FEM and Constitutive Modeling in Geomechanics
Prof. K. Rajagopal
Department of Civil Engineering
Indian Institute of Technology — Madras

Lecture — 20
Patch test & Finite Element Modelling

(Refer Slide Time: 00:20)

FEA & Constitutive Modelling in Geomechanics
Lecture - 18
Patch Test & Finite Element Modelling

K. Rajagopal
Professor & PK Aravindan Institute Chair
Department of Civil Engineering
Indian Institute of Technology Madras
Chennai 600 036
e-mail: profkrg@gmail.com

FEA & CM LEARN MORE Uity
https://nptel.ac.in/ Dr. K. Rajagopal

So hello students let us continue our finite element calculations. In the previous lectures we

have seen how to evaluate the stiffness matrix and then the load vector due to the body
weight the stresses, the surface pressures using the different types of parametric concepts and
now let us continue and see one very important aspect that is the patch test and then how we
can use the finite element programs for doing the modeling
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¢ ct c? elements

¢® elements: displacements are field variables; continuity of only displacements
enforced at inter-element boundaries

¢! elements: displacements & their first derivatives are field variables; continuity of
displacements & their first derivatives are enforced at inter-element houndaries, e.g.
beam elements, shell elements

¢? elements: displacements, 1% & 2" derivatives are field variables; continuity of
displacements & their first two derivatives are enforced at inter-element boundarie
e.g. shell elements with field variables w; dw/d%, Fw/dx
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So, till now we have seen two types of elements ¢ 0 and ¢ 1. The ¢ 0 elements these are the
elements where only the displacements of the field variables and only the continuity of
displacements is ensured at the interface between the elements so these are called as a ¢ 0
because the first order derivatives may or may not be continuous whereas the c 1 elements we
have seen the ¢ 1 elements and the context of beam elements where our degrees of freedom

are displacements and then the rotation like dou w by dou x.

c, cl, c? elements

And both the displacement and their first derivatives of the field variables and the continuity
of beam elements and their first derivatives are enforced at the inter elements boundaries
these are called c¢ 1 and then ¢ 2 elements are where we have displacements first derivatives
and then the second derivatives the rotation and then the curvature as degrees of freedom and
these are with thin shell elements, but we do not come across them in the geotechnical
engineering. We will be only seeing the ¢ 0 and the ¢ 1 type element.

(Refer Slide Time: 02:28)

Convergence by h & p methods

* h-method - size of elements is decreased continuously to improve
solution accuracy while maintaining the same order of elements

* p-method - order of elements is increased continuously to improve
solution accuracy (e.g. 4 node quad element may be replaced by 8-
node quad or 9-node quad, 12-node quad, etc.)
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Then how do we get convergence. See there are two methods one is by h method and the

other is by p method. H method is the size of the elements is decreased continuously to
improve the accuracy. So you start with let us say 100 elements in the mesh next we increase
it to 200 and then increase to 300, 400 and so on so that the size of the element goes on
decreasing or in some cases what we do is we identify some critical point and then around

that we can refine the mesh make it more finer.



And in this h method we are not going to change the type of element like if you have a 4 node
quadrilateral we continue to use the 4 node quadrilateral everywhere and there is another
method called as the p method where we try to get higher more accurate results by increasing
the order of elements. So, you might start with a 3 node triangle, you might increase it to 6
node triangle or 10 node triangle, 15 node, 21 node and so on or with respect to quadrilaterals

like you may have 4 node quadrilateral 8 node, 9 node, 12 node, 16 node and so on.

And this is the p method where the size of the element may remain the same like let us say
initially you have 100 elements it will continue to have 100 elements, but we may have more
number of nodes because we are increasing the order of the elements.

(Refer Slide Time: 04:13)

Patch Test:

It is a simple test that can be performed numerically, to check the validity of an

element formulation and its programed implementation.
»Procedure developed by Irons.

»The patch test serves as a necessary and sufficient condition for correct
convergence of a finite element formulatjon.

»Mesh refinement with element that passes patch test will produce a sequence of

approximate solutions that converge to the exact solution.
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And there is one test that is called as a patch test that is performed numerically. So, we have

seen the same test earlier in the context of our generalized coordinate method. So, we have
seen that if you include the constant term we can simulate the rigid body deformations
without developing any strain then if you subject an element to constant strain state or

constant stress state we can predict the same thing within the element.

And the same thing we are going to demonstrate numerically and this particular one is done
through the finite element program and this is to check the validity of an element formulation.
See the element may be correct, but we might have made some mistakes in the program and
by doing this we can verify whether the program is also correct and this procedure was first

developed by Irons.



In fact Irons was the one who gave rise to lot of finite elements like the isoparametric
elements and so on and the patch test also serves as a necessary and sufficient condition for
correct convergence of finite element formulation. So, that if you are able to pass the patch
test that means that our elements can satisfy the monotonic convergence requirements and

sometimes a patch test mesh may not pass the patch test.

But then as you make the mesh more and more finer you might pass the patch test that is also
acceptable.

(Refer Slide Time: 06:15)

Example of a patch test from Cook's text book:

Two-dimensional patch with four 4-node quadratic elements. Loaded by forces /- consistent with the

uniform stress state o, = g, g, =7, = 0.
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And this particular example I have taken from the Cook’s text book. So, when we take a

patch of element it should be arbitrary patch of element and then we subject it to some
loading and some boundary condition so that they represent the constant pressure state and
here I have taken a patch that is 6 units long and 4 units height and then on the right hand side

there is a pressure sigma ¢ applied on the left hand side also there is a same pressure applied.

And then this node is fixed and hinge that both x and y direction displacement are not
allowed and node 2 is on a roller that is the mesh can move vertically, but not horizontally
then all these elements they are 4 node quadrilaterals and distorted only one element is a
rectangular element and all the others are distorted and then we have the same pressure acting

on this surface also.

And we know that on any 2 node surface the load is distributed equally between the 2 nodes.

So, here if our sigma c is the pressure applied the force at each node is sigma ¢ multiplied by



this height multiplied by unit thickness divided by 2 is your force at any node. So, the sigma ¢
times 2 divided by 2 is your F and then same thing if you do for this element that is you get

an F then at this node you have a F from this element.

And then you get another F from this element so you have 2 F. Similarly, if you apply on this
surface you get 1.5 F and 1.5 F here. So, 1.5 F is applied in the negative direction and here
this is put on a roller and then there is some Poisson’s ratio and then some Young Modulus
given then we do this analysis and if we calculate the same constant stress all through the

mesh that means the elements are passing the patch test.

And here see the boundary conditions also should enable the mesh to pass the patch test. So,
here by placing this node on a roller we are allowing for Poisson’s ratio induced
deformations. So, as you are elongating the mesh in one direction the other direction the
mesh should contract because of the Poisson’s ratio. So, if you had place this node and a

hinge.

Then obviously this patch will not pass the patch test because it tries to contact in the other
direction, but then you are now allowing. So, it will develop some extraneous stresses. So, if
you apply some stress the stress that is predicted here inside the element should be the same
that is what we are going to ensure from finite element analysis.

(Refer Slide Time: 10:32)

+ Boundary nodes of the patch are loaded by consistently derived nodal

loads appropriate to a state of constant stress.
+ Internal nodes are neither loaded nor restrained.

+ The patch is provided with just enough supports to prevent rigid-body

motion.

« If the stresses in all elements are constant, the patch of elements is said to
pass the PATCH TEST.
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And in this test we are going to load the boundary nodes consistently derived from our N

transpose t d s calculations and then the internal nodes are neither loaded or restrained and



patch needs to be provided with a just enough boundary support to prevent any rigid body
deformation and so that is what we have done here.

(Refer Slide Time: 11:02)

Example of a patch test from Cook's text book:
Two-dimensional patch with four 4-node quadratic elements. Loaded by forces I consistent with the
uniform stress state o, = o, 6, =17, = 0.
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So, if you fix only one node and leave all the other nodes then it can undergo the rotation

without any limit. So, we need to constraint one more node and that we have done by
constraining this and you prevent the rigid body deformation and then we should be able to
predict this constant stress that we will see through a program.

(Refer Slide Time: 11:35)

* Here, agree means exact agreement, allowing only for numerical noise

associated with the finite length of computer words.

* The patch test must be repeated for all other constant-stress states

demanded of the element being tested.

+ Solid elements must be patch tested for constant states of constant states

of gy, 0y, 0y, Txy, Ty, Tz Each time using appropriate nodal loads.

* A patch of plate-bending elements must display constant bending

moments My, My and constant twisting moments M.
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And so sometimes the elements may not pass the patch test, but as you make the mesh more
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and more finer you might be able to pass the patch test and that we call as the weak patch test

and the constant stress should be there in all the quantities sigma xx, sigma yy, sigma zz, tau



xy and so on then if you have bending element like a beam element even the moment should
be constant all along the length.
(Refer Slide Time: 12:12)

Necessary condition for monotonic convergence of
isoparametric elements,
Z N =1

All the elements (including serendipity elements) developed
till date are found to pass the patch test.
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And we have already seen that sigma of N i should be equal to 1 for monotonic convergence

and usually all the elements that we have they do pass this patch test because all the elements
isoparametric elements that we have derived they have this condition of sigma of N i is 1.

(Refer Slide Time: 12:41)

Example of a patch test from Cook’s text book:

Two-dimensional patch with 4-node, 5-node & 6-node quadratic elements. Loaded by forces I

consistent with the uniform stress state o, = a;, g, =7, = 0.
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And we can actually do a combination of different type of elements like 4 node, 5 node, 6

node and so on and that I will demonstrate when we go into the finite element program.

(Refer Slide Time: 12:58)



Types of elements to use

+ 3-node triangles vs. 4-node quadrilateral elements? Some
arrangements of 3-node triangles are found to be more accurate than

others III
I:J I:I I:I Found to be good for plane

strain geotechnical problems

Good only for problems where the stress is absolutely constant

Rectangles divided into four 3-node triangles give as good a result as 8-node
quadrilateral elements for plane strain problems
For axisymmetric problems, 8-node quad or 6-node triangles are better
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And there are different types of finite elements. So, the 4 node quadrilateral is what we have

seen and the 3 node triangle also we have seen in our calculations and we can divide this 4
node quadrilateral into two triangles like this or like this and these elements are too simplistic
and they are good only for problems where the stress is absolutely constant all through the

mesh. For those cases we may be able to get reasonable results.

But otherwise we should not use them or we should refine the mesh so much that we can
approximate the stress field that we get and within geotechnical engineering the experience is
that if we divide any rectangle into 4 triangles like this we can get good results for plane
strain problem for a strip footing or an embankment or something not for axisymmetric cases
and the rectangles divided into 3 node triangles give a very good result comparable to an 8

node quadrilateral element for plane strain.

But for axisymmetric problems we need to go in for 8 node quadrilaterals or 6 node
quadrilateral or 6 node triangles or even higher like 10 node triangles or 15 node triangles and
SO on.

(Refer Slide Time: 14:44)



Strain variation within elements

3-node triangle: u(x,y)=a +a;x+a,y

€, = 0U/Ox=a,

€, = 0v/0y=a, Strain is absolutely constant in 3-node triangle
Ty = 0u/Ox+ Ov/Oy=a, +a,

Four node quadrilateral: u(x,y) = a,+a,x+a,y+a, Xy

€, = OU/OX=a,tayy
B 8v/€y=az+a3x Normal strains vary in preferred directions

Ty = 0U/Ox+ Ov/Oy=arta tagx+asy  while shear strain has variation in both x &y
directions

Higher order elements (8-node quad, 6-node triangle, 10-node triangle, 15-node triangle
etc. may represent linear or higher order strain variation within the elements

couRse &7
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And how we decide whether given element is sufficient for a problem or not we can guess it
by looking at the variation of strain within the element and see that can represent reality. So,
let us do that for 3 node triangle and 4 node quadrilateral. So, in a 3 node triangle our
displacement field can be written as a 0 + a 1 x + a 2 y and our strains epsilon xx epsilon yy

and gamma x y we see that they are all absolute constants.

So, the 3 node triangle per se is a constant strain triangle and so when you apply it we should
be careful because if you use a very large element then within that large area you are
assuming that the strain and stress are going to remain constant. So, that means you are
unnecessarily constraining a lot on the system and your result may not be accurate and when

we go into the 4 node quadrilateral our displacement fieldisa0+alx+a2y+a3xy.

3-node triangle: u(x,y)=a, +a,x+a,y

£, = 0U/0Ox=a,

£y = OV/0y=3, Strain is absolutely constant in 3-node triangle

Yy = CU/OX+ OV[Cy=a,+a,
And ourepsilonxisaO+a3 yandepsilonyisa2+a3 xand gammaxyisal+a2+a3x
+ a 3 y. So, here we see epsilon x is a constant along x direction, but varying along y
direction and epsilon y is constant along y direction, but varying along the x direction and
gamma X y can vary both in x and y directions. So, when you apply this we should be careful

because the 4 node quadrilateral is also directionally constraining the variation of the strain.



Four node quadrilateral: u(x,y) = a,+a,x+a,y+a;.x.y
€, = OU/Ox=a,+a,y
£, = Ov/oy=a,+a.x
v R f“v 3 3 Normal strains vary in preferred directions
Yyy = CU/Ox+ Ov/Oy=a,+a +ax+ay while shear strain has variation in both x & y
directions

And let us say if you use a 3 node triangle for analysis for a cantilever beam we will have a
problem because a 3 node triangle assumes that the stress is constant and the strain is
constant. So, that means that within cantilever we know that on the upper fibre we will have
tensile strain whereas bottom fibre we will have compression strain, but then if you represent

with a 3 node triangle it will either give you compression and tension so that is not correct.

Then if you apply a 4 node quadrilateral the epsilon x that is the flexural strain is a function
of y. So, it has a capacity to represent tensile strain at the top and compression strain at the
bottom. So, that is why the 4 node quadrilateral maybe better compared to a 3 node triangle
and then even more versatile than these are higher order elements like 8 node quadrilaterals
or 6 node triangles and so on and by using them we can get better result.

(Refer Slide Time: 18:17)

Pascal Triangle

1 ——— Constantterm
X s Y —— Linear term
2
xy B/ = quadratic term
3
y®  ———— Cubic term
4 :
Y' ——— quartic term

5
Y© —— quintic term

xy
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And when we choose the number of terms we have to carefully examine the pascal triangle in

choosing the terms and this particular one is given in terms of Cartesian coordinates x and y,
but you can write the same thing in terms of natural coordinates Xi and eta.

(Refer Slide Time: 18:40)



Polynomial terms included in Lagrange elements
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And all our Lagrange elements they include only the terms within this highlighted areas and
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the Lagrange element they include some high order term, but while neglecting some lower
order terms like, for example, the 16 node Lagrange element it will have this x cube y cube
term, but then it will not have this x to the power 4 y to the power 4 and so on all these lower
order terms.

(Refer Slide Time: 19:17)

Deformation pattern of rigid footing resting on soft soil with 2x2 numerical integration
Unacceptable deformation pattern due to insufficient constraints — happens in meshes
with small number of elements \|/

Stiff footing element is inadequately
restrained by the soft elements to
cause the instability

f I
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And so sometimes we may get some spurious results and that you might think that is because

of the programming errors, but that is not true in some situations depending on the constraints
that we have, we may get some result like this. So, here this yellow mesh is showing the rigid
footing resting on a soft clay and it is subjected to some concentrated load and we know that
it is a rigid footing resting in a soft clay and if you are subjected to some loading it should

just simply sink into the clay.



But then the response that we get is very funny. So, this particular one it is a rigid element
with very high modulus, but then it has buckled something like this, it has twisted out of
shape and whereas even these elements they have distorted a little bit different and the main
concern is see our rigid element with very high stiffness it is just buckled out of shape or it

has got twisted out of shape that is because of insufficient restraint given by the soft clay.

And this particular result is obtained with by 2 by 2 integration numerical integration for all
the elements this stiffness is evaluated using 2 by 2 numerical integration.

(Refer Slide Time: 21:01)

Deformation pattern of rigid footing on soft soil - 3x3 numerical integration that provides
sufficient number of constraints
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And the same thing performed with 3 by 3 integration is giving the result that we expect. So,

if you have a rigid element it should just simply move like a rigid body, it should undergo
uniform settlement all through whereas here it is not done. It has undergone some settlement
outside, but then inside it has not undergone equal settlement and you might think maybe this

mode of deformation is excited because of this concentrated load.

Actually in the plane strain there is nothing like a concentrated load, it is actually it is a line
load that is because the concentrated load can happen in a full 3 dimensional problem, but not
in the 2 D problems. So, even if you apply pressure loading like this we get the same spurious
response because of insufficient restraint provided by the soft element.

(Refer Slide Time: 22:17)



Cantilever subjected to tip load & moment

5_P.L3l g_P.LZ
“3.EI T 2EI
5_M.L2_ H_M.L
T2EI' T EI
6.P.L
6Sh.eaT=5.A.G
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And I am going to show one more example at the cantilever beam subjected to tip load and

moment and because this is problem that we understand very well and if you have a pure
flexural member without any shear deformation these are the deformation and rotation delta
is P L by 3 E I theta is P L square by 2 E I and delta is M L square by 2 E I and theta is M L

by E I. These are the results that we should expect with pure flexural elements.

Cantilever subjected to tip load & moment

5_P.L3_ B_P.LZ
SR - ZEI
6_M.L2. g ML
- 2RI O E.l
6.P.L

65?1801‘ = 'SA_G

And but then if you use a plane stress element for representing a cantilever beam that being a
continuum it might undergo some shear deformation and the shear deformation at the tip is 6
P L by 5 A G where G is the shear modulus A is the cross sectional area. P is applied load
and L is the length of the beam.

(Refer Slide Time: 23:33)



4-node element mesh
L=10,. d=2, E=2x108, P=100; M=100

P 100 x 10° no—
== /0X
3ED 3y42x108x-5x1x23
12
.Y 100 x 10° -
B=2—El=—1=3.75x10
e 2><2><103><ﬁ><1><23
M.I2 100 x 102 ~
5“=m=—1=3'75105
e 2X2X108 x5 x1x 23
12
M.L 100 x 10 y
By =75x107%

STEL 5y it gt 08
2><10><12><1x2
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And these are for different properties let us say the length is 10 and the depth is 2 and Young

Modulus is so much the load at the tip is 100 at the moment is 100 and the deformation at the

tip is 2.5 times 10 to the power of — 4 and the rotation of the tip is this and the deformation

due to the moment is this and rotation due to applied moment is this and we can perform

these the finite element calculations and see what happens.

4-node element mesh

L=10, d=2, E=2x10%, P=100; M=100

=25 x 10~*

=375 x10"%

= 37510~

=75x10"°

P.L3 100 x 10°
b= Fi™ . 1

i 3x2x10“xﬁxlx27‘
- P.12 B 100 x 102

2.E.1 2x2x103x-1-1§x1x23
5 M.L? 100 x 102
H: —

2.E.1 2x2x103x1—12x1x23
5 M.L 100 x 10
M= = =

2.E.1 2x109x%x1x23

And actually there are two different geometries considered for a 4 node element mesh these

are the geometric parameters, length is 10 and d is 2.

(Refer Slide Time: 24:33)



& or 9-node element mesh

L=100, 4=10, E=2x10%, P=1000

R 1000 x 100° i
HEd 3><Z><108xlx1x103
12
B 1000 x 100* .
=g ———————=3x10"
2B %2 %109 x5 x 1x 103
12
s J6PL_ 6x1000x100 oo
Shear_s'A‘G_Sx 10x1 ><—2)<10a Y
U0 X
Flexural stress, gy, = %.? = 1?2?;30 X 5=6000 (maximum at fixed end)
12
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And for 8 and 9 node element the length is 100 and the depth is 10.

8 or 9-node element mesh
L=100, d=10, E=2x10%, P=1000

5= p.L3 _ 1000 x 100° = 0,02
3.E.I 3>-<2><1(}9>-<T12—>-<1>-<1(}3
P.L* 1000 x 100° >
0= SET- i =3x10
v 2>-<2>-<10‘*xﬁ>-<1><103
5 6.P.L 6 x 1000 x 100 1.56 x 104
& = — = 1. x
shear =5 A.G 5 x (10 x 1) x 22X 10°
2(1+0.3)
Flexural stress, 0y, = %.)7 = wln::;;w X 5= 6000 (maximum at fixed end)

12
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TABLE 6.14-1. STRESSES AND DEFLECTIONS IN CANTILEVER BEAMS OF CONSTANT THICKNESS
UNDER TRANSVERSE TIP LOAD P. LENGTH = 10, DEPTH = 2, v = (.25.
VALUES BY BEAM THEORY = 1.000, OF WHICH 3% OF v, 1S DUE TO TRANSVERSE

SHEAR DEFORMATION.
|_v.r ‘y,v IW’
Z P : P P P
— 1 OO g
B A C A C A
] Ua Oxc Oa Oxc ”;

0.0% 0.727 0.682 0.301 0.494

And Cook’s textbook he has shown the result qualitatively what you get with the different
type of elements and this is for a cantilever beam model by using the one single 4 node
element and the deflection at the tip is only 9 percent of the actual deflection and then the
stress at this point at the bottom fibre at the bottom is only about 10 percent of the actual

flexural stress.

But then if you have more number of elements like this your deflection is slightly better it is
68 percent of the actual result and the stress at this point is about 73 percent of the actual
stress, but then if you have the same 5 elements, but distort them like this your solution
accuracy comes down, the tip deflection is only 0.49 times the actual deflection and then
sigma c at this point is only 30 percent of the actual stress.

(Refer Slide Time: 26:12)

TABLE 6,14-2, STRESSES AND DEFLECTIONS IN TWO-ELEMENT CANTILEVER BEAMS OF
CONSTANT THICKNESS UNDER TRANSVERSE TIP LOAD P. LENGTH = 100,
DEPTH = 10, » = 0.30. VALUES BY BEAM THEORY = 1,000 (IN WHICH THE
TRANSVERSE-SHEAR CONTRIBUTION TO 04 1S NEGLECTED). SKETCHES ARE
NOT TO SCALE.

v Y,v U
u | P A

Oxx = T)_’ : ’ 2
M=Px . B, . .
B P A c P B 4
Element Gauss \
Type Rule O Ua T A T Ua

8 node 2x2 1000 0968  0.051 0.362 -0.048 0430
8 node 3% 1129 0930 0048  0.161 0.050  0.221
9 node 2x2 1.000 1.006 1.125 1.109 0.958
9 node 3x3 1.141 0.954 0687  0.791 0.705
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And if we use 8 and 9 node quadrilateral and three different cases are given. One with pure
rectangular elements two of them and one with a distorted, but then this surface is a straight
surface then the third one is distorted, but it is a curved surface and for this case with a 2 by 2
integration if we use 8 node element the sigma at this place is exact 1 times the actual stress

so that is 100 percent exact.

And the tip displacement is not bad 0.968 times the actual displacement, but then if we use 3
by 3 integration the calculated stress is much more than what it is like, it is 1.129 and then the
deflection is slightly lesser 0.93 times the actual displacement and if we use 9 node element
with reduced integration you get very good result both in terms of the stresses and then the

deflections.

And 9 node element with a 3 by 3 integration it is not very good and when you distort it your
results suffer a lot. See with 2 by 2 integration with 8 node element your vertical
displacement is 0.36, but then if you use a 3 by 3 integration your solution is only 0.16 times.
So, that is actually that is so you see as you are increasing the order of integration instead of

improving the solution you are actually impairing the solution.

It is the accuracy is coming down consistently in both 9 node and 8 node elements then this is
a curved element with a curve and once again this 8 node element it is not able to perform
well whereas the 9 node element with a 2 by 2 integration it is able to reasonably predict and
the deflection is 95 percent of the actual deflection and the stress is about the same 95 percent
of the actual deflection.

(Refer Slide Time: 28:50)



Cantilever beam subjected to end moment

End moment, M=P.d
This bending moment is constant along length
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So, this T will show through a computer program and so our continuum elements we have

only facility to apply at the forces either in the x direction or y direction, but then how do we
apply a couple or moment. So, what we do is we can actually apply the force like a couple.
So, if you want to apply a moment of M here we can equate M to P d if d is the depth we can

calculate the load that you need to apply P and apply in the positive x direction at the top.

End moment, M=P.d
This bending moment is constant along length

And the negative x direction at the bottom to get our moment. So, similarly if you want to get
flexural stress so when you have a beam the flexural stress we get directly, but then sigma x
is actually M by I times y bar. M is the moment that is the shear force multiplied by the
distance and at the fixed end your moment is P times L that is maximum at the fixed end and

0 at this free end.

=—=y

axx

M

1
M = Px

And at any place you can calculate the moment M by I and compare this flexural stress

against this sigma xx and that is what is reported here the percentage error or how it

compares with the actual result.

(Refer Slide Time: 30:51)



Isoparametric triangular elements
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See till now were only discussing about the quadrilateral elements and I will want just briefly

show you about the triangular finite elements.

(Refer Slide Time: 31:06)

Shape functions for triangular elements in terms of area coordinates

Let any interior point P divide the triangle 123 into three small triangles P12, P23 & P13

Shape functions for the three nodes can then be written as,

AP23 .
N, = o N,= 1 when Pis at node-1, &

z6ro when P is at Nodes 2 or 3

AP13 ; :
Ny = 555 N1 when Pisnode-2& OwhenPisat1or3
8P12

Ny == iN;=1 when P s at node-3 & 0 when Pis at 1 or 2

The above definitions of shape functions will yield exactly the same shape functions as
derived earlier for the 3-node CST using generalized coordinate method
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And the triangles are also very popular. As you know the triangular elements they have the
complete polynomial starting from 3 node triangles, 6 node and so on and so their stability is
better. Some of the modes of deformation that you see with quadrilateral may not happen
with the triangular elements and there is another method for getting the shape functions that

is in terms of the area coordinates.



And here we can define any node P and then get the area of any of these triangles like P 23, P

13, P 12 and so on and the N 1 can be written as area of this P 23 divided by the total area

and so that when P is located at node 1 N 1 1s 1 and when P is located at 2 it is O or when P is

located at 3 it is 0 and then in between it varies from 0 to 1 and this definition of finding the

shape functions in terms of the area of this triangle it will give us the same shape functions

that we got earlier.

AP23,
Ny = 3123
AP13,
N, =
27 123
AP12
N; =

31123

(Refer Slide Time: 32:40)

a; +hix+cy
b= 24 24 = determinant of the matrix
where, @; = XY~ XY = ()3 = X3y2) = x5 = y2) + y1(x5 = %)
= (2 x area of element)
b=y —w
G =X =% , i)k are cyclic indices varying from 1 to 3

(y = X2)3 = X3), Az = X3)1 = X%1)3 a3 = X1y, = Xo)1
by=y,-y by=y3-n by=y1-,
Q=X3-% GQ=X—X3 G3=X—X

oNi _ i
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; N,= 1 when P is at node-1, &
zero when P is at Nodes 2 or 3

; N,=1 when P is node-2 & O when Pisat1or3

;N,=1 when P is at node-3 & Owhen Pis at 1 or 2

b ON; _ ¢ _
P ZA = constant ; 3y e constant

FEA&CM Lecture-18

That N is a + b x + ¢ y by 2 delta that is what we derived earlier by using the generalized

coordinate methods we will get exactly the same things.



_a;+bix + ¢y
a 2A 2A = determinant of the matrix

where, a; = XiVike — XYj = (x2y3 = x3y2) = x:(y3 = y2) + y1(x3 — x2)
] / = (2 x area of element)

bi = yj — ¥k

Ci = X — x;-,' i,k are cyclic indices varying from 1to 3

a; = XYz — X3)Y2 a; = X3y, —xX1)¥3 az = X4y — X2
by =y, =y b; =y3—» b; =y, =¥
€ = X3 — X3 Cp =X — X3 C3 =Xz — X

aN b aN c
— = — = constant ; — = — = constant
dx 24 ay 24

(Refer Slide Time: 32:52)

Isoparametric triangular elements

Isoparametric triangular element is an equilateral element of size 1 -any
triangular shape is mapped into this equilateral element

Another Gauss quadrature procedure is developed with & and 1 varying from 0
to 1. £=0 along 1) axis & n=0 along € axis.

For triangles, £ and ) do not vary independently as in quadrilateral elements.
Each sampling point will have unique £ and 1 values.
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And it is possible to develop shape functions for triangles using our parametric procedures

and the Xi and eta for the triangles they vary from 0 to 1 not from — 1 to + 1 and Xi and eta
are not orthogonal in this case whereas in the case of quadrilaterals we have taken them as
orthogonal, but here it is not so and so they do not vary independent of each other. So, each

sampling point will have unique Xi and eta values.

And we can define say Xi along the surface 1, 2 and eta along this lone 1, 3 and let us say that
Xi and eta are 0 at this node Xi is 1 here and eta is 1 there and Xi along this line is 0 and
along this line is 4 it is parallel to this surface and then eta is 0 along this line and then 1
along this line and in between it is varying from 0 to 1.

(Refer Slide Time: 34:12)



Isoparametric 3-node triangle

u(gn)=a, +a,.&+a,m 3

u(n=0u=a, . §
u(é=1, n=0)=u,=a +a,= a,=u,~u,

u(€=0, n=1)=u;=a,ta,=a,~us-l, 2

3, = Uy-Uy

FETR Ak

u(Em) = ug* (uy-uy).& + (uguy) n=(1-E-n)ul + &u2 + n.u3

Ni=(1-&-n); Np=&, Ny=n

FEA&CM ..., Br K. Rejagopel
And we can get our shape functions in terms of the natural coordinates Xi and eta using our
conventional generalized coordinate method. So, our u can be assumedasa 0O +a 1 Xi+a 2
eta and then we derive go through the procedure and derive we will see that N 1 is 1 — Xi —

etaN2is Xi,N3isetaandour N1 +N2 + N 3is 1 because it is Xi— 1 + Xi + eta.

Isoparametric 3-node triangle »

ulEn)=a, +a,.5+a,m 3

u(&=n=0)=u,=a, £
u(&=1, n=0)=u,=a,+a,=> a,=u,-u,

u(€=0, n=1)=u,=a,+a,=>a,=U;-u, 2

a, = Uy-U,
a;=Us"uy
u(&n) = uy+ (up-u,).€ + (uz-uy) M=(1-E-n)ul + Lu2 + n.u3

&n=0 "

N,=(1-&-n); N;=& Ny=n i

(Refer Slide Time: 34:54)



ISOPARAMETRIC 6-node TRIANGULAR ELEMENT
1

ulEml=a,+ a6 + 2y + a8+ a4 agk

Np=(1-£-n) (1-28-2n)
Nj= &(28-1)

N§=n (2n-1)
N=4E(1-E-n)
No=4Cn

Ng=4n(1-5-n)

Progress correction method is equally
2 2 applicable for triangular elements also

FEA&GCM ... 07 K. Rojagopel
And we can get our shape functions for higher order elements by going through our
generalized coordinate method for the 6 node triangles theuisaO+al Xi+a2eta+a3 Xi
square + a 4 eta square + a 5 Xi eta this we can easily get by looking at the pascal triangle and
if we go through them and substitute different Xi eta values here and then determine the a 0, a

1, a 2 and so on we get the shape functions like.

BN W R ® R W OWEW R P W W W wer

= = E £2 2 E
ulEnl)=a,+a,.L+a,n+a,.l'+a,n'+ as.5m

N1,N2,N3, N4, N4, NS5, N 6 so whatever progressive corrections that we had done with
quadrilateral elements can also be done with triangular elements. So, the N 1 for the 6 node
element we can get from by correcting the N 1 of the 3 node element N 1 3 we can get it we
can subtract N 4 by 2 and N 6 by 2 and get the shape function for 6 node element. So, our N
1, N 2, N 3 they are given here for the 3 node element.

NP=(1-%-n)(1-25-2n)
2= E(25-1)

N{=n(2n-1)
N=4.5(1-E-n)
N, =4.5.n
N.=4n(1-5-n)
N{’ = Ni‘ - % - %
N§ = N3 — E . ﬁ Progress correction method is equally
2 z applicable for triangular elements also
N§ = N3 - - ﬂ
. 2 2



And for the 6 node element we can get this and in between we can have a 4 node triangle or 5
node triangle or a 6 node triangle it does not matter because whatever procedures that we
discussed earlier are also valid for this particular element.

(Refer Slide Time: 36:40)

Typical sampling points & weight factors for triangular elements

Sum total of all weight factors for each set = 1
Notice one negative weight factor

—

-point in

4 e n i
point (1* order 4-point (3 order) 7-point (5" order)
polynomial
WK O

weight & n weight
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And these are the sampling points for the triangles and 1 point integration this is good for
first order polynomial, the Xi and eta are one third, one third and the weight factor is 1 and
we can have a 4 point integration that is good up to third order polynomial Xi and eta are here
and the weight factors and you see one of the weight factors is negative for the triangles for

the 4 point integration it is negative — 27 by 48 then 25 by 48 at all the other nodes then 7

point integration it is good up to 5th order polynomials.

These are the different locations and then the weight factors and the sum total of all the
weight factors for the triangles is equal to 1.

(Refer Slide Time: 37:42)



Numerical integration for triangular elements

|J]=2.A for triangular elements
Sum total of all weight factors = 1

K] = z [B]".[01.[B. wi!—l. factor

§illi
Cu=).
§ Factor:
Ul Thickness for plane stress .

{pb}zz [N]T.{b}.wi.?factor 1 for plane strain
illi & radius for axisymmetric sig

U/l

[B]".{o,}.w;.—. factor
i 2

£

u
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And our equations for triangular elements are written like this and the determinant of the

triangular elements of the determinant of the Jacobian matrix for triangular elements is two
times the area 2 a whereas for quadrilaterals the determinant is a by 4. So, our stiffness matrix
is written like this B transpose D B w i because now we are not independently doing in Xi

and eta directions.

Numerical integration for triangular elements

|J|=2.A for triangular elements
Sum total of all weight factors = 1

|K]=Z [BlT.ID].IB].wl.%.factor

§um

Factor:
Thickness for plane stress

{Pp} = z [N]T.{b}. w;. w . factor 1 for plane strain
HE T ; & radius for axisymmetric

Fop} = ZE ) [B]". {o0}- Wf.%.facmr

We are at each and sampling points we can have a different Xi and eta values. So, for say 1
point integration Xi and eta are just one third, one third w i is 1 and so on and if you have
more points you have this Xi and eta like this varying like this one third, one third, 0.6, 0.2,
0.2, 0.6, 0.2, 0.2 something like this I think it is illustrated here and the load vector due to
initial stresses and the load vector because of the body weight they are all given here.

(Refer Slide Time: 39:09)



Best locations to find stresses

» Gauss-quadrature points are best suited as compatibility equations are
satisfied at these points

»In nonlinear analysis, internal reaction force vector needs to be computed to
maintain equilibrium. In such cases, stresses are best computed at Gauss
quadrature points

»In general, the order of error in stresses is more than that of the
displacements (e.g. if displacement prediction has 5% error, the error in
stresses could be much more than 5%)
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And what are the best locations to find the stresses. See till now we were looking at only the

displacements and the displacements are obviously determined at the node points and so
when it comes to the stresses we have to see exactly where we are enforcing the compatibility
conditions. So, in the compatibility conditions are enforced only the sampling the sampling

points the Gauss quadrature points.

And so this strains are evaluated at this Gauss quadrature points and then the stresses are also
best evaluated at Gauss quadrature points or the Gauss sampling points when we determine
the stresses at the nodal points they may or may not be correct and in the non linear analysis
we always calculate the stresses only at the integration point so that we can apply B transpose

sigma and equate the internal force to the external force.

And in general the order of error and the stresses is more than that of the displacements. So, if
your displacement prediction has 5 percent error the error in the stress is need not be exactly
equal to 5 percent it could be more or much more sometimes.

(Refer Slide Time: 40:38)



Thick cylinder subjected to internal and external pressures
P

i

i

i
In-plane cross-section for o , , ) )
Longitudinal section for axisymmetric analysis

plane strain analysis

* Internal radius = 100
* External radius = 200
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Now, let us see how we can simulate thick cylinder subjected to internal pressure like this

and the dimensions internal radius is 100 and external radius is 200 and we can do the
analysis in two ways one is in like a plane strain and the other could be like an axisymmetric
and depending on how you take the cross section and if you take a cross section like this
along the length you take unit slice we can model it as a plane strain case assuming that in the

length direction the strain is 0 or you can take a longitudinal section like this.

And then do this problem as a axisymmetric analysis. So, here actually we can take along the
length direction and then when you see the section you will see only the thickness and
thickness that is rotated around the central point will give you the cylinder. So, that is what
we do here.

(Refer Slide Time: 42:06)

Thick cylinder subjected to internal
pressure — axisymmetric model using
8-node rectangular quad elements

E R,=200

R,=100
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And so this is the mesh for doing the analysis of thick cylinder subjected to internal pressure.
What we do is we take a unit length and support all these the nodes and rollers so that the
mesh can deform only radially and that is the ideal case. If you have a very, very long
cylinder and take some length in the mid section we have predominantly radial displacements

and that is what we get with this mesh or the other possibility is using plane strain model.

So, if you consider unit slice this plane will get a thick cylinder like this and it is not
necessary to solve the entire things you can draw two symmetry lines, two symmetry planes
here and here and then whatever is happening in this positive quadrant the same thing is
going to happen in the negative quadrant and so on.

(Refer Slide Time: 43:18)

Thick cylinder subjected to internal pressure — plane strain model
using 8-node curved quad elements
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So, this is your deformed mesh and the black one is the original mesh and then the yellow

one is the deform mesh and just ignore because in this program it cannot draw curved
surfaces. So, it has just drawn with straight lines like this, but it is a curved surface then it can
also not plot these the pressure loading correctly. So, that is the brief introduction to patch

test.

And some aspects of some finite element analysis and if you have any questions please write

an email to profkrg@gmail.com. (Video Starts Here: 44:11) And before I wind up the class

just want to show you one program that you can utilize for doing all these parametric
calculations. So, you are going to get one program called Isocalc and this is a very simple
program and it can do the calculations for quadrilateral elements, triangular elements and

then the traction calculations.



And then you can do two types of calculations or the body force vector or these the force
vector due to the initial stresses and then you can do calculations for plane stress, plane strain
or axisymmetric and then for different orders of integration, order of integration 1, 2, 3 and 4
up to 4th order of numerical integration you can do and for the plane stress case you need to

define some thickness and then we need to define the coordinates.

And so here for each node we need to give x and y coordinates and then this input box is
common for both the traction and also for quadrilateral and then for triangles. So, let us see
so if you choose the quadrilateral automatically you get option for giving the coordinates for
4 nodes because that is the minimum 4 nodes you need to define or if you choose a triangle

you get only 6 node like quadrilateral let me go back to quadrilateral.

See these quadrilateral elements are defined with variable numbers like minimum 4 nodes up
to maximum 9 nodes and you may or may not involve the other higher order nodes. So, you
can uncheck these boxes so that you will use only the 4 nodes and let us do some
calculations. Let us give some numbers let us say our node 1 is at 10 and 10 and at node 2 x
is 0 and y is 10 and node 3 is at the origin 0 and O let us say and node 4 is at x of 10 and y of
0.

And let us say that we have a plane strain case and the thickness is automatically 1 and our
order of integration we can select let us say we select 2 and then let us say we calculate the
body force vectors. So, the unit vector I am taking as 20 and the gravity factors 0 and — 1 and
then you press this calculate then it will do the calculation and then it is showing — 500 and

all these 4 nodes and your positive coordinates are like this x and y.

And so now let us see let me just choose axisymmetric and let us calculate the results with 1
point integration the body force vector you calculate and so with single point integration the
axisymmetric element has given — 2,500 at all these 4 nodes which is not correct because our
shape functions their first order variation and then our radius also has a first order variation so

you have totally second order variation and then you need minimum 2 integration points.

So, let us try with a 2 integration points for this axisymmetric element. So, I have 2 point

integration and if you do the calculation we will see that it is different the distribution has



changed completely — 3333 at the outer nodes then — 1666 at the inner nodes. So, it is now let
me demonstrate for an 8 node quadrilateral I am choosing all the 8 nodes and then our node 5

is at the top surface at x of 5 and y of 10.

And then node 6 is at x of 0 and y of 5 and node 7 x of 5 and y of 0 and node 8 is 10 and 5
and let us choose our plane strain case and let us try with one point integration and we have
an 8 node quadrilateral N transpose B with single point integration. So, if you do this you see
at the 4 corner points you have a force of 500 whereas at the mid side nodes you have 1,000,

1,000, 1,000.

So, obviously this we do not know whether it is right or wrong, but you know from our
previous calculations that the mid side node should attract 4 times the load at the corner
nodes, but here we have only 2 times. So, our order of integration may not be sufficient. So,
we can go back and change the order of integration to 2 and let us do the calculation and here
we get see + 166 at the four corner nodes whereas — 666 at the mid side nodes it is going

down at the 4 mid side nodes whereas at the corner nodes it is going up.

That is what we had seen earlier and now let me define the 9th node at 5 and 5 and let us do
the calculation and now the nature of distribution has changed completely it is at the middle it
is attracting the maximum force of 888 whereas at the 4 corner nodes there are only 55.55.
So, actually these and let me do the calculation for this initial stresses let me just take a

simple case at one integration point.

And let us say our stresses are sigma X is — 50, sigma y is — 100 and then shear stress is 0 then
if you do the calculation you will get the forces interestingly there is no force distributed at
the 4 corner nodes because [ have used only one point integration and it is not able to give us
the correct distribution and — 1000, 500, 1,000, - 500 and we can actually do a 2 by 2

integration and then see what happens.

Let us give the same — 50 — 100 0, 0, 0, 0. So, we are assuming that the element is subjected
to some constant stress state so we are using the same constant stresses. So, if we do the
calculation now we get different result. See we are getting forces at all the 4 corner nodes and
also at the mid side nodes then after you do the analysis you can save the result by doing this

the report generator.



So, I am giving result data out and if you press this report generator the results will be saved
in this file and then we can open that file and then look at the results not sure exactly where
that is saved. These are the results that we get let me blow it up zoom. So, we have 8 nodes
corresponding x and y coordinates and then we have used 2 point integration and the stresses

are the same at all the points and then the force in the x and y direction at each of these nodes.

So, this is what we say as a consistent term distribution of the load and that is what we need
so that our stiffness and the forces are consistent with each other so that is a brief introduction
to this program (Video Ends Here: 55:51) And in the next class I will demonstrate for more
number of cases then we will also see the patch test because that will take some time and in
the meantime if you have any question please feel free to send an email to this to my gmail

address then [ will respond back. So, thank you very much we will meet next time.



