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Let us continue our isoparametric calculations.
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* In the previous lecture, determination of shape functions of
isoparametric elements was discussed.

* Different methods like Lagrange method, generalized coordinate
method and serendipity methods were explored
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So, in the previous classes we had seen the different methods for determining the shape
functions of isoparametric elements using the Lagrange method and then the generalized
coordinate method and then also the serendipity method by progressive correction and let us

continue with what we had done.



(Refer Slide Time: 00:52)

Convergence requirement of isoparametric elements

Let the displacement field within a 3-dimensional
element be,

Uxy.z)=a,+a.x+ay+a,z (1)

At any node point-i, the displacement s,
U=t aixta,ytayz (2)

In terms of the shape functions, the internal
displacement field can be written as
u=2Nuy, (3)
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And before we do the calculations let us see what is the requirement for convergence with the

isoparametric elements. So, let the displacement field be expressedasaO+alx+a2y+a3
z. This is as per our generalized coordinate method and this is particular for three dimensions
because we notice that we have three coordinates x, y and z and at any point i the
displacement can be obtained by substituting x i, y i and z i the coordinates corresponding to
that point i.

Let the displacement field within a 3-dimensional

element be,

u(x,y,z) =a,+a;.x+a,y+az.z (1)

At any node point-i, the displacement is,

Ui=a,+a;.x+ay +a;z (2)

In terms of the shape functions, the internal

displacement field can be written as

u=2Nuy (3)

So, u i we can write like thisa0O+alxi+a2yi+a3ziand also in terms of the shape
functions the internal displacement field can be written as u is sigma of N i u i where N i are
the shape functions at different nodes and u i are the displacements of the different nodes. So,
if you have three nodes in the element we have N 1, N2 and N3 andu 1,u2,u 3.

(Refer Slide Time: 02:19)



Convergence requirement of isoparametric elements

Substituting Eq. 2 into Eq. 3,

u=a, INi+a IN X+ ag. INiy; + a3 XNz (4)

But, in isoparametric system, YN..x; = x, Equation (4) can be written
as,

u=a, 2N, +a;x+ay+azz (5)

Comparing Eq. 5and 1, we need YN, =1 for the inequality to hold
good.

This is the necessary condition for convergence. Another check is
performed for convergence by PATCH TEST as explained later. L
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And so if we substitute 2 and 2 into 3 in terms of the shape functions we get the internal
displacementasa 0 +sigmaNi+alsigmaNixi+a2sigmaNiyi+a3sigmaNizi,but
our sigma of N i x i is actually x that is the sum total of shape function value multiplied by
the coordinate value, which is x as we have seen earlier through the mapping functions and
you realize that in the isoparametric elements we use the same mapping and the shape

function.

Substituting Eq. 2 into Eq. 3,
u=a, XN;+a,. 2N, x;+a,. 2Ny, +a;.2N,.z, (4)

But, in isoparametric system, > N,.x; = x, Equation (4) can be written
as,

u=a, 2N, +a,.x+a,y+azz (5

Comparing Eq. 5and 1, we need XN,=1 for the inequality to hold
good.

So, this is true for our conventional systems. So, our u can be written as a 0 times sigma N i +
alx+a2y+a3z, but then this u is the same as what we had in the equation 1. So, if you
compare this equation 5 with the equation 1 that is so in equation 1 we haduasaO+alx+
a2y+a3z So, if you compare both of these equations we have only sigma of N i as an
additional term and that should be equal to 1 for equation 5 to be equal to equation 1 because

both are referring to the same displacement so we cannot have different values.

So, that can be true only when the sum total of all the shape functions is equal to 1 and this is
the necessary condition for convergence and that is monotonic convergence and we will also

see or we will also perform some other test called as a patch test that is referring to constant



strain conditions to assure that whatever finite elements that we have developed they do meet

the requirements of the convergence.

So, actually our sigma of N i of 1 is required so that we can simulate the rigid body
displacements without straining the body and also the constant term stay in state within the
element.

(Refer Slide Time: 05:13)

#Isoparametric calculations are computationally intensive due to repeated
calculations at different sampling points

»However, these are ideally suited for computer implementation due to
automated calculations & applicable for any shape of elements

»Suitable order of integration can be selected to achieve the optimal
results
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So, now let us see what or how we can do the calculations using the isoparametric elements

and as such our finite elements calculations are going to be too intensive like we cannot
obviously do by hand and all these calculations are most ideal for computers because they are
high speed computers and then they can do the repeated calculations without any numerical

mistakes.

So, if you and I do then every second the calculation that we do we might make a mistake,
but computer does not do these mistakes and it can do very fast and these isoparametric
calculations are good for computer implementation because they are most ideal it is a
repeated calculations and these elements are also applicable for any shape of element
whatever maybe the shape in the Cartesian space we convert to some standard shape in the

natural space and do the calculations.

And then we can choose the order of numerical integration based on the order of polynomial
that we have.

(Refer Slide Time: 06:39)
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And the relation between our Cartesian system and then the isoparametric system is coming

through our Jacobian matrix as we had seen in the previous lecture and we can express our
derivatives of the shape functions in terms of Xi and eta through the Jacobian matrix and then
the shape function derivatives with respect to the Cartesian coordinates x and y and these
terms within the bracket there we can think of them as mapping functions dou x by dou Xi

dou y by dou Xi, dou x by dou eta dou y by dou eta and so this is J.

[Ny 9x  9y] (9Ni N

) ;Ni = gi g; aa;:, =[] rf!:. : [ 1] is called the Jacobian matrix
\ an an anl \ ay dy

(ON; oN;

4 g ;{_ =[J]? ; ‘,51_

\ dy an

And J is the very important parameter in our finite element calculations and we call this as
the Jacobian matrix and the J inverse is 1 divided by determinant of the Jacobian matrix
multiplied by dou y by dou eta — dou y by dou Xi — dou x by dou eta dou x by dou Xi and our

determinant of this Jacobian matrix is this cross product minus this cross products.

o _oy
== % ol
m|_ox ox |’

an at
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» Determinant of the Jacobian matrix will be +ve definite only when element nodes are in

anti-clockwise direction. It represents the area of the element to some scale.

» The shape function derivatives w.r.t. Cartesian coordinates can be written as,

0N, _ 1 6y 6Nl 6y aN,]
dx* [JI|on 3¢ 3¢ an

dx dN; 6x an;

Gy I[ o’ o¢ 06 an
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And that represents the area of the element to some scale and this will be positive only when

the element nodes are numbered in the anti clockwise direction that is what we had seen even
with the three node triangular elements. We numbered the nodes in the anti clockwise
direction to get the determinant of that coordinate matrix as positive and it represents the area
of the element to some scale and the shape function derivatives with respect to Cartesian
coordinates are this, this we have seen earlier.

(Refer Slide Time: 08:59)

NUMERICAL INTEGRATION IN FEA
Gauss - Legendre quadrature rule

No. of points Locations Weight Order of
polynomial

1 00 20 1

) ]
2 A 10 3
3 +0.6,0.0 5198, 5

3+2r
4 2 h %—%and%%r *7
m
Where, r = V1.2

FEA&GCM ..o,
And so once we have this we can form the b matrix and do all the calculations and so these
Gauss Legendre quadrature rules we have seen earlier and in fact we had derived the
sampling point locations and then the corresponding weight factor for the first three cases

point 1, 2 and 3 and similarly we can also derive for 4 point numerical integration and the



main advantage this is we know exactly up to what order of polynomial they can exactly

integrate.

So, if you have 1 point integration we can exactly integrate up to first points, 2 points means
2 times 2 that is 4 — 1 is 3rd order polynomial. Similarly, 4 points means 7th order
polynomial and in general once we have the element and then the type of problem whether it
is plane stress plane strain are axisymmetric and then whether it is regular shaped rectangular
element or a distorted element we can estimate the order of polynomial that we will have then
accordingly we can choose the order of integration.

(Refer Slide Time: 10:28)

Required integration order

Max. required order of

Element Best integration order ) ;
integration

2x2 2x2

4-node rectangle

2x2 3.)(3

4-node distorted
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And if we have a four node rectangle the best order of integration is 2 by 2 and the maximum

—

required order is 2 by 2 like we do not need more than that and if it is a four node distorted
the best order is 2 by 2 and the maximum order is 3 by 3. Actually the difference between
these two is see theoretically you may require 3 points in each direction for exact integration

of the quantities for estimating this stiffness matrix.

But then when we are evaluating the stiffness of continuum since we are considering only a
finite number of degrees of freedom we are over estimating the stiffness and to partially
compensate for that we use a lower order of integration and so if we use a lower order of
integration we can partially compensate for the over stiffness of the continuum then get better

results.



So, that is the difference between the best integration order and then the maximum
integration order and by using the maximum integration order you may not get any better
solution, but definitely you will spent more computational effort.

(Refer Slide Time: 11:54)

Element Best integration order Mex. [.equ”eq order of
integration
2x2 dxa
8-node re'ctangle
3x3 « 4x4
8-node distorted
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And if you have 8 node quadrilateral like this the best order is still 2 by 2 maximum order is 3

by 3 and if you have a 8 node distorted element the best order is 3 by 3 and maximum order
is 4 by 4.
(Refer Slide Time: 12:17)

Evaluation of stiffness matrix (2-dimensional)
[K=[,[BY [D](Bldv = [, [,[BI"(D](B] dx dy X thickness (or radius)
= [} [ 1B[D1 [B] ¢ d | x thickness (or radius)
=Yy 2w [BI(D]. [Bllg, wixw;x| gy, % thickness (or radius)

For 8-node quad element in two-dimensions, [B] is a 3x16 matrix for
plane stress/plane strain problems & 4x16 matrix for axi-symmetric

problems. [D]is either 3x3 or 4x4 matrix. [K] will be a 16x16 matrix.
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And let us look at this stiffness equation once again and look at the steps required for doing

the evaluation. Our stiffness matrix is calculated as this product B transpose D B integrated

over the volume of the element and in two dimensions we will do the integration in x and y.



So, we have B transpose D B dx dy multiplied by thickness in the case of plane stress and

plane strain we have the thickness and in the case of axisymmetry we will have the radius.

[KI=/ [B]"[D][B]dv = |, _["IB]T[D]IB] dx dy % thickness (or radius)

= J'_+11 _+11[B]T[D| [B] d§ dn |]| x thickness (or radius)

=31 }’Ll[B]TlD].-|BII(E‘,” wixw;jx| gy, X thickness (or radius)

So, here it is put thickness or radius that will give you the incremental volume and we also
know the relation between the Cartesian coordinates and then the natural coordinates the dx
dy is equal to the determinant of the Jacobian matrix multiplied by d Xi d eta. So, we can
write like this integral — 1 to + 1 — 1 to + 1 B transpose D B d Xi d eta multiplied by the

determinant of the Jacobian matrix.

And in terms of summation we can write this summation form in the numerical form by
evaluating these quantities at different sampling points Xi i delta j and then multiplying with
the corresponding weight factor w i w j and then the determinant and if you have a irregular
shape or a distorted shape the Jacobian value will not be constant. It might be varying a

different sampling points and so this calculations repeated several times.

So, if you are using 2 by 2 integration in two dimensions we are going to do this repeat the
calculations 4 times and then if you have a 3 by 3 integration we will have 9 times and so on.
So, our B matrix has a size of 3 by 16 in the plane stress plane strain because we have 3 strain
components and then 16 degrees of freedom and in the case of axisymmetric we have 4
strains. So, our K will be a 16 by 16 matrix for 8 node quadrilateral.

(Refer Slide Time: 15:12)



Various steps in numerical evaluation of FE stiffness matrix

1. Evaluate the values of shape functions & derivatives at each integration point
ol

L]
6d. M=
My _ Tim, M _ 1
& 4’ a4

2. Find %;5 g;f %% % and form Jacobian matrix and find determinant of the Jacobian

. 0x dy Ay Ox _
matrix T M 1]
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So, these are the steps in our calculations at each integration points Xi i eta i we need to get

the shape function and then we get the shape function derivatives with respect to Xi and eta
and then we form the Jacobian matrix by determining dou x by dou Xi dou x by dou eta and

so on and then we find the determinant of the Jacobian matrix.

1. Evaluate the values of shape functions & derivatives at each integration point
£|'!rl|t

1 141

ONy _ 14, 9Ny _ 1H4
" 4 a4
.
. 0x dx dy dy
2. Find=. =2 2

, — —, — and form Jacobian matrix and find determinant of the Jacobian
g’ an' A& an
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3. Find derivatives of shape functions with respect to Cartesian coordinates

dN; ON;
ax’ dy as

% 1 [ayoN; ﬂyaNl]
ax |ll{on 0§ ag on

aN['_ ll 6xBNl+6x6Nll
dy I an o of oy
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And then after that we can find the shape function derivatives with respect to x and y or the
Cartesian coordinates.

(Refer Slide Time: 15:58)

w0 w0 N 0
dx dx dx

4. Form the B-matrix [B] =| ° ‘;—";‘ d %Z 0 %

Ny Ny ON2 oN, ONs 3Ns| For plane stress
dy ax 0y ax 0y ax .
and plane strain

5. Form the stiffness matrix as

K= ZZ[B]T[D].[B]X|]|XW,-><W]- xthickness (or radius)
§iomj

» The above calculations are repeated 4 times for 2x2 numerical integration, 9 times for
3x3 numerical integration & 16 times for 4x4 integration in 2-d analyses

» Use of lower order gf integration partially compensates for over prediction of stiffness
of continuum with finite degrees of freedom
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And then we can write our B matrix in terms of the shape functions derivatives and this

particular one is for plane stress and plane strain dou N by dou x dou N by dou y and so on
and then we can form the stiffness matrix by this product B transpose D B where B is our
strain displacement matrix. D is our constitute matrix relating the stress and strain and this

term we will see it in more detail when we look at the constitutive models.



aNy [ @Ny [ Ny )

I T dx
0 av, 0 an, 0 on
ay y ay
Ny vy 9% an, 9N 9N For plane stress
and plane strain

4, Form the B-matrix [B] =

dy ax 9y ax dy ox

5. Form the stiffness matrix as

K= ZZ|B|"ED].[H|1|]|M wixw; xthickness (or radius)
§ionj
And then this our determinant of our Jacobian matrix. So, these calculations are repeated
several times say for a 2 by 2 integration we repeat these calculations 4 times and we repeat
this 9 times if we use a 3 by 3 integration so almost double the times and then if we use 4 by
4 it is even larger number of time 16 times. So, actually it is most important that we do not

use a higher order of integration than necessary.

We should always go for the best order of integration and as a general rule we use the least
integration order, we do not use 1 point integration because it is mostly insufficient and
unless you have a 3 node triangle for that we can use 1 point integration, but for any general
say 4 node quadrilateral or 8 node quadrilateral the general thumb rule is use the lowest order

of integration first.

And then you also try with higher order of integration and then see whether the results are
similar or not so that we have confidence in the result that we get and as [ mentioned earlier
use of lower order of integration is better for us because we partially compensate for the over
stiffness of the continuum.

(Refer Slide Time: 18:26)



Nodal forces due to body weight (4-node quadrilateral)
P} = j[N]T. {b}.dv = ZZ[N]T'{b}'Wi-Wj' |]|m x (thickness or radius)

i

W=l O M 0N 0N, o];{b}:{bx}:{p-gx]

10 N O N, O N; O N, by P-9y
Py N0
P y1 0 N
sz N2 0
Pyz 0 Ny| (P-x , :
P} = Py _ZZ N, 0 x{p. gy}xwiijx|]|xthwkness (or radius)
Py R (A -
Pyy N, 0 <4~
Py4_ 0 N4
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So, now let us see the other calculations that is related to the estimation of the right hand side

force vector and one of the terms on the right hand side is the body force vector and that is
written as N transpose b dv and here I am going to illustrate only for a 4 node quadrilateral so
that I can write out all the matrices and vectors and our P b is N transpose b d v integrated

over the volume.
{Pp} = f[N]T_{b}.dv = ZZ[NIT. {b}. wi.w;. ], ,, X (thickness or radius)
i J

[N]_[Nl 0 N, 0 N; 0 N, 0}_“}_{!31}_{0,&}
“lo N 0 N 0 N 0 NJFVITTUBST P9y

And in terms of summation we can write like this N transpose b w i w j the determinant or the
Jacobian matrix multiplied by thickness or radius and our shape function matrix for a 4 node
quadrilateral is like this N 1 0 N 2 0 N 3 0 N 4 0 and so on and our b is the body force vector
and it can have two components one is in the x direction and the other is y direction and that

is simply tho g x rho g y rho is the mass density.

G is the gravitational constant and our force vector has 8 components because we are 4 nodes
and at each node we have a component in the x direction and the another component in the y
direction. So, we have 4 nodes 1, 2, 3, 4. So, this product it can be written like this double
summation and then N transpose b w i w j and then the determinant of the Jacobian matrix

and so on.



rPXIW 'Nl 0

Py 0 N,

PxZ Nz 0

Pyz 0 Nz P-9x . i g
{Pp} =< Pes y = ZZ Ny 0 x{p.gy} xwyxw;x|]| xthickness (or radius)

Py3 Chlo N

Pys N, 0

\Pys) 0 N, ‘

And it is actually although we write like this, but inside a computer program we are going to
evaluate each of these separately and then assemble them in a matrix form or in vector form.
So, do not be too confused by looking at this matrix we are going to evaluate only term by
term.

(Refer Slide Time: 20:49)

Nodal forces due to body weight (axi-symmetric 4-node quadrilateral)

P} = f[N]T.{b}.dv — ZZ[N]T {b}. wi.w;. ”lf;,n xradius

L
N O N, 0 N, 0 N, 0] {bx} {p,gx]
Ny = Abl= =
[ ] 0 N1 0 N2 0 N3 0 N4 {} by p.gy
Pu N0
Py 0 N
Pe N, 0
Py, 0 Ny| (P9«
{P}= Pey —ZZ N, 0 x{p.gy}xwiijx|]|xr§m
Pys A
P x4 N4- 0
Py4 0 N4_
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And for axisymmetric 4 node quadrilateral will have the radius and this radius also could be
varying with Xi. So, when we estimate the polynomial order we have to also look at the
polynomial order that the radius could not have. So, our equation will be like this everything

is the same except here we have the radius evaluated at Xi i and eta j.



Nodal forces due to body weight (axi-symmetric 4-node quadrilateral)

{Pp} = IIN]T.{b}.dv = ZZIN}T.{b}. wi- . |)|; , xradius
N, 0 N, O N; 0 IN,‘JO];{f,}:{b,}_{o-gx}

M=o N 0o N 0 N 0 N, b, = 1p-gy

(Py1) N, 0
Py, 0 N,
sz Nz 0
Py, 0 Ny| (P-9x

SRFOS W) Lk i

{ b} Px‘j} [_ . N3 0 X p-gy xwlijxlll-xrfl.??_,
Py3 F'10 N;
Pys N: 0
prﬁ) 0 N4 ‘
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* [N] matrix contains first order polynomial terms for 4-node quadrilateral

* [J] is constant for rectangular elements. Hence, the {P,} calculation involves in
only 1%t order polynomial. Single point numerical integration is sufficient

* For axisymmetric problems, radius r is a linear polypomial. Hence the product
is of 24 order polynomial.

« If element is distorted, |J| is of first order. Hence, the product is a 2" order
polynomial. 2-point integration is required in & and 1 directions. Single point
integration will not give accurate result

* For 8 or 9-node quadrilateral, [N] contains 2" order terms |J| will also be
having 2" order terms

FEARCM Lecture-16
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And so the N matrix is a first order polynomial for the 4 node quadrilateral and our element is

rectangular the J is constant. So, the calculation for the forced vector is only a first order
polynomial and 1 point integration is sufficient that is for plane stress and plane strain, but for
axisymmetric problems the radius r is a linear polynomial because it is varying with the Xi

and eta.

So, our product will be a second order polynomial so we need a higher order of integration
and if element is distorted J could be of first order that we will see with examples numerical
examples and then accordingly our order of polynomial will change and for 8 and 9 node
quadrilateral our shape function will be of second order and our J will also be having second

order terms.



(Refer Slide Time: 22:42)

Numerical example: evaluate body force vector
for a 4-node rectangular plane strain element

Let unit weight y be 20
Area of the element = 12x8=96
Volume of element = 96x1=96
Weight of element = 96x20 = 1920
(20,15)

Load at each node = 480 (815)
(87) - (20,7)
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Let us calculate the body force vector for a rectangular plane strain element and as you recall

the plane strain element has unit thickness in the outer plane direction and this element has 4
nodes; node 1, node 2, node 3 and node 4 and please note that all these 4 nodes are numbered
in the anti clockwise direction and these are the coordinates node 1 as coordinates 20 and 15,

node 2 8 and 15, node 3 8 and 7, node 4 20 and 7.

Let unit weight y be 20

Area of the element = 12x8=96
Volume of element = 96x1=96
Weight of element = 96x20 = 1920

Load at each node = 480 (8,15)
{s.n-

(Refer Slide Time: 23:28)

(20,15)

(20,7)

Y




Node N
G v

(1+5)(1+rl) A+m) 1+9
4 4 3
3 | f)(1+'1) =(1+n) (6t =49)
4 4 4
3 (1-9a-n -(-n -(1-9
4 B 4 P X
4 (1+90-n (@-n -(1+9
4 T4 4
ox ON 1 +1 147 [ ] 11
6{ 6{ 7 .20 4 .8 Z 8+ 7 20=6
TN 14§ -f 1-F  14¢
3'7_ anx T —.20+ 4 .8 3 8 7 20=0
13y aN; 147 1+ 1-n_ 1- . Cross-terms are zero i
%L =y 3 15- Tt 15 - T4 7+ T =0 Jacobian matrix as XY an
dy N 1+ 1-¢ 1-¢ 14¢ En are parallel to eac
Z=) —y=—215 A5-—=27-—=27=4
i B ¥ other
[)]is a constant matrix as it is independent of  and 1.
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And we can evaluate the shape functions; shape function values are different integration
points and also we need to calculate our determinant of the Jacobian matrix. So, these are the
four shape functions and these are the derivatives of the shape functions with respect to Xi
and eta and dou x by dou Xi is the summation of dou N by dou Xi times x i and if you

substitute the dou N by dou Xi.

EW““ y "
(1+6(+n) (140 1+
4 4 T4 .
2 (1-8(1+n) ~(1+n) a=9 »
4 4 4
3 (-H0-n -(-n) -(1-§)
4 4 4 > X
&  (+H0- (1-7n) -(1+§)
4 4 4

And then the different coordinate values we will see that dou x by dou Xi is 6 and it is
constant it is not varying with Xi and dou x by dou eta we will see that it is 0 and dou y by
dou Xi is also 0 and dou y by dou eta is 4. So, actually if you see the x and y coordinates are
coinciding with Xi and eta coordinates, they are parallel to each other and they are just

coinciding because we can literally move the location of these coordinates.

g—;=ZaN =1:".20—1:"-8—1;q.3+ :".20 6
ox 1+ - 1- 1+

6‘1’!_26:; 4{20+T€'8_T£' B 4€20=0
g:_Za{y'=l:n15“1:n 5~1;".7 l;”.v' 0
g—:=za =1:£15+%'515—14;‘r7—¥?—4

[J] is a constant matrix as it is independent of £ and n.



And because they are parallel to each other as you are moving along Xi your y is remaining
constant because our element shape is rectangular. So, our Xi and eta they are going to be
oriented towards the length and height of the element and as you are moving along eta your x
is going to remain constant. So, our dou x by dou eta is 0 and as you are moving along Xi y is

constant so dou y by dou Xi is 0.

And then dou x by dou Xi is 6 and dou y by dou eta is 4 and we can see we can relate them to
the length of the element; length of the element is 20 — 8 is 12 and the height is 15 — 7 is 8
and 12 is the length and divided by 2 is your dou x by dou Xi and height is 8 and dou y by
dou eta is 4 8 by 2.

(Refer Slide Time: 25:54)

By oo
|J]—af Pl aﬂ—6><4-24

1/4 0 0

0 1/4 -480

) 90

, 0 14 (0 -480

{P) = S, Ty, [N (63 Ul ;. x thickness = s 0 x[_zo]x24><2x2x1: :
0 1/4 -480

1/4 0 0

0 174 480

Thickness = 1 for plane strain element
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And our determinant of the Jacobian matrix is 24 and our area of the element is 12 times 8

that is 96 and your Jacobian determinant is 24. So, we see that the determinant of Jacobian
matrix is a by 4 96 by 4 and our force vector P is the summation over Xi and eta N transpose
b times determinant of the Jacobian matrix then w i w j times thickness and for this because
we have a first order polynomial we can just use 1 point integration.

W1=3% 5n ~a¢ an — ©%4=24

1/4 0 0
0 1/4 —480
1/4 0 0
0 1/4 0 . —480

— T o Sra— =

(P} = X¢, Zy NI (6} 1. wi.. w; X thickness =| /0 "¢ x[_201x24x2><2)<1— p
0 1/4 —480
1/4 0 0

0 1/4 —480



And that 1 point integration Xi and eta are 0. So, if you substitute Xi and eta of 0 we get one
forth for all the shape functions. So, you have this N transpose as 1 /4 00 1 /4 and so on and
our body force vector our unit weight is 20 and if you take the y axis is vertical upwards the
gravity is going to act downwards so it is — 20 0 and — 20 and the determinant of the Jacobian

matrix is 24 and the weight factors are 2 and 2 thickness is 1.

So, we see this the force is equally distributed between all the 4 nodes — 480 -480 -480 — 480
and the thickness for the plane strain element is 1 that is what we used here.

(Refer Slide Time: 27:47)

Numerical example: evaluate body force vector
for a 4-node rectangular axisymmetric element

(8,15)
Let unit weight y be 20 kN/m?
(R*-1%)
Volume of element = ———.h =1344
Y (87)
Weight of element = 1344x20 = 26880
(per unit radian) ’ >

(20,15)

(207)
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And now let us do the same calculations for axisymmetric element. Let us take the same

dimensions, the same coordinates except that now we have an axisymmetric geometry. So,
the volume of this element for a unit radian is 1344 and then the weight of the element is the
volume multiplied by 20 that is 26,880 and this weight is per unit radian as we have discussed

earlier the 2 pi is common both on the left hand side, on the right hand side.

Numerical example: evaluate body force vector
for a 4-node rectangular axisymmetric element

(20,15)

(8,15)
Let unit weight y be 20 kN/m?
_MR*-r?) o _
Volume of element = T.h =1344 (8,7) (20,7)
Weight of element = 1344x20 = 26880
(per unit radian) >




So, the 2 pi gets cancelled out and we work only in terms of unit radian and so if you use a 1
point integration for the axisymmetric problem and our radius at Xi and eta of 0 that is at the
center point will be the average radius 20 + 8 is 28 by 2 is 14.

(Refer Slide Time: 29:02)

dx dy dy ox

|J| ='a—§'a—'a—§é;=6)<4=24
174 0 0
0 1/4 -6720
174 0 0
oo o ~6720
= T e o =
(PY= 3¢,y N6} Uy xradius =y x{_zo}x24><2x2><14- A
0 1/4 6720
14 0 0
0 174 -6720

» This result is obtained with (inadequate) single-point numerical integration.
» Same force is attracted at all node points which is not consistent with the geometry of
axisymmetric element
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And so the entire thing is the same as we had seen for the plane strain case except for the

radius here. So, now our force is 6720 equally distributed at all the 4 nodes and we can
realize that this is not correct because our order of polynomial is 2. So, our order of
polynomial in the shape functions is 1 and then for the radius is 1. So, the total order of

polynomial is 2.

[J] =a 5-55:6)‘4:24
1/4 0 0
0 1/4 -6720
1/4 0 0
. 0 1/4|_(0 i -6720
- T ; - =
(P} = 5, Zy [N (0} 1. wi.wy x radius = 070 x[_zo]x24xz>:zxi'4_ p
0 1/4 -6720
1/4 0 0
0 1/4 -6720

So, that means that you need minimum 2 point integration for getting good result. So, this
distribution is not consistent with the type of element, but then if you look at the total weight
6720 times 4 will give you the same weight as 26,880 at least and we are able to calculate the
exact total weight because our area is actually it is a first order polynomial and we can
evaluate the area exactly and so we need to go in for higher integration.

(Refer Slide Time: 30:41)



Numerical example: evaluate body force vector

for a 4-node rectangular axisymmetric element

Let unit weight y be 20

2 %3
Volume of element = M.h =1344
2T (20,15)

Weight of element = 1344x20 = 26880 (8,15)
(per unit radian)
0 67 (207)

-7680
0 >
=5760{( » Notice that inner nodes attract lesser loads
compared to the outer nodes
=5760 » This result is obtained using 2x2 numerical
0 integration as the order of polynomialis 2in %

=76807  poth & and n directions

Load vector due to body weight =
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—7680

0
—5760 1
0
—5760
0
\—-7680/

Load vector due to body weight = <

And this result is obtained with 2 point integration 2 by 2 integration and you see that the
distribution of loads has changed between the nodes on the two outer nodes we have a force
of 7,680 whereas in the inner nodes we have 5,760 and if you total up all these loads it will
add up to 26,880 that you can easily see and this is with 2 by 2 integration I will show a
computer program that you can utilize or otherwise we do the previous calculation four times
and then add them up.

(Refer Slide Time: 31:34)



Numerical example: evaluate body force vector

for a 4-node rectangular axisymmetric element
Let unit weight 7 be 20 kN/m?

Volume of element = T;—'::.h =1600 oL (20,15)
Weight of element = 1600x20 = 32000
(per unit radian) ’ (20,7)
(0,7)
0 »

—-10666.667

0
-5333.333 Notice the difference in loads at

0 inner and outer nodes
—5333.333

0
—10666.667 FEARCM Lecture 16

Load vector due to body weight =
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elements starting from the origin and now our total weight is 32,000 and the distribution is
like this 10,666 on the outer nodes and inside nodes 5,333 and the sum total for all these four

forces will be equal to 32,000.

Numerical example: evaluate body force vector
for a 4-node rectangular axisymmetric element

Let unit weight y be 20 kN/m?

Volume of element = z—’:- .h =1600 a8 (20,15)
Weight of element = 1600x20 = 32000
(per unit radian) (20,7)
(0.7)
0 3 s
—10666.667
0
Load vector due to body weight = _53303‘333 :;::Z ::f oi’:i?::;z;n ke
—5333.333
0
—10666.667 /

(Refer Slide Time: 32:10)



Visualization of Axi-symmetric element
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And what we are doing within the axisymmetric element is we are doing the calculations only

for unit radian. We are not doing for the full 2 pi and this is what we are doing like this is the
volume that we are dealing with.

(Refer Slide Time: 32:29)

Think & answer the following questions

1. Explain the reason for difference in loads at outer and inner nodes of
axisymmetric elements.

2. Derive a relation for the ratio of loads at outer and inner nodes in
terms of the outer and inner radii (r, &r,) *
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And some questions for you to think about. See what is the reason for difference the loads at

outer and inner nodes in the axisymmetric element. See this is what I mean. See at the outer
nodes we have 10,666 whereas in the inner node we have 5,333. In this case it is exactly 2
times the difference like 2 times of this is this, but in the previous case it is not 2 times it is

some value 5,760 and the outer node is 7,680.

See this distribution depends on the geometry and one should think about an answer what is

the reason for difference and then can you derive a relation for the ratio of the loads in terms



ofr2 andr 1. In terms of the loads at the outer nodes and the inner node anyway through the
finite element calculations we get the exact loads, but whether you can think differently and
get some analytical equation in terms of r 2 and r 1 you please try them out and you can send
me the solutions.

(Refer Slide Time: 33:55)

Evaluate the nodal forces due to body weight of
the distorted 4-node plane strain quadrilateral

(13,16)

(813)
,71

(55)

Total area of element=62.5
Unit weight = 20
Weight of element= 1250

0
-293333| » 2x2 integration is required to

0 achieve  the accurate  load
Load vector due to body weight = —260 distribution -
331,667 » Single point integration gives equa S
0 loads of 312.5 kN at each nog
-365 same total load of 1250 kN :
FEARCM Lecture-16 o
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So, now let us do the same calculations for a distorted element a plane strain distorted

element our coordinates are like this and with a 2 by 2 integration these are the loads at
different nodes and if we use 1 point integration we get the load of 312.5 at each of these 4

points. So adding up to a total of 1,250, but then the nature of distribution is different.

(13,16)
Y 13
Total area of element=62.5 >
Unit weight = 20 (5.5)
Weight of element= 1250 >
0
—-293.333
0
Load vector due to body weight = { —}i]b[) ;
-331.667
0

\ =365 /
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This is with 2 point integration this is the result from the program that you are going to see
later. This is node 1, node 2, node 3, node 4 these are the forces that are estimated using the 2
by 2 integration.

(Refer Slide Time: 35:00)

Evaluate the nodal forces due to body weight of

the distorted 4-node axisymmetric element
(13,16)

Total area of element=62.5 (813)
Unit weight = 20
Weight of element= 1250 115,7)

(55)
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And now let us look at the axisymmetric element the same element, but in the axisymmetric

geometry.
A (13,16)
Total area of element=62.5 (8.13)
Unit weight = 20
Weight of element= 1250 o 15,7)

v



(Refer Slide Time: 35:09)

Axisymmetric element - 1-point integration
Total weight = 12812.5

Instruetor
FEA&GCM ..omes Dr.K. Rejagopel
And so with 1 point integration we get the same load at all the 4 nodes.

(Refer Slide Time: 35:17)

Axisymmetric element with 2x2 integration
total weight = 13026.67

X-FORCE
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And with 2 by 2 integration we get different distribution at node 1, node 2, node 3, node 4.
(Refer Slide Time: 35:29)



AXISymmetric element with 3x3 integration
total weight = 13026.67

X-FORCE

FEA&CM . onee., Dr. K. Rejagopel
And even with 3 by 3 integration we get the same loads. See at node 1 with a 3 by 3

integration 3,398 and even with 2 point integration it is the same 3,398. So, that means that
with 2 point integration itself you can get the accurate results and if you use the higher order
of integration you are only going to spend extra time, but then you will not get any different
result. I will show you this program a bit later.

(Refer Slide Time: 36:04)

Numerical example: evaluate body force vector
for a 8-node rectangular plane strain element

Let unit weight y be 20 160 640 160
Area of the element = 12x8=96 I T

Volume of element = 96

Weight of element = 96x20 = 1920
Load at each node = 480

T (20,15)

lﬁdﬁ

(20,7)

-

(8,15)

640 l

(87)
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And now let us look at the 8 node quadrilateral element and this is 8 nodes 1, 2, 3, 4, 5, 6, 7,

Instructor

Dr. K. Rajagopal. £ %

8. So, when we have higher order elements we always numbers the corner nodes first because
the corner nodes are the minimum required for defining any quadrilateral elements and then
inside we can define the mid size nodes like 5, 6, 7, 8 are only some of them and see this N

transpose b calculation is done for 4 node element and our gravity force is acting down.



160 160
A s 640 4

v (20,15)

1640 Let unit weight y be 20

‘ Area of the element = 12x8=96

(8,7) (207)  Volume of element = 96

¢ v 640 F”D Weight of element = 96x20 = 1920
'“ Load at each node = 480

But then you see at these 4 corner nodes you see the force going up whereas at the 4 this mid
size nodes the force is going down 640 and of course the total of all the 8 nodes adds up to
the total weight of the element 1,920, but if you get this type of result we should not be
thinking that it is wrong because we call it as a consistent distribution of loads N transpose b

integrated over the full volume.

And if you are not convinced whether this is correct or not you can go for higher order of
integration set whether you get any different result and actually this distribution is consistent
with the way the stiffness of the element is distributed between the different nodes.

(Refer Slide Time: 38:08)

Numerical example: evaluate body force vector

for a 9-node rectangular plane strain element
Let unit weight y be 20

Area of the element = 12x8=96
Volume of element = 96

Weight of element = 96x20 = 1920

53.33
Load at each node = 480 A

l

5333

l

(20,15)

1213.33

(20,7)
l 5333

}3.33
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And here is the distribution for a 9 node quadrilateral. It is actually previously we had seen

(8,15)
Nature of load distribution
between 8 & 9-node elements is 21333 l
completely different

(87)

21333

for 8 nodes now we have for the 9 nodes and when we have the 9th node you see all the loads
are pointing downwards previously with 8 node element we had seen at the corner node the
load is acting up and you see the difference between the load of the corner node and then the

mid side node it is 213.33 by 53.33 that is 4 times.



Let unit weight y be 20

Area of the element = 12x8=96
Volume of element = 96

Weight of element = 96x20 = 1920 —_— _—
Load at each node = 480 A I 21333 |

! v

(8,15) (20,15)

Nature of load distribution
between 8 & 9-node elements is 21333
completely different v

(8,7) 20,7)

53.33 v21333 53.33

—

And then 4 times of this load is distributed to the center point the center of the element and

| 21333
v

compared to the corner points this is 16 times. Actually we can see based on this the center
point has more weight in terms of the stiffness like these degrees of freedom at this node, at
this 9th node will have much higher stiffness contribution and correspondingly we also get
higher load when we distribution this N transpose b dv and till now we have seen this N
transpose b calculations.

(Refer Slide Time: 39:40)

Equivalent forces due to initial stresses (4-node plane strain quadrilateral)

Py = [, B"{00} dv = ¥ X[B] x{op} xawrpcawx| x4

N N
Node N (05) (10,5)

% (2 1
1+81+n) 147 1+¢ 10 5
— | = Zaty 5

)

1‘foslf’ 4

9 (1-§)(1+1) 1-¢
i ) e (0.0) (10,0)
3 a-90a-n | 40 | 1= 1 0 — 10 —
4 7 7 -
4 A+90-m | 1-n | 14§} 0 Se
4 4 4 2
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And now let us do this b transpose sigma calculation. This is a very, very important
calculation because in all our finite element analysis in geotechnical engineering we will be
doing this not only for checking for the equilibrium of the system, but also for modeling
construction and excavation and then the pre stressing and so on and let us do for rectangular

element like this.



Equivalent forces due to initial stresses (4-node plane strain quadrilateral)

)0 = Iv b‘T{oD}dv - ZE[B]Tx{JO} *W#W;ﬂ “"1

dN dN

Node N _ —_— X
oé dan

1 (1+&)(1+n) 14n 14§ 10
| 4 4 4

, | 0=9a+m | _14n | 1-¢ |
4 B 4

s | A=00-w) | 140 | 1-& | o

4 B 4 -

s | Q+0Q-w | 1-n | 14+& [ o

4 4 kS

0,5) (10,5)
| 12 1
| |3 B
(0,0) (10,0)
10
-

And the coordinates the length is 10 and the height is 5 and these are the coordinates and then

the 4 node 1, 2, 3, 4 and once again we have an anti symmetric sorry the numbering is in the

anti clockwise direction 1, 2, 3, 4.

(Refer Slide Time: 40:37)

The B-matrix is a linear polynomial in & and v. J-matrix is a constant matrix due to
rectangular shape of element. As the stresses are constant, the total order of
integrand is ONE

One-point integration is adequate, ¢ =5 = 0. As the element is rectangular, the

Jacobian matrix can be written directly as,

|]|_A_10x5_125

44 T

(7y_5_2 Iy 0x_10_5 6x_0

a2 TUaE g 2 -
W _ L[N ayan] _ Lf, O 1o ;
ax  |jl Loy 0 3fan]_lll[2'sxaf T s :

7 B Ll BN I L[, M) 1ok &
ay JIL amag e anl )| ol 250
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And the B matrix is a linear polynomial in Xi and eta and the J matrix is a constant matrix

due to the rectangular shape because we have seen with rectangular shape earlier that dou x

by dou Xi is constant and that is equal to length divided by 2 dou x by dou eta is 0 and dou y

by dou eta is 0 and dou y and dou eta is half of the height. So, our determinant of the

Jacobian matrix J is A by 4 thatis 12.5 and dou y dou eta is a 5 by 2 and dou x by dou x is 10

by 2.



One-point integration is adequate, { = n = 0. As the element is rectangular, the
Jacobian matrix can be written directly as,

f=Aa10X5_ o

TS &

a 5 d dx 10 dx

—y=—=2_5;-—2=0 m— e =y —_ =)

dn 2 d¢ & 2 an
ONi _ 1 [0yoNi 0dyoNi] _ 1 ONi] _ 10N
ax  llon 28 "¢ o m[z‘sxa{ 5 3¢

ey ON; _ 1[_09x0N; , 9x0Nj] _ 1 %]=_‘_%

dy |JIL an 3§ ~ 9§ an 1 an 25 dn

And we can calculate dou N by dou x and dou N by dou y through our equation that we
derived earlier and if you assume constant stress state we can just simply use 1 point
integration because our B matrix is a linear polynomial.

(Refer Slide Time: 41:50)

até=n=0 N P
Node . b
dx dy
1 +1 + .
20 10
1 1
2 o= =
20 Jr10
3 > b
20 10
1 1

4 =
2 10

1,0 -1, 0 -1 0 1 0
I I /0 I
=p=| 0 Yy 0 Yoo T o0 Ty

17 1 1y -1y -y -1 -1 1
ho Yo tho T The Tho The Y
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And at Xi and eta of 0 that is for 1 point integration our dou N by dou x at different points is

like this and the dou N by dou y at different points is like this. This we have three rows

because we have three strains and then § columns because 8 degrees of freedom.



até=n=0

Node dN IN
+ Ih.— 7.’"‘ 4
1 1
. +g_n *10
1 1
. " 20 10
g 1 1
20 10
4 1 _1
20 10
1 0 -1 0 -1 0 1 0
/20 /20 fZO [20
1 1 -1 -1
=B=] 0 /10 0 /10 0 /10 0 /10

Yo Yoo Yo Voo “Vie Yo "Yie Yo
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Say o, =-50,0,=-100 1,, =0
one point integration is sufficient
=50
m=¥m%
0
[B]" {g} = (8x3)(3x 1) = (8x 1) vector
wi=wj=2

| =125
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And let us say that our sigma x is -50 and sigma y is -100 and tau xy is 0 and everywhere and
so our sigma in the vector form is — 50, - 100 and 0 and our B transpose sigma will have
numbers of rows of 8 and columns 1 that we can easily see from here 8 by 3 multiplying 3 by

1 that is an 8 by 1 vector.



Say o, =-50,0,=-100 7,, =0
one point integration is sufficient
=50

{a} ={-100
0

[B]" {6} = (8 x3)(3x 1) = (8 x1) vector
w; = 10').' =2

/| =125
(Refer Slide Time: 42:44)
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0 Yo Y 500
Y 0 Yo 50 +125
sloadvector (= | 0 0 o)) iggl o xax 1252|2500
T 0 Ty 0 +125
0 Yo J_f?(z)g
o 0 o +500
0 Yo Y
10 500 500
125 125
125+125 2 b 1
Oy = =50 (compressive) 5
500 + 500
% ="To =100 (compressive) 4 10 _4)
125 125
LOO 500
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And if you go through this full calculation we will get a force vector like this and we can plot
them on the element like this. This — 125 at node 1 is in the negative x direction and — 500 is
in the negative y direction at node 1 like this and at node 2 it is positive 125 and then negative
500 at node 3 both x and y are positive at node 4 x is negative force and y is a positive force.
So, here we see that the equilibrium is satisfied like there is a whatever force that you have

downwards is also the same force acting up and then from the sides also we have so.



1 0 1
/20 . 1/!0 _125
0 /10 /20 —500
/20 O /10 0 +125
. 0 Yo Y20 = —500
wloadvector (P} = |_, =~ 0% _ | x —500 X2xX2x125=1,125
0 ‘i Y20 B
. B -125
/20 0 /10 500
0 i Y N
10 20 500 50Q
125 —»J T 125
125 + 125 ‘ i T '
Oyy = ————— = 50 (compressive) 5
500 + 500 —
Oyy = ———— = 100 (compressive) 10
10 125 —>» 3 -.. -+ 125
Loo suc[ /

That means that at the element level we have perfect equilibrium and then this sigma x is the
net lateral force divided by the height multiplied by 1 so that is 125 + 125 by 5 that is 50
compressive then sigma yy is 500 plus 500 divided by 10 that is 100 compressive that is what
we had specified and then there is no shear stress because along any surface there is no shear
force 125 and — 125 so it is they compensate each other.

(Refer Slide Time: 44:22)

Load vector due to Pure shear stresses

1 0 1
= / 1//10 4500
3 010 1/20 +250
020 Yo 71/1200 ; tggg
= load vector {P} = | _, X0 x2x2x125= 500
/20 0 /10
e 100 -250
0 e 500
Yo 0 Yy +250
0 -1 i
/10 /ZD 250 250
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fy = =100 0= f 1 P w
2504250 5
ETe T { 10 —
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S
-250 l 250
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And let us consider the pure shear stress. Let us apply a shear stress of 100 and if you do the
calculation the force distribution is like this. So, at node 1 500, 250, node 2 500, 250 going
down and node 3 it is — 500 and — 250 node 4 — 500 and + 250 and the shear stress along any
surface say along this horizontal surface we have 500 + 500 that is 1,000 divided by 10 times
1 that is 100 and then on the vertical phase 250 + 250 by 5 times 1 that is 100.



Load vector due to Pure shear stresses

1 0 1
/20 1 l/m (+500)
0 Yo +250
'1/20 0 l/w 0 +500
0 1 -1 -
+load vector (P} = | _,, ’;‘“ _liﬂ’ xl 0 ] X2X2X125 = 4 _ggg+
= i <] U -250
0 /10 /20
v o i ~500
20 : 1 10 \4+250/
0 " 2l 250 250
A
500 + 500 > =1 4 s00
Tyy = T =100 " J T 1 .E.
250 + 250 5
Txy = = —
) 5 | 10
lh"\ 3 L 4 4
-500 € T ‘ﬁ_ -50
_______ _ -250 4 250

So, that is the applied shear stress and we get the same shear stress even by manual
calculation and so actually this is our sign convention. So, if any shear force develops a
clockwise moment around an interior point we call that as a positive shear force and this is
the positive shear stress, positive shear force and positive shear stress.

(Refer Slide Time: 45:50)

oad vector due to constant stress in 8-node plane strain
Load vector due t tant st 8-node pl t
quadrilateral element Fo 666,667 16,67

(105)
i 41.667

1

=50
{0} = {-100 41,667 —
0

M7t ey 1R —

Oxx =

5
166,67 + 666.66 + 166,67
Oy = =100

41667
(19.0)

166.667 666.667 166.667
. | 10 | wE
2x2 numerical \ \ e

integration
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And so the load vector for the same stress state on a 8 node quadrilateral is like this. It is
actually it is a bit more complicated because the mid side node we have 4 times of the loaded
the comer nodes whether it is in the vertical direction or the lateral direction 166.66

multiplied by 4 is this 41.66 times 4 is this one 166.



Load vector due to constant stress in 8-node plane strain

quadrilateral element 166.667 G087 166.667
(0.%) (10,5)
50 £
= {— 41667 ¥
(o) { :]uu 5 " 41,667
5
41.67 + 166.66 + 41.47 166667 @ - A
Cyy = n = =50
166.67 + 666.66 + 166.67 3 p
Oyy = m =-=100
41.667 : 41.667
(0,0) T (19,0)
166.667 666.667 166.667
10

2x2 numerical
integration ’
(Refer Slide Time: 46:25)

Load vector due to constant stress in 9-node plane strain

quadrilateral element 166,667 666.667 166,67
©5) (105)
i 41667 7 i ] 41667
{o}= {—100}
0
16,667 2 ¢ 166.667
3 4

41.667 41,667
o (130)

166.667 666.667 166.667
10

No force assigned to the 9™ node
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And if you look at the 9 node element interestingly there is no force here that is

understandable because that is the point of center of gravity and for maintaining symmetry
the forces at the center of gravity should be 0 because there are no deformations if that is the
center of sorry that is in the symmetry plane and for doing these calculations I am going to
show you one computer program very simple computer program that you can run because see
for a 4 node quadrilateral we can do hand calculations, but not for 8 and 9 node because the

terms is more.



Load vector due to constant stress in 9-node plane strain

quadrilateral element deaser 666.667 1(.;5.5:}?
& 41.667 ;4-22 £ 1 1—41.56?
(o) = ’- fuu]
0
166667 2@ c @+— 166,667
3 4
41.667 4 41.667
(o.;) ’ (lrtﬁ
No force assigned to the 9*" node 166.667 Sﬁﬁigﬁ? 166.667
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K. Rajagopal
Professor & PK Aravindan Institute Chair
Department of Civil Engineering
Indian Institute of Technology Madras
Chennai 600 036
e-mail: profkrg@gmail.com

Instructor

RE
htt aci Dr. K. Rajagopal

So, if you have any question please write an email to this address profkrg@gmail.com and I

will reply back. So, thank you very much.



