using the LaGrange method we see that our Sigma of M i
is exactly equal to one and actually that is very simple to notice because the M i’s are one are
their own nodes. Say this the shape function M 1 is one at this point Xi of - 1 and the eta of +
1. And at this point your M 3 is one and if you evaluate M3 at any other points its going to be

0 and so on.

Mapping functions are written using Lagrange method as
product of functions in £ and n as shown below:

26 n(n+1)
M,(&.n)=
1(E.n) = - g) >
—26 _n(n-1)
MZ(‘:‘:’U) - (1- E)x 2 = Notice that the nodes are numbered
7:5 in anti-clockwise direction
_ — 28 2. * Unique mapping between
M3(&.n) = - x(1=77)  isoparametric & Cartesian space as
(I=<) M= 1
- 1 1 -
My(E.n)= iigtx S—,@ 5
l-é:' (]H ) ZMf(gaq)E]
+ & + =
Ms (&) =1— 7 i=]
": 2 FEALCM - lnfinite elements 19

So, our Sigma of M i is exactly equal to 1 that means that we can expect unique mapping
between the Cartesian space and then the isoparametric space.

(Refer Slide Time: 29:53)

Shape functions of the infinite element

Shape functions of different nodes of the 5-node mapped
infinite elements are the same as the corresponding functions of

the 8-node quadrilateral element.
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So, now let us look at the shape functions for the infinite elements and the infinite element of

considered only 5 nodes out of the 8 nodes and the other 3 nodes are at infinite distance.



Y 1
3 1 F
ié e
2
X %= 25X

So, our the map the shape functions we can get by the by our the progressive correction
methods that we had seen earlier. So our N 3 is a 1 - Xi by 2 times 1 - eta Square in Theta

direction we have 3 nodes and along the Xi direction there are only 2 nodes.

1_
Ni($.m) = : zg)x(l—nz)
(1-—nm)
Ny(€om) = (1-&%)x 5
14
Ne(Em) = (1-£2)x. 2’”
Ny (€.m)
_(1-9Q+n N N
- 2 2 2 2

N 4 is 1 - Xi Square because there are 3 nodes in the Xi direction then in Theta direction there
are only 2 nodes, so, 1 - Theta by 2. N 5is 1 - Xi square 1 + eta by 2 and n one for the 4 node
element see for the 4 node sorry see the shape function for the 4 node element is this and the
correction because of this mid side node along this line one 2 and along that line the

horizontal line at one at 5.

(Q-9Ha-n* N N,
TR 2 2 2 2

So, this is the the N 1 4 I can write it as N 1 for the 4 node element - N 3 by 2 because we
have defined one mid side node in this line then N 5 by 2 because we define another mid side
node along the horizontal line. And then similarly N 2 is N 2 for the 4 node element - N 3 by
2 - N 4 by 2 and then we have the 3 other shape functions for node 6, 7, 8. But we do not

bother about them because anyway we are not going to use them for interpolation.



Because the displacements and then the pore pressures are 0 at these at that far off location.
So, let me go back to the laser pointer.

(Refer Slide Time: 32:54)

Calculation of Different Quantities

The stiffness matrix of mapped infinite element is evaluated
using Gauss quadrature method in the same manner as for

FEA &CM the isoparametric elements
Instructor

AR (K=Y Y[B] [D][B]w, w; [* factor
&, |

Factor is either thickness, unit value or radius depending on the
nature of stress state

» [B] matrix will be of size (3x10) for plane strain & (4x10) for
axisymmetric problems
4} » Stiffness matrix [K] will be a 10x10 matrix

FEA&CM - Infinite ciements 21

So, how do we do the computations is very simple our stiffness Matrix is written as integral B
transpose DB integrated of the volume. And as we had seen with the other Continuum
elements we can write the K as a double summation over Xi and Theta B transpose DB
multiplied by W i times W J these are the weight factors in the Xi and ea directions

multiplied by this determinant of the Jacobian matrix and the factor.

[K1=%S[B] [DI[B]w, w; |J|* factor
s

The factor is one for the plane strain and the thickness for the plane stress and then the radius

for the axis symmetric problems. For example for a plane strain element this B Matrix will be

of 3 by ten for the 5 node semi infinite element or the map at infinite element 4 by ten for the

axis symmetric problems. And the stiffness Matrix will be a 10 by 10 matrix for the 2D

problems for the 5 node infinite element.

(Refer Slide Time: 34:05)



Calculation of Different Quantities

» The Jacobian matrix is formed using the singular mapping
functions for the mapped infinite element

» Stiffness matrix for the infinite element is evaluated using
2x2 numerical integration while a higher order integration is

FEA & CM

Instuetor preferable for the finite elements
Dr. K. Rajagopal

» No external loading is applied on infinite elements as it
means load is applied up to infinite distance

» No self-weight is assigned to the infinite elements as these
represent semi-infinite volume

» Infinite elements are assigned only linear elastic properties
as these elements represent soil at infinite distances where
soil is not expected to undergo plastic failure as it is far away
from the loaded region

FEA&CM - Infinite ciements 2

Our Jacobian matrix is formulated using our singular mapping functions. So, when you
calculate dou n by dou x dou n by dou Y and so on. We use the mapping functions because
we need this dou x by dou Xi dou y by dou Xi and so on. . And so, by using the mapping
functions of the singular mapping functions we can get our infinity into the calculations then

our stiffness Matrix is formulated using our regular numerical Integrations.

And for the infinite elements we use a 2 by 2 integration lower order integration whereas we
use 3 by 3 for for the finite elements. And we should not apply any external loading and the
infinite elements because if you apply any external loading either a uniform pressure or a
concentrated load that means that you are loading is applied up to infinite distance because

the our infinite elements are basically representing the semi infinite length.

So, we should not be applying an external loading and similarly self weight should not be
assigned to the infinite elements because basically these infinite elements the representing
infinite soil volume and if you define any unit weight you will see some peculiar results
because you are gravity forces will be. So, high that your displacements will be very very
large and other precaution that we need to take is we should not allow any failure to take

place within the infinite element.

So, if any plastic failure takes place that means that up to the soil up to some infinite distance
has failed that is not the reality. Because our applied load on the surface may be spread over
sometime some distance like 3 to 4 times or 3 to 5 times the footing width and beyond that

the pressure is so, small that you cannot have any failure. So, we make sure that all the



infinite elements they are assigned only linear elastic properties. So, that you do not have any
failure.

(Refer Slide Time: 36:49)
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So, we should not do this like you cannot apply any uniform pressure all through because this
is not a finite distance this is actually infinite distance because this is part of an infinite
element and you see here actually this is our finite domain or the elements represented by
finite elements and then these are the infinite elements. So, 5 node infinite elements then
along this direction we have Infinity in one direction whereas at the corner we should

technically have an infinite element that has the infinity in both Xi and eta directions.

But by experience it is seen that by just simply moving the this line at 45 degrees we can by
using our one dimensional mapped infinite elements we should be able to represent 2
dimensional Infinity. See here if the local direction will be something like this and for this the
local direction is something like this and that shows that you have Infinity in both Xi and eta
directions.

(Refer Slide Time: 38:11)



Self-weight should not be activated for the infinite elements
as it means infinite weight added to the finite element mesh
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And the other precaution is we should not activate any self weight on the infinite elements. It
is also very important because these infinite elements they represent infinite volume and your
loading on the infinite elements means you will have tremendous loads in the load vector.

(Refer Slide Time: 38:35)

Use of mapped infinite elements

» The infinite elements are joined to regular finite
s elements at some distance so that semi-infinite
FEA &CM region can be represented

Instructor

Dr. K. Rajagopal » The region of soil where the response under loads
is critical is meshed using finite elements — this can
be decided as 2 to 3 times the footing width for
footing problems

» In plasticity problems, the infinite elements should
be connected at sufficient distance from the loaded
region as the infinite elements cannot be used to
represent plastic failure of soil

FEA&CM - Infinite ciements 2

See the use of the mapped infinite elements is very simple the infinite elements are joined to
regular finite elements at some distance so, that our semi infinite nature of the soil can be
represented. And the reason of the soil where the response under the loads is critical is missed
using the finite elements. Normally or the predominant influence of any applied load on the
surface is felt up to some 2 to 3 times the footing diameter or say even 5 times the footing

size.



And within the domain you can have normal finite elements and beyond that you can place
your infinite elements. And in the plasticity problems infinite elements are connected at
sufficient far off distance that we can directly assign a linear elastic properties for the infinite
element. So, that there is no failure.

(Refer Slide Time: 39:42)

Accuracy of solutions with infinite elements

» Theoretical elasticity solutions are available for

FEA & CM

circular and strip footings resting on the surface of
- elastic half-space
Dr. K. Rajagopal » Accuracy of numerical solutions can be evaluated
by comparing these solutions with corresponding
elastic solutions

» The accuracy of locating the boundaries of finite
element meshes or the location of joining the
infinite elements to finite elements can be
evaluated by trial and error
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So, the accuracy we can easily check because we have number of theory of elasticity
solutions for the loading on the surface of an infinite soil domain the circular strip fitting
sorry the circular loading and a circular footing or a continuous loading slip loading on a wall
footing and so on. We can compare our numerical results with these theoretical solutions for
verifying our accuracy.

(Refer Slide Time: 40:23)
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Different approaches for treatment of semi-infinite soil medium
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So, here we have 2 meshes one is a purely a conventional mesh with finite elements whereas
the other one is called as a coupled analysis where you have some finite elements or where
you have a region with finite elements and then another reason with infinite elements. And let

us say that we connect the infinite elements at a distance of beta times or the radius, radius of

the footing or half width of the footing.
(Refer Slide Time: 40:56)

Boundary conditions:

* Boundaries at 20
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Smooth rollers on
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Finite element mesh for circular footing on semi-infinite soil medium
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And this is one typical finite element where your footing is here and then but your domain is
very very large.
(Refer Slide Time: 41:08)
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Vertical pressure variation along the depth near the symmetry axis — footing at 20 m
height above the fixed boundary at bottom - applied pressure is 100 kPa
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And this is our pressure distribution along the entral axis along the sorry this is sorry this is

the surface settlement bowl and this is the the vertical pressure variation along the Symmetry

plane symmetry axis.
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Notice that there are no boundary
conditions other than the symmeiry
boundary conditions — there are no
constraints in vertical direction — why??

Smooth symmetry
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Mesh consisting of 8-node quadrilateral and 5-node mapped infinite
elements - infinite elements connected at distance of 1.58
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And we can do the same thing by connecting infinite elements at different distances. So, in
this case the infinite elements are connected at 1.5 times the fitting width and when we use
finite elements we should be careful about the boundary conditions. So, on both the sides we
have supported the vertical surface on smooth rollers whereas at the bottom surface both x

and y direction displacements are constrained by connecting hinges to all these nodes.

Basically that is to represent a rough rigid surface and the 2 vertical surfaces are treated as a
smooth rigid smooth rigid boundaries whereas with infinite elements we enforce only the the
boundary condition corresponding to the Symmetry and no nothing else. And in fact if you do
the same thing with finite elements and try to solve you will have a singularity problem. You

will the program will complain that your stiffness Matrix 1 of the diagonal terms is 0.

Because there are not enough number of constraints in the case of finite element analysis but
then in the case of infinite elements there is another node at infinite distance where we are
saying that your displacement is 0. And so, technically speaking this is like this mesh with
these boundary conditions is representing a very very large mesh within with the 0
displacement at infinite distance. So, because of that you will be able to solve.

(Refer Slide Time: 43:34)
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And this is our deformed mesh when we connect the infinite elements at 1.5 times the footing
width.
(Refer Slide Time: 43:41)
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5-node infinite elements for footing on semi-infinite soil mass
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And we can also use combination of quadrilaterals and triangles. So, here drawn some radial
lines for representing your infinite distance.

(Refer Slide Time: 43:59)



Elastic solutions for flexible circular footing

Radius=a, Young's modulus=E, and Poisson’s ratio=p, uniform pressure=q
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And we can compare our finite element results with the corresponding theory theory of

elasticity Solutions. This is the maximum settlement at the center of a bowl center of a

flexible circular footing and this is the settlement or the edge of the fitting and these are the

stresses along the Z axis Sigma Z then Sigma R Sigma Theta and so on.

Radus=a, Young's modulus=E, and Poisson’s ratio=p, uniform pressure=q

2Al- u)ga
Max. surface settlement at centre: Wmax = T
-
Settlement at edge: Wedge = M
P
Stresses along the z-axis:
3 1 z z
cd 14— __|or=oe=T|-as 2+ TEE |
Fs= 2, 2P2 2 a+s a+z
(a' + :"}
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Flexible Circular footing
Remoteness factor, p No. of elements & No. of
DoF in mesh
y Conventional Method
FE A & CM 2 251150
Lot 5 25/150
Dr. K. Rajagopal 10 49/294
20 49/294
40 81/490
Coupled Method
15 24/138
2 24/138
3 241138
5 481278
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And the conventional method is with with regular finite elements where the boundary is
placed at the 2 times the footing width 5 times 40 times and so on. Then in the coupled
methods 1.523 and so on and in all the cases the couple methods with finite and infinite
elements they have much lower number of elements and degrees of freedom.

(Refer Slide Time: 45:00)
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meshes or the location of infinite elements in coupled analyses

* Coupled solutions are with both finite and infinite elements in the mesh

* Conventional solutions are obtained with only finite elements in the mesh
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And here is a plot between the remoteness factor that is the distance up to the boundary in the
case of finite elements the distance where the infinite elements are coupled with the regular
finite elements and on the y axis we have the error. And this line is corresponding to coupled
analysis where you have used both finite and the infinite elements and the percentage error is

very very small of the order of one percent.



Whereas with conventional finite element analysis even when you join the when you put a
boundary restraint at 20 times the footing width there is still about 5 percent error in the
displacement that you predict or if you locate them at 5 times then your displacements are
have an error of 15 percent. And if you have 15 percent error in displacements your stresses

will be will not be or will have more error like might have about a 25 or 30 percent error.

So, will not be able to; even maintain the equilibrium between the applied loads and then the
reaction forces.
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This is the settlement bowl this dark line is the analytical solution and this is our coupled
analysis and this is with sorry yeah this is with beta of 2 and this is the conventional analysis
with the beta of 10. There is still so, much variation between the theoretical result and then
the finite element result when we used our conventional analysis where we fixed the

boundaries at 10 times the footing width.

Whereas with infinite elements even when you couple at a distance of 2 times the footing
width the result is very close to the to the exact analytical solution.
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Elastic Solutions for Flexible strip footing

Width=2B, distance from centre of footing=x; d=distance to hard
strata °
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And we can verify our results even for strip footing and the solution for a strip footing are
given in terms of the depth to the hard strata. So, let us say that the D is the depth to the hard
stratum and this is our equation for settlements W within the for a point within the footing

and the settlement equation for a point surface point outside the footing.

Elastic Solutions for Flexible strip footing

Width=2B, distance from centre of footing=x; d=distance to hard
strata
le— 2B —»
[E=—

L

o= L. —f

Surface settlement under the footing:

. 2
u'--.'!(l-p'};fq—’_[lﬂ-r)lngd B+ ]-%(tqm-zm
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Surface settlement outside the footing
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Strip footing Analysis

) Remoteness factor, |No. of elements & | Predicted d/b Ratio
B No. of DoF in mesh

2 A oY B Conventional

Instructor MEthOd

Dr. K. Rajagopal 10 49/294 12
20 49/294 23
40 81/490 44
Coupled Method
24/138 41
48/278 103
48/278 205
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And once again a very small number of elements and degrees of freedom were required in the
case of infinite elements and say this is these are the results with conventional finite elements
when you place the boundary at 10 times if you back predict it is coming to about 12 and
with the 20 it is coming to 23 and with 40 is coming to about 44 that is we can back predict to

get back our analytical result.

And so, with finite element analysis there is no benefit because if you place the boundary at
10 times the footing width then you get current results only corresponding to that. But then if
you use a couple method if you place the boundary at 2 times the footing width is equal to
placing the boundary at about 40 times the footing width. And if you place it at 5 times if you
place the infinite elements at 5 times the footing width is equivalent to fixing the boundary at

103 times the footing width.

So, it is actually it is a very huge difference between the finite element and infinite elements
and the advantage with infinite elements is we use a lesser number of elements and lesser
number of nodes or degrees of freedom. So, our solution is going to be faster especially if
you are solving any non-linear problem are the Dynamics problems the solution times are the
order of say in terms of this 24 hours or one day or one week and so on.
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So, here you see the comparison between the analytical and then this finite element Solutions.
So, this is for a beta of 2 the D by B comes out about 41 whereas for finite element analysis
the D by B is about 12. Although the boundaries fixed at 10 times there is a slight difference
it is not coming out exactly as 10 because of the numerical my address.
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And these are the predicted stresses. The black lines are the analytical stresses and then the
dashed lines are from different finite element analysis.
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Finite and infinite element meshes for piles in semi-infinite soil medium
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And you can do the same thing even with pile foundations and especially when you have very
long pile foundation is hard to decide where you need to keep your boundary because the file
length itself is it could be 30 to 40 meters. And beyond that how much soil we need to place
either one times 2 times half a time and so on. And so, so in the analysis finite element

analysis of piles usually involves in very very huge meshes.

So, if we can save on the and the size of the problem by using intelligently using these
infinite elements then we can have much faster solutions.
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And similar to what we found with the surface footings the percentage error with finite
elements or infinite elements is very very small of the order of about one to 2 percent

whereas with finite elements is a huge order. Even with say 10 times the footing width your



percentage error is about close to 4 percent. But if you use a length of mesh 5 times the file
length you will get you will still get very large error.
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Summary
Usage of infinite elements for some geomechanics
y problems is demonstrated
AL Brief description of the mapped type infinite elements
FEA &CM is given

PP Apagopal Solutions with infinite elements are found to be highly

accurate compared to those from conventional finite
element analyses

Mapped semi-infinite elements are implemented in
select commercial programs like ABAQUS,
TOCHNOG, etc.

ABAQIUS program recommends these elements in
comparison to absorbing or viscous boundaries for
&, problems with dynamic/seismic loading a

So, just to summarize the use of infinite elements for some geomechanics problems is
demonstrated we have seen for footing problems circular footing and then the wall footing or
a strip footing and then we have seen for pile foundations. And the mapped infinite elements
are very similar to our isoparametric elements except that they have singularity in their

mapping functions.

And they are highly accurate and these mapped functions that we have discussed they are
implemented in some programs like Abacus and TOCHNOG. Abacus is a is a very good
commercial program that is used by not only civil engineers by mechanical engineers
electrical chemical Engineers everybody. TOCHNOG is another geotechnical specific

program that also can be used for several things.

And in the Abacus manual they recommend the use of infinite elements for all the in place of
our viscous boundaries because they usually give better results. That we will see later I will
show you one example that was obtained with viscous boundary and then with these infinite
elements. So, that is the end of my lecture. So, if you have any questions please send an email

to this address profkrg@gmail.com. So, thank you very much.



