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Lecture - 15
Numerical Integration Techniques

So very good morning to all of you. I hope you have read the previous lectures before
listening to this lecture. Let us look at other aspects of computations. That is, let me
start the laser pointer, okay. Let us look at the numerical integration techniques that
we require.
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Different terms to be evaluated in finite element analysis
Stiffness matrix, (K] = J'FIH]TIDJIHI dv

vector of external concentrated forces on element nodes = {g°)

Force vector due to surface traction = [ [N]"{t} ds

Force vector due to body weight = fv [N]"{b} dv /

Force vector due to initial stresses = fu [le{n”} dv
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And just recall in the previous few classes, we had developed the equilibrium
equations for a continuum. And we had seen number of integrals. See when starting
from the stiffness matrix, integral B transpose DB integrated over the volume and
then the force vector due to surface traction integrated over the surface. Then the

force vector due to body weight and the force vector due to initial stresses.

We have number of these integrations and then we have also seen that the shape
functions are expressed in terms of polynomial series. And then our B matrix is
nothing but the matrix of the shape function derivatives. Then when we do this
product B transpose DB or N transpose B or something, we will end up with

polynomial of different orders.



Then how do we evaluate those integral quantities especially if the shape of the
element is irregular. If it is a pure rectangle or something, it is okay we have the
limits, but then say you have an irregular shape say something like this. So I have an
element something like this, how do we do the integration? Because the x and y they

are dependent on each other, and it is not possible.

So we need to look for other methods and especially those methods that are directly
suitable for computer implementation, because if it is analytical integration, we know
how to use, how to use our brains and do the calculations. But then when it comes to
computer implementation, it will only do if you are able to program. And whatever
method that we are going to develop, it should be easily programmable and that is
what we are going to do that in this lecture.
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Integration of functions,
Xs

I= J flx)dx
Integration is simply the summation .. in the figure below, area under the
curve in the region x, lo x, is the integral value

Some numerical integration methods,

ftx)
1. Trapezoidal method — exact for linear variations

2. Simpson’'s method = exact up to cubic polynomials

3. Gauss quadrature method - versatile method

TLABEM Lecture 1
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See as I said we have this integrations. Let me just see the, okay? So we have these

integration quantities and the simplest one is let us say we have limits x 1 and x 2 and
we have some function f and we want to integrate. And integration is just simply the

summation.

Because actually, if you plot this function over x 1 and x 2 we can manually calculate
the area of this function within each of these panels and then add them up to get the
integral. And so there are different methods starting from trapezoidal method that is

the simplest one. And in civil engineering, trapezoidal method is the one that we use



for all the surveying calculations for estimating of volumes, at work volumes and so

on.

Then the trapezoidal method is good for linear variations like if you have a straight
line curve, a straight line, then we can integrate. And Simpson’s method is a bit more
involved and it is good up to exactly integrating up to cubic polynomials. Then we are
going to develop one method called as Gauss quadrature or Gauss-Seidel quadrature

method.

And it is more versatile, more easy to implement and also given a polynomial order,
we know how much, what is the order of Gauss quadrature that we require, okay? So
we will see the theory behind, and then how to implement them also we will see.

(Refer Slide Time: 04:58)

Trapezoidal method

Linear variation of function is assumed
& area under each ganel is estimated as average function
value multiplied by the width of the panel.

Let the function values be F,, F, and F, at coordinates x,, x,
& x, respectively. Let width of each panel be Ax.

Fi+Fs
Area in Panel-1 = % Ax

Area in Panel-.‘!:F‘:F' Ax

: : e L
Total area =%'- Ax + —:" Ax + !,,-‘:'_'u' = ?IU-, +2.F 4+ Fy

‘\
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See the trapezoidal method is actually suitable for linear functions, okay? And then

the area of each panel, like for example say you have a limit of x 1 to x 3.

F,

! Panel-1 Panel-2

X, x_. X,

- - -

\x \x



And here, I have shown you two panels. Let us say we divide this into two panels,
panel 1 and panel 2. Then we can separately evaluate the area in each panel. Like this

area of panel 1 is the average value of F 1 and F 2, multiplied by delta x.

Fi+F;

Area in Panel-1 = —— Ax
Area in PaneI—Z:F‘:'L:'- Ax

F 2.5 F Ax o .. - =
Total area = Ax + =2 Ax + Ax = ?‘ [Fy, + 2.F; + F3]

And the area in the panel 2 is the average value of F 2 and F 3 multiplied by delta x.
And so the total area comes out like delta x by 2, multiplied by F 1 plus F 3 plus 2F 2,
right?
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Trapezoidal method-generalization
Interval betwaen x, & x, Is divided into “n" number  f{x)
of panels and function value is evaluated at different
Intervals, n could be any number, i.e, even or odd

Integral value is,

1= [1.£) + 2. FCcy + 8R) + Fxy +2.8R) ooz — 80} + 1. F )

1& 2 in the above equation are called the weight factors

P O

o

And in general, we can write like this. We can divide this length x 2 - x 1 into say n
number of intervals. Or we can write a generic formula I is delta h by 2 or the
function value at x 1, and then the function value at x 2, plus two times the sum total
of all the intermediate function values, x 1 to say x 2 minus delta h okay? So these

values that are highlighted in red, 1, 2 and 1 these are called as weight factors.

Integral value is,

|=% [1.f(x;) + 2.{f (x; + Ah) + f(x; + 2.AR) ....+f(x; = AR)} + 1. f(x3)]



They are multiplying the function values with some weight factors 1 and 2 okay? And

it is actually it is a very simple method, the trapezoidal method. And if we have a

higher order curve, or higher order polynomial, we need to divide this into more

number of panels, okay?
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TRAPEZOIDAL METHOD
Exact for linear variation i
220 o
I= ]',"::'nh' = IT‘-_.; = 150 (exact value) ey o 2
Using trapezoidal mathod (n=1), 10
10 20
Itg = @ (10 4 20) = 150 (malches with exact value)
Application for quadratic variations, P - s
20 . S 100
I=[,Fdx== = 2333.333 (exact value) A %

Using trapezoidal method (n=1),

Ip = =22 (100 + 400) = 2500 (higher than the exact value)

So let us look at an application.

20
10
10 20
400
100 -
10 20

Let us say that you want to integrate a function x from 10 to 20. And the exact value

is X square by 2 and the limits are 10 and 20. So this value is 150. And this being a

linear function, it is varying like this. So we can just divide this entire length into one

single panel, and then our integral value by trapezoidal method, is just simply delta x

by 2 average value times 10 plus 20.



TRAPEZOIDAL METHOD

Exact for linear variation
5,20

I= fiyxdx="| =150(exact value)

Using trapezoidal method (n=1),

g = === (10 + 20) = 150 (matches with exact value)

Application for quadratic variations,

1,20
I= [ x?dx= = = 2333.333 (exact value)

10 plus 20 is divided by 2 is the average value, and delta x is this value. And that is
150. That is exactly matching with the result. That is because we have a linear
polynomial. And now let us look at higher order polynomial, like let us take x square,
integral of x square dx is integrated from 10 to 20 is 2333.333. That is the exact value.

And let us try with one single panel, okay?

Using trapezoidal method (n=1),

It = L?)(IOD + 400) = 2500 (higher than the exact value)

So this I is at 10, the function value is 10 square, that is 100. And at 20, the function

value is 400. And this comes out as 2500. And what we should notice is, this value is

more than the exact value.
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Considering two panels (n=2), Ah=10/2=5

5
Iy = 5100 + 2 X225 + 400) = 2375 [ |rno
1

Considering four panels, Ah=10/4=25 10 15 20

s ]
N
W
§ § 8

et

10 125 15 175 20

100
156.25

25 *
ley = Tllﬂﬂ F 2(156.25 + 225 + 306.25) + 400] = 234375

As the number of panels is increased, the numerical value approaches the exact va

how many panels are required to find the exact integral value?




So now, let us try with by dividing this into two panels, and see what happens to the

accuracy of the solution.

225

00
100
19 15 20

Considering two panels (n=2), Ah=10/2=5
5 — i
lyp = E (100 + 2 x 225 + 400) = 2375

Considering four panels, Ah=10/4=25

So at 10, the function value is 100 x square. At 15 it is 225. At 20 it is 400. So this the
integral values. Now our delta x is only 5. 5 by 2 100 plus two times 225 plus 100.
That is 2375. And if you look at the exact value is 2333 okay? So we are coming

closer to the exact result.

u uw

o~ ™
g8 2 § 8 8
| | | | |
| | I | |
10 125 15 175 20

7 c

Irg = '{nun +2(156.25 + 225 + 306.25] + 400] = 2343.75
And now let us try with four panels. Instead of two panels let us take four and the x
values are at x of 10, 12.5, 15, 17.5 and 20 okay because our delta h is 2.5 and the
function values at each of these x values are like this. So our integral value is 2.5 by 2

that delta h by 2 multiplied by the function values at x 1 and x 2 and then two times

all the intermediate function values.

And this comes out as 2343.75. So in general we notice that, as we increase the
number of panels, we are approaching towards the limit, to the solution that is

2333.33. But then, if I ask you how many panels you need to take so that you get the



exact value? That we do not know. We have to go on trying out. And the number of

panels also may require, may depend on the order of polynomial.

So in this case, we have a polynomial of x square. But let us say we have another
polynomial of x to the power 5 or x to the power 6. We do not know how many panels
we need.
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SIMPSON'S RULE (exact integrations up to 3" order polynomial)

Region is divided into even number of panels, n

2% )
n

A=

0123456
x| ¥

flx) =

o
1| L flxy) + 8{f(xy + 8h) + f(xy + 3.8h) + .o )+ 2{f(xy + 2. 8R) + [ x; +4.8R) + - ) + 1. fx;)

ovem Eerma

Odd terms

1, 2 & 4 in the above equation are the weight factors

So now let us look at some other method that is the Simpson’s rule. And this method

is exact up to a third order polynomial.

f(x)

012345686
.‘.l -".’

And this method involves in dividing the entire region into certain number of even
number of panels; 2 panels, 4, 6, 8, 10 and so on. And our n is even. Whereas in the
trapezoidal method, there is no such restriction. You can have any number of panels

like 1, 2, 3, 4 and so on.
Region is divided into even number of panels, n

X2 = X3
Ah = ——
n



And our delta h is x 2 — x 1 by n. And these function locations function value,
locations are numbered as 0, 1, 2, 3, 4 and so on. So 0 and the last one, the function
values at x 1 and x 2. And the function values at 1, 3, 5 so on they are called as odd
numbers, odd terms. And the function value is evaluated at 2, 4, 6 and so on. These

are the even locations.

fx)=

EVER [erms

j{h Lf(x) + 4f(x, +Ah) + flx, + 3.4h) 4+ ...} + 2(f(x; + 2.4h) + f(x; + 4.8h) + - ) + :.;'(.t_,a
Odd terms

And as per the Simpson’s rule, the integral value is delta h by 3 where delta h is x 2 —

x 1 by n, one times the function value at x 1 and one times the function value at x 2,

plus four times the sum total of all the function values evaluated at odd locations, 1, 3,

5,7 and so on. So fof x 1 plus delta h x 1 plus 3 delta h and so on, plus two times the

sum total of all the function values evaluated at even locations, x 1 plus 2 delta h, x 1

plus 4 delta h, and so on.

And so here, these factors 1, 4, and 2, these are called as weight factors. Previously,
we had only two factors 1 and 2. But now in the Simpson’s rule, we have three weight
factors 1, 2 and 4.
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Application to 1% order polynomial equation

I= [} x.dx=150 -
. 20
5 10
leg = ;{ 10 + 4 x 15 + 20) = 150 (exact value)

Integral value by Trapezoidal method

_20-10
2

1=2222 (10 4 20) = 150

Both methods have given the same exact value.

Which method is more optimal?

Three function evaluations in Simpson’s method & only two in Trapezoidal
method

CouRE F i

And let us apply the Simpson’s rule for different polynomials. Let us apply this for

linear polynomial, the same one that we had seen earlier.



15
20
10|
10 15 20

And we require minimum two panels because we have to divide the region of
integration into even number of panels. So our x values are located at 10 that is x 1

and x 2 is at 20 and intermediate value is at 15.
20 -
I = [/, x.dx=150
Isp = %(10 + 4 x 15 + 20) = 150 (exact value)

Integral value by Trapezoidal method

1:@(10 +20) = 150

So our I the integral value is delta h by 3 that is 5 by 3 10 plus four times the function
value at odd locations four times 15 plus the last one that is 20. That is exactly 150.
That is the exact value. And the integral value by the trapezoidal method we already
calculated 150. See both of them, they have given exactly the same value and both are

correct. Both are matching with the exact result.

But which one is more optimal. So if you look at the trapezoidal method involved in
only two function calculations 10 and 20. Whereas, the Simpson’s method it required
minimum three, 10, 15 and 20. So obviously the Simpson’s rule is requiring more

effort, even for a simple problem like this, the first order polynomial.

So when we decide on the choice of the numerical method, we also need to look at the
computational effort that we need to spend on for getting the result.
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Application to 2 order polynomial equation

225 400
_—
= [, x.dx=2333.333 100,
10 13 20

fep = ;{ 100 + 4 x 225 + 400) = 2333.333 (exact value)

For this polynomial ard:ar, Trapezoidal method is not suitable or highly inefficient as

too many computatiens are required to achieve reasonably accurate result,

So now let us look at the second order polynomial integral of x square, integrated

from 10 to 20.
225 400

100

10 15 20

And the exact value is 2333.333. And it is divided into two panels. The x 1 is 10. And
the function value is 100. And x 2 is 20. And the function value is 400 and
intermediate values at 15. That is 225. And the integral as per the Simpson’s rule is
delta h by 3 that is 5 by 3 times 100 plus four times the function values at odd
locations 225 plus 400.

I = (%°x2. dx=2333.333

10

Isp = ;(100 + 4 x 225 + 400) = 2333.333 (exact value)

So that comes to 2333. And this is the exact value. And for this polynomial, the
trapezoidal rule is not very accurate, and it is not suitable. Like we should not try
applying method that does not work. Because we do not know exactly how many
panels we need to take so that we get the exact result.
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Application to third order polynomial term L{m
20 20 1000 s
4 E N

-
I= Jr3d1‘=? = 37,500
10

10

lsp = 2(1{100 44 % 3375 4 8000) = 37,500 (exact value)

- [’

And let us apply this to a third order polynomial x cube dx, from the integrated from
10 to 20.

3375
000
1000
10 15 20
20 x4 20
I = f x3dx = | = 37,500
10 10

Isg = > (1000 + 4 X 3375 + 8000) = 37,500 (exact value)

And the exact value is 37,500. So the function value at x 1 is 10 cube that is 1000.
And at 20 it is 8000. And at 15, it is 3375. And the integral value as per the Simpson’s
rule is delta h by 3. Delta h is 5 by 3 multiplied by 1000, plus four times the function
value at odd locations 3375 plus the last function value. And it is 37,500. It is exact.
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Application to 4™ order polynomial equation

20

= 5
I= I‘T vtdr==| =620000 (exact value)
2 1o
log = %{lﬂﬂﬂﬂ +4 % 50,625+ 1,60,000) = 620,833.33 w0 1,60,000
The numerical value is higher than the exact value
10,000
10 15 20

And now let us apply this to a higher order polynomial, like more than the third order

polynomial, let us go to fourth order polynomial.

33.33 1,60,000
50,62
ue
10,000
10 15 20‘

So the exact value here is 620,000. And if we apply the Simpson’s rule with two
panels, we get the value 620,833.33. And this value is not correct, and it is actually
more than the exact value. See even in the trapezoidal method, our estimates are
always more than the exact values.

20 x5%0
I= [ x*dx==| =620,000(exact value)
10 5 lo

Isp = 2(10000 + 4 x 50,625 + 1,60,000) = 620,833.33
The numerical value is higher than the exact value
And only for the case where we are able to handle that polynomial, we were able to

get the exact result. But in all other cases, the values are higher than the exact value.
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Using 4 panels for numerical evaluation, Ah=10/4=2.5

25
lsp = 3 [10000 + 4(24,414.0625 + 93,789.0625) + 2 x 50,625 + 160,000]
= 620,052.083

This value is better than the earlier estimate but higher than the exact value.

93789.0625
60,000

10,000
— 24414.0625
50,625

10 125 15 175 2

" s

And now let us try with four panels. And with four panels, we get 620,052. And this

value is better than the previous one, but then not exact, not an exact value. And once
again, we do not know how many panels we need to take so that we can get exact

value of 620,000. So that is another limitation of the Simpson’s rule.

Using 4 panels for numerical evaluation, Ah=10/4=2.5

2.5
Isp = ?|10000 + 4(24,414.0625 + 93,789.0625) + 2 x 50,625 + 160,000]
= 620,052.083
This value is better than the earlier estimate but higher than the exact value.

But at least the Simpson’s rule is valid up to third order polynomial, whereas the
trapezoidal rule is good only up to linear polynomials.
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Application to 5" order polynomial equation

20 . 55120
e f.., ¥de= ri e 10,500,000 {exact value)

=3 = 3200000
lsp = (100000 + 4 X 759375 + 3200000) = 11,062,500 ...

The numerical value is much higher than the exact value

100000
10 15 20

And let us apply this for slightly higher order polynomial x to the power 5.

3200000
062,500 7593715_—

(act value /

/
#

100000 \

10 15 20‘
And the exact integral value is 10,500,000. This is the exact value. And if you apply

the Simpson’s rule with the minimal number of panels, that is 2, we get 11,062,500
which is more than the exact value.

Using 4 panels for numerical evaluation, Ah=10/4=2.5
lsp = 2:;—5[100000 + 4(305175.7813 + 1641308.594) + 2 x 759375 + 3200000}
= 10,503,906.2.5
This value is better than the earlier estimate but higher than the exact value.
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Using 4 panels for numerical evaluation, Ah=10/4=2.5
25
Isp = TI 100000 + 4(305175.7813 + 1641308.594) + 2 x 759375 4 3200000
= 10,503,906.25

This value is better than the earlier estimate but higher than the exact value.

759375

100000

— 1641308.594
3200000

—— 305175. 7813

10 125 16 175

+ These numerical procedures over-estimate

* No. of evalualions required to find the exact integral value is not known

AR Loctere 1

And if you divide this into four panels, you get better result. But it is more than the
exact value. So both the trapezoidal method and then the Simpson’s rule, they are
exact up to the order of polynomial of 1 and 3. But beyond that, beyond their own
capacity, they tend to overestimate the integral value.
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* In both Trapezoidal & Simpson’s methods, the sampling point locations
are fixed once the number of panels is decided

* The weight factors are also fixed as constants, 1.¢. they do not change with
the number of panels

* The numerical estimate is always higher than the exact value for higher
order polynomials

* For higher order of polynomials, the number of panels for exact evaluation
of the integral cannot be known beforehand

AR Lerture 11

Okay that is one thing that we need to notice. And let us proceed further.
(Refer Slide Time: 20:46)



Weddle's rule (accurate to 5" order polynomial)
regionis divided into 6 equal panels
f

Al
=W[ﬁ,+5-ﬁ +h+6fi+fi+5f+f)

12 1
| = J Yidx = — = 497,664
0 b
Ah=12/6= J‘.

f—w{lﬂﬁxf +4% 4 6% 6° +8% 4+ 5% 10° + 12°) = 497 664

FLAREM Lot lere |
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Let us look at one more similar integration rule, Weddle’s rule. This is good up to
fifth order polynomial. And we divide this into six even panels 1, 2, 3, 4, 5, 6 and
evaluate the function values at f naught, f 1, f2, £ 3 and so on.

o f £, K f f f

1
i l
| I I 1 I I I "

And the integral value is three times delta h by 10 times f naught +5f1+f2+ 6 f3
+f4+ 515+ 6. Actually here, this 1, 5, 6 and so on, these are all the weight factors.

n

3.Ah
I = {frr+sf1+!.€+6f§+f4+5I‘»+th}

12 126
i =I xSdx = — = 497,664
A 6
Ah=12/6=2
3x2 . - - - e e
[ = T((}+5x2-‘ +4°+6x65+8%45x10%+12%) = 497,664

And actually we are not interested in how this formula was derived. But we are only
interested in how to apply this for our integrations. And let us take the fifth order
polynomial and integrate from O to 12. The exact result is 497,664 and our delta h is
12 by 6 that is 2 and our integral value is three times delta h by 10 multiplied by all
these quantities. And you get exact value of 497,664.
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Weddle’s rule (accurate to 5 order polynomial)

region is divided into 6 equal panels
fl.' F1 l} fJ f.l l‘» fl:

Bl ooz e s

f=W|ﬂ-+5-h+f2+(’-f.;+h+5-h+fn}
2 g

= ) ¥dx == =209,952

Ah=6/6<1

Ix1 — .
J'=-—m—(0+5xlj+2?+6x3'+4’+5x5’+6?}521U.0

AR st |
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And let us apply this to a seventh order polynomial and the integral value in this

particular case is 209,952.

3.Ah
I = W{fo +5.itfh+6.+fi+5.fs + f¢)

= (07 dy = =
I'= [ x7dx = - =209,952

Ah=6/6=1

3x1
.'=T(0+5x17+27+6x37+47+5x57+67)5210.0?

And then the predicted value from the numerical analysis is 210,060 which is not
correct. And also it is more than the exact value, right? So we see that all these other
methods like the trapezoidal method, Simpson’s rule, and then the Weddle’s rule, they

are good up to certain order of polynomial.

Beyond that they are not good. And in the case of trapezoidal and Simpson’s rule, we
can improve the accuracy by increasing the number of panels but we do not know
exactly up to what number of panels we need to consider. So we need a better method
for numerical integration.
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Gauss Legendre quadrature or Gauss quadrature method
Sampling point locations and the corresponding weight factors are trealed as
unknowns in this procedure.

For each sampling point, there are two unknowns, location £; and weight factor
If there are m sampling points, no. of unknowns = 2m
Hence, 2m data points are available for polynomial fit .. order of polynomial (n) that

could be fit through 2m number of data points = 2m = 1 (e.g. linear curve can be fit
between two data points & 2 order quadratic curve can be fit through 3 data points)

Therefore, the number of sampling points can be fixed once the order of polynomia
(n) is known,

m = no.of sampling points = '-‘-ﬁ.'; (MAIN ADVANTAGE OF THIS METHOD

COURSE /

And that we find in this Gauss Legendre quadrature or the Gauss quadrature method.
And this is actually it is a more mathematical procedure. But in this course, I am not
going into the mathematics but in a very simple manner we will see how to apply this
for our calculations. In this procedure, both the sampling point locations and then the

corresponding weight factors are treated as unknowns.

So in the previous case, once you fix the number of panels, we know these sampling
point locations x naught, x naught plus delta h, x naught plus 2 delta h and so on. And
then the weight factors are also fixed 1, 2, 1 in the case of trapezoidal method. 1, 4, 2,
1 in the case of the Simpson’s rule. And similarly in the Weddle’s rule, we have 1, 5

and 6 and so on.

And so whereas in the Gauss quadrature method, the sampling points and also their
corresponding weight factors are treated as unknowns. And we will come out with
different set of weight factors depending on the number of points that we consider. So
for in this case, for each sampling point, there are two unknowns, the location and

then the weight factor, the location psi and the weight factor w.

So if we have m number of sampling points, the number of unknowns is 2m okay?
And if you have 2m data points for fitting a polynomial, the order of polynomial that
could be fit through 2m number of data points is 2m - 1. So it is very simple. Like if
we have two data points, we can fit a straight line and the straight line is a first order.

And if you have three data points, we can fit a quadratic curve of second order.



And if we have four points, you can fit a cubic curve and so on. So actually this
method is advantageous because if we know the order of polynomial, we can decide
on the number of sampling points and we can equate n to 2m - 1 and then we get the
number of sampling points as n + 1 by 2. So if you know the order of polynomial that

you need to integrate, we can get the number of sampling points as n + 1 by 2.

And this is the main advantage of the Gauss quadrature method or Gauss Legendre
quadrature. Because in advance, we know how many sampling points we need to
consider like similar to number of panels that we need to consider. In the case of
trapezoidal any number like odd or even does not matter. But in the case of Simpson’s

rule, we need only even number of panels.

Whereas in the Weddle’s rule we need six panels. Whereas here in the Gauss
quadrature method, it is more flexible. And we can decide on the number of data
points based on the order of polynomial that we have.
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Sampling points & weight factors in Gauss-quadrature method

The mathematical evaluations to determine the locations & corresponding
weight factors are performed over a space of -1 to +1

+1
1= | rue

These calculations are performed for different orders of polynomials & the
results are presented in tabular form

The scaling of the space of -1 to +1 to Cartesian space (x, to x,) can be
performed by scale factor.

P
.
AR Lt
Q £ A i

And so, in the mathematical derivation is done in the space of -1 to +1. See the

sampling point locations psi are derived in the space of -1 to +1 so that we can scale
them later. And we can scale the space of -1 to +1 to Cartesian space of x 1 to x 2

okay through the mapping factors or scale factors.



+1
= f RGL;
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No. of Gauss-quadrature points for different orders of polynomials

Order of polynomial, n|  No. of sampling points, m
1 (1+41)/2=1
2 (2+1)/2=1.5 (1 or 27)
3 (3+1)/2=2
4 (4+1)/2=25(2or 37)
5 (5+1)/2=3
7 (7+1)/2=4
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So if you have an order of polynomial of 1, the number of sampling points is 1 plus 1
by 2 that is 1. And if you have 3, 3 plus 1 by 2 is 2. And if you have 5, fifth order
polynomial, you need 3 points. If you have seventh order polynomial you have 4. So
if you have an even number of polynomials like 2 and 4, if you apply that formula 2

plus 1 by 2 that comes to 1.5.

And obviously, we cannot have 1.5 number of sampling points. We need to decide
either 1 or 2. Or when you have a fourth order polynomial, it comes out as 2.5. So you
need to decide between 2 and 3, whether you want to use 2 or 3. So obviously, that we
will decide later. I will not tell you the answer now how to decide whether 2 points or
3 points or 1 point or 2 points, okay? That we will discuss later.

(Refer Slide Time: 28:46)



Simplified derivation of the locations & weight
factors in Gauss quadrature method

Locations & weights are derived by term by
term comparison of integral quantities

y

And here | am going to derive the sampling point locations and their corresponding

weight factors in a very simple manner by term by term comparison. We are not going
to go through the Gauss Legendre mathematics, because we are not really interested
in the mathematics behind this, but we need to know how to apply this procedure for
our finite element calculations.

(Refer Slide Time: 29:15)

First order polynomial

flé)=a,+a,¢
One point integration is sufficient to exactly integrate this polynomial:
Sampling and weight factors are £, and w,

+1 +1
/= f F(6).dé = f Ui i i
=1 |

From the above inequality & comparing terms, 2.a, = wy. a,= w,=2,
w6 =0 =50

The sampling point location and corresponding weight factor of one-point Ga
quadrature are £,=0 & w,=2

Let us look at the first order polynomial and this function could be like our a naught

plus a 1 psi.

f(E)=a,+3,E

This is similar to our polynomial that we had assumed for deriving our shape

functions or in the Rayleigh-Ritz procedure also we had a polynomial. And let us



integrate this from -1 to +1. See if you integrate this quantity from -1 to +1, because

psi is an odd function, if you integrate it becomes an even function.

+1 +1
I=J. f(f)d{=I (ﬂn'*’ﬂl{)df:zﬂﬂ Ewl(ﬂr)'*'al{l)
-1 1

And if you substitute the limits of -1 and +1, that gets cancelled out. So you are left
with only 2a naught, a naught psi and psi varying from +1 to -1. Sorry it should be -1,
okay? And so if we have one sampling point, the sampling point location is psi 1 and
then the weight factor is w 1. And we can evaluate this function as w 1 multiplied by

anaught plus a 1 psia 1 psi 1 okay?

And this is 2a naught is the exact value, exact integral value and we are making it
exactly equal to w 1 times a naught plus a 1 psi 1. And by comparing the left hand
side to the right hand side we can determine our weight factor w 1 and then the
location psi 1 okay. So if you compare the term by term, 2a naught is equal to w 1 a

naught. So this gives w 1 is 2. And then w 1 times psi 1 is 0.

So that means that the sampling point location one is 0. So the sampling point location
and then the corresponding weight factor for one point Gauss quadrature is 0 and 2.
Psi 1 is 0 and w 1 is 2. So it is very simple. It is actually we take a polynomial and
then integrate it and then equate that to w times that function value, okay?
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Cubic polynomial
f€) = a, + a,§ +af* +asf’
Two-point integration is required for exact numerical evaluation
1 2
1':[ f(£).df = 2.a, +3uz
_'| L

= wyla, + 0,6, + az‘gf + ﬂ.‘i"fi‘) + wyla, + a3 + “2'55 + ﬂ.-s-fé‘)
By comparing the different terms of a,, a,, a, & a, on LHS & RHS,

LBt By solving the four equations to
Wiy +wpby =0 solve for the four unknowns,
. 2
w1£f+w2{j:§ wy=w;=1
wi§i+wad3 =0 £ = -1V3 & = 4143

4




So now, let us take a cubic polynomial. The function is a naught + a 1 psi + a 2 psi
square + a 3 psi cube. And for exactly integrating the third order polynomial we
require two Gauss quadrature points. Why because 2 times 2 - 1 is 3 so that the 3 is
the order of polynomial, okay? So here the integral value is integrated from -1 to +1 is

2a naught plus 2 by 3 a 2. And we need two sampling points psi 1 and psi 2.

FE) = ag + ayf +azf? +a;83

Two-point integration is required for exact numerical evaluation
+1

l= f({).df=2.ao+gaz
1 3

= wy(a, + @,y + 067 + a38)) + wy(a, + a,&; + 0,85 + a3¢3)
By comparing the different terms of a,, a,, a, & a; on LHS & RHS,

Witw, =2 By solving the four equations to
wiéy +wyé, =0 solve for the four unknowns,
. . B
wif + wyé3 =2 Wy =w,=1
wi§i+wad3 =0 £ = -1/V3; & = +1/V3

i

And then the corresponding weight factors w 1 and w 2. So let us equate this to this
numerical value exactly w 1 times a naught plus a 1 psi 1 plus a 2 psi 1 square plus a
3 psi 1 cube plus w times w 2 times a naught plus a 1 psi 2 plus a 2 psi 2 square plus a
3 psi 2 cube. So now, we can set up four simultaneous equations, because we have

four unknowns; psi 1, psi 2, w 1 and w 2.

And by comparing the term by term against a naught, a 1, a 2, and a 3 we get four
simultaneous equations. So our w 1 + w 2 is equal to 2. w 1 plus two times a naught is
2 a naught. So we can write w 1 + w 2 is 2. And similarly, our a 2 term is associated
with psi 1 square. So w | times psi 1 square plus w 2 times psi 2 square is two thirds.

And there are no a 1 and a 3 terms.

So w 1 times psi 1 plus two times psi 2 is 0. Then there is no a 3 term. So w 1 times
psi 1 cube plus w 2 times psi 2 cube that is 0. And by solving these four simultaneous
equations, we get w 1 and w 2 as 1 and psi 1 is -1 by root 3 and psi 2 is +1 by root 3.
It is, we can if you are not able to solve by hand we can you use MATLAB or some

other program.



We can give these four equations in symbolic form and then we can ask the program
to solve it.
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5t Order Polynomial

f(6) = a, + ayé + a8 + 38 + agft + agé®

3-point integration is required to exactly evaluate this function

T 2 2
!:J-z j({].d{zEa:,+§u2+§a4

= wy(ag + ay§y + aé] +asfi + auf +asty)
+ay(ag + 06y + 7 + a38] + 0,83 +a587)
+ ‘w".i{au +a;§3 + ﬂzf;% + ﬂ.i'f::' + ﬂ;ﬁ + asf’:’)

LoussE /

So the fifth order polynomial, actually I am not considering second order and fourth
order, because we end up with odd number of points like 1.5, 2.5 and so on, which is
not possible. And when you have a fifth order polynomial, we need three data points

or three sampling points because n is equal to 2m - 1. Som is 5 + 1 by 2 that is 3.

5th Order Polynomial

f() =a, + a,& + a,8% + a38> + a,&* + asé®

3-point integration is required to exactly evaluate this function

+1 2 2
i=f f(§).dé = 2a, +=a, +=a,
-1 3 3

= wy(ap + a1&; + @87 + a3és + agél + aséy)
+wy(ag + a,&; + @83 + a33 + a, 83 + asé3)
+ w:;(ao + a|€3 + ﬂz{% + ﬂ3f::; + ﬂ“{; + ﬂsfg)

And let us take a fifth order polynomial a naught + a 1 psi + a 2 psi square + a 3 psi
cube + a 4 by psi 4 + a 5 psi to the power 5. And so if you integrate this fifth order
polynomial, you get 2a naught + 2 by 3 a 2 + 2 by 5 a 4. And we require three

sampling points psi 1, psi 2 and psi 3 and the three weight factoris w 1, w 2, w 3.



So this should be exactly equal to w 1 times a naught plus a 1 psi 1 plus a 2 psi 1
square plus a 3 psi 1 cube plus a 4 psi 1 4 plus a 5 times psi 1 to the power 5 plus w 2
times the function evaluated at psi 2 and w 3 multiplied by the function value at psi 3.
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By equating term by term, six equations are obtained to solve for the six
unknowns wy, §;, o, &2, Wy, {5

wytw; twsy =1

wnéy +wyly sy =0

L By solving th i
2 2 r i y solving these equations,
wn§1 +1pdy + sy ~3
5 8 5
3 3 Y Wy== Wy== Wy=-=
W6y +1rp6; +tryéy =10 9 9 I g
2 =08; =0
i tngruggt=z 700 =0
wl‘fzs + Wz‘wr:? " W:if.; =0

So now, we need six simultaneous equations because we have three sampling
locations and then three weight factors psi 1, psi 2, psi 3, w 1, w 2, and w 3, okay? So
by comparing the term by term a naught, a 1, a 2, a 3, a 4, a 5, we get six
simultaneous equations. And by solving them, we can get w 1 is 5 by 9. w2 is 8 by 9

and w 3 is 5 by 9. And psi 1 is minus of square root 0.6.
wy +wy +wy =2

wy &y +wyé; + w33 =0

wlff + wsz - w3{§

w &7 + wé3 + waés

wr t + wpéd + ws3és =

|
©c NN o WM

w &7 + w€3 + waé3



By solving these equations,

U1=3 W2 =3 U3 =3

$1=—V0.6; §2=0;
Psi 2 is 0 and psi 3 is plus square root of 0.6. So actually here I have done only up to a
fifth order polynomial. But if you see any mathematics textbooks or finite element

textbooks, they will give you a whole page.
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Cook, Malkus & Plesha (1989)

TABLE 841, SAMFLING FBNTS AND WEKH I\lu‘lGAl B8 QLA DIATUEE OF TR THL INTIRVAL

{ I1mfs 4l
Onder m Location £ of Sampling Puint Weight Factor W,
] . r
057715 G291 89626 = £ 1V i
5
1 =0.77459 (6t92 41483 = 2 V06 0.5555¢ $5549 45548 - H
]
i 0. ERBES EREAK REARE = H
14 2] |
4 086017 63115 MO8) = = E 0. 347KS 4845 JT4S = 5 b
3-]" 1.1
=01 1998 10438 Bdkd6 = = . .65214 SIMB 62546 = 3 + =
-

where r = V.2
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And so this particular one is photocopy from this textbook Cook, Malkus and Plesha.
They have given up to fourth order four sampling point locations. And if you have
four sampling points, we can exactly integrate up to seventh order polynomial, right?
And so these are all the sampling point for 1-point integration it is 0 and 2. And for 2,

plus or minus 1 by root 3 and 1.

And for 3, plus or minus square root of 0.6. And 5 by 9 and 8 by 9. And with four
points it is a bit more complicated. But usually we do not go beyond 3-point
integration because it becomes very expensive.
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Extrapolation to Cartesian space

Scaling factor = ==L
1 i # 0

n+t4 n-n 2
'tl = 2 T{l

1 m X;

. X=X 0 . % 2
e [ =" fae
i=1

xy

And now, we derived everything in the space of -1 to +1. But then our Cartesian space

isinthex 1 tox2 ory 1 toy 2 and so on. So how do we extrapolate? So this space in
the in this natural space -1 to + 1, then in the Cartesian space, you have x 1 to x 2.
And any arbitrary point psi i what does it correspond to in the Cartesian space x i. So

the scale factor is this length divided by this length x 2 —x 1 by 2.
£

™ (x; —x;) 1

That is what we call is the mapping factor. And then any arbitrary point psi 1 we can
map to X i based on this x 1 being equal to -1 and x 2 being equal to +1 in the reduced
scale, okay? So our x i is the average value x 2 + x 1 by 2 plus x 2 - x 1 by 2 that is
half length multiplied by psi i. So actually psi values are varying from -1 to +1, right?

And so -1 means x 1 and +1 means x 2.



Scaling factor = =

Xl_xz +xl+xz_x1
; 2 2

$i

= ff(x)dx=¥2f(x;—)wf
Xy i=1

And in between, if it is 0, it is exactly average value. And so we can in general write
any arbitrary point psi i is mapped to a location x i in the Cartesian space as x 2 + x 1
by 2 plus x 2 - x 1 by 2 times psi i. And the integral value of this function, we can
write as x 2 - x 1 by 2, that is the mapping factor multiplied by the function evaluated

at different x 1’s multiplied by the corresponding weight factor.

So if we have one point integration, we have only psi 1 of 0 and weight factor is 2.
And if you have 2-point integration psi is plus or minus 1 by root 3 and weight factor
is 1 for each of them. And if you have three points plus or minus square root of 0.6
and 0, the weight factors are 5 by 9 or 8 by 9.
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Numerical Integration by Gauss-Quadrature Method

: 2,20
I= [1':11!: = %lm = 150 (exact value)

1-point Gauss-quadrature = £, =0; w; =2

. 20+10 20-10
Ay = 5 + 7 =10
n-X

i=2

; 20-10 :
®[f(x)wy] = T|15x2|

= 150 (exact value) - single evaluation to obtain exact value

compared to 2 by Trapezoidal method & 3 by Simpson's rule

_ f

/

So now, let us apply this Gauss quadrature method for different polynomials. Let us
say, let us take the first order polynomial, integral of x dx integrated from 10 to 20
that is 150. And let us apply one point Gauss quadrature. Because if your order of
polynomial is 1, the number of sampling point that you require is 1 plus 1 by 2 that is

1, okay? So for the first order polynomial psi 1 is 0 and the weight factor is 2.



2,20

[ = Ilzou o - 1? o= 150 (exact value)

1-point Gauss-quadrature = &, =0; w;, =2
____20+10+20—10(0)_ 5
X = 2 2 = 1d
Xy =Xy o 20-10 :
= 25X [f@).w] = (15 x 2]

= 150 (exact value) - single evaluation to obtain exact value

compared to 2 by Trapezoidal method & 3 by Simpson's rule

So the corresponding location in the Cartesian space, corresponding to psi 1 of 0 is x
1 bar is the average, in fact 20 + 10 by 2, plus 20 - 10 by 2 times zero, that is 15. And
our integral value is x 2 — x 1 by 2 multiplied by the function evaluated at x 1 bar,
multiplied by w 1, okay? So the x 2 — x 1 by 2, that is the mapping factor or the scale
factor 20 - 10 by 2.

And the function at x 1 bar is 15 because the function itself is x multiplied by the w 1
2. And it is exactly equal to the value 150. And the advantage that we gained here is
we used only one single computation, one function evaluation. Whereas if we apply
the trapezoidal rule, you need to evaluate the function at x 1 and x 2. And if you use

Simpson’s rule, you need to evaluate at three points.

Whereas here, the Gauss quadrature method, we had just simple 1-point integration or
one point evaluation, and then we got the exact value.
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And let us apply this to a fifth order polynomial integrated from 10 to 20 that is
10,500,000. And this is the exact value. And if you have fifth order polynomial, we
require three data points, three points for evaluation, psi of minus square root of 0.60

plus square root of 0.6. Then the weight factors are 5 by 9, 8 by 9 and 5 by 9, okay?

Numerical integration by Gauss-quadrature method

= [y :;:—% = 10,500,000 {exact value)
10

10

3-point Gauss-quadrature = & = =y06; § =0; Fy = +J0.6

0410 20-10, — o
h S =g (=V06) =15-5x V06

=15

P

o

=15+5%06

20 I{I

— x[lS n\.nu} + x|5‘+ x(15+5n’ﬁ}

= 10,500,000 (exact value) (3 evaluations compared to 7 in Weddle's method) = do the

calculations using brackets without any intermediate writing out of numbers & round

And our x 1 bar is 15 minus 5 times square root of 0.6.

620

= f x5 dx = Tl = 10,500,000 (exact value)
+ ll] -

o

3-point Gauss-quadrature = §, = —v0.6; & =0; $a

20+10 20-10

N =— (=V0.6) =15-5x V0.6
=15
53=154+5%x+v06
20
x (15— 5 x V0.6) + x 15° + = x(15+5x\f 6)°
= 10,500,000 (exact value) (3 evaluations compared to 7 in Weddle's method)

And our x 2 bar is 15. And our x 3 bar is 15 plus 5 times square root of 0.6. And our

function is x to

by 2, multiplied by 5 by 9 times the function at psi 1, okay? And 8 by 9 times the
function value at psi 2. And then sorry, 8 by 9 times the function value at psi 2 plus 5

the power 5. So our integral value is x 2 minus x 1 by 2, that is 20 - 10

by 9 times the function value at psi 3.



And our x 1 bar is 15 minus 5 times square root of 0.6. This is at psi 1. And at psi 2 of
0, our x 2 bar is 15. And then at the location 3 at psi 3 of square root of 0.6, this is 15
plus 5 times square root of 0.6. So if you evaluate this, you get exact value of
10,500,000. And I did not round off any of these numbers. I have just written like this.
And you should also do the same thing.

In the calculator, you use your brackets intelligently and directly do this computation
and do not round off any value. So if you write square root of 0.6, you will get some
value. And depending on the number of digits that you use, your result might change.
But in here, I did not round off any number and then I got exact value, okay? So we

just needed only three sampling points that is three evaluations.

Whereas with Simpson’s rule and then the trapezoidal rule we will not be able to
exactly evaluate this. And when you apply the Weddle’s rule, we need seven
evaluations that is more than double the numbers here with the Gauss quadrature. And
that is the main advantage. So whatever is the polynomial order, we can always go

back and choose the number of sampling points.

So now, the question comes, what happens if you use lower number of sampling
points? Say for this x to the power 5 this is the fifth order polynomial, we have used
three points. But what if [ use only one point or two points? Let us see what happens.
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Using 2-point Gauss-quadrature; wy =, =1; § = ‘—: £ = :—_‘1:

xl = 20410 +21]—[|] (—__1) - 15—;,_| xz - 15+ i'_
L V3

Fi 2 Vi

| P (1‘; 5)5+| (1,+ 5)5
= X b X b
2 V3 Vi

=10,458,333.33 (slightly under-estimated)
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Now let us try with 2-point integration.



+

1

Using 2-point Gauss-quadrature: w, =w, =1; §, = -—_: 2= %
V- Vs

— 20+10 . 20-10 (-1 D . e - i

n==+7 (ﬁ)_ls_ﬁ' x2—15+\§

f= 2= (15 5)5+1 (15+5)5
= X - — x —
2 V3 V3

=10,458,333.33 (slightly under-estimated)

d

w 1 and w 2 are 1. Psi 1 is -1 by root 3. And psi 2 is +1 by root 3. So our locations are
the Cartesian locations x 1 bar is 15 minus 5 by root 3 and x 2 bar is 15 plus 5 by root
3. And so if we do the integration, you get slightly less than 10,500,000. 10,500,000 is
the exact result, but the numerical value is 10,458,333.33. And it is slightly

underestimated.

And so this is the major difference between the Gauss quadrature method and the
other methods. So in the Gauss quadrature if you use lesser number of data points or
the integration points, your prediction is slightly on the lower side. And we can
exploit this feature because when you analyze any continuum and the continuum that

consists of infinite number of degrees of freedom.

And since we cannot consider infinite number, we only consider a finite number say
some 1000, 10,000, 100,000. And because of that, our stiffness matrix is actually
overestimated. I think I illustrated that through a simple example in the past. And so
we can compensate the over stiffness because of not considering very large number of
degrees of freedom by using slightly lower order of integration, okay? So that is the
advantage with the Gauss quadrature method.
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Application to Two-dimensions

X3=9 #¥p=T
I=j j xt oy dx.dy

1=5 Y=

2\ (y%\ 604 113553
=(5) x|%) =5 —F—=3810334
5 4

Different orders of numerical integration can be applied in X & Y

directions
[ARCM Locture 13
cousE S

And this method is applicable even in two dimensions or three dimensions, okay? Let

us apply this to two dimensional problem.
X2=9 ry2=7 o
I= f f x2.y°.dx.dy
X,1=5 Yi=4

9 7

x3 y® 604 113553
=|—) X|—]) = X = 3,810,334
5 4

3 6 3 6

Let us say our function is x square y to the power 5. x is varying from 5 to 9, and y is
varying from 4 to 7. And this exact value if you integrate is 3,810,334. And so here,

you have two different orders of polynomial, 2 in the x and 5 fory.

And the advantage with the Gauss quadrature method is, you do not need to apply the
same order of integration in both the methods, in both the directions. So in x direction
we can apply a 2-point integration and in y direction we can apply the 3-point
integration.
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Application to Two-dimensions

2-point integration in x-directien & 3-point integration in y-direction

—

7=4 5 8 5 5
x—={(55-15x Vi6)’ x5+ (55) x5+ (55+15x V06 . x;}

=201.333333333x18925.5=3,810,334 (do not round-off any intermediate values - us

FEARCMA Locture- 11

And so the sampling point locations in the x direction are plus or minus 1 by root 3.

And so our x 1 bar is 7 minus 2 by root 3.

e m el
2-point integration in x-direction & 3-point integration in y-direction

— 945 19-5 2 __ 2
METTR -E'x2=?+\_3;‘vl=w2=l
7:?_?_;Km=55—1,5x\%;ﬁ=55 JT3=55+1-5X\'%JW13=§W?.:'
/

% FJ
_9_5 (7—?) Xl+(7+\?) x1
N

7-4 s 5 .8 5
x T[(s.s ~15x06) X 5+(655)xg+(55+15x V06)" X 6]

=201.333333333x18925.5=3,810,334

And our x 2 bar is 7 plus 2 by root 3. And the weight factors are w 1 and w 2 of 1.
And in the y direction, we have three sampling points, y 1 bar, y 2 bar, and y 3 bar.
Then the weight factors of 5 by 9 and 8 by 9. So if you do this integration

numerically, this is what we see.

And once again, do not round off any numbers. And so if you do this, you will get the
exact value that we get by integration 3,800,334, okay.
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Volume integrals

Gauss guadrature method can be applied even to 3-dimensional
volume integrals

= [ foyaindy.de =20 R BT (5 )
¥ ijk

2 2

Xi=g
Eta=n
Zeta=_

£, 1, C varies from -1 to +1

TEARCM Locturs-13

And we can also apply this in three dimensions. So actually, in two dimensions, we
have the scale factor. I think I forgot to write the scale factor in two dimensions. But
so here is the scale factor in three dimensions x 2 -x 1 by 2,y2-ylby2,z2-z1
by 2. So in two dimensions, we will be having only these two terms. In three

dimensions, we have this.

A

Gauss quadrature method can be applied even to 3-dimensional
volume integrals

1= [ feuy.odndy.ds =20 2N BERN (5, 7070, wiwywi
v

2 2 —
Lj.k
Xi=C
Eta=n
Zeta=_

£, n, € varies fyom -1 to +1

So we have three directions psi, eta and zeta each of them varying from -1 to +1. And
the main advantage is whatever sampling points that you have in the psi direction, you
have the same in the eta direction and also in the zeta direction. So if it is one point in
psi one point in eta direction one point in zeta, it is only one point. So sampling point

weight is 2.

And then with two points plus or minus 1 by root 3. And with three points plus or
minus square root of 0.6 and 0 okay? So it is actually it is a versatile method and we

can apply this for one dimensions, two dimensions, three dimensions, and it will give



us the exact integral value. And in general, the procedure that we are going to adopt is
when you need to evaluate any integral for load calculation, we use the exact

integration.

And when it comes to stiffness matrix, we use a slightly lower order of integration so
that our address because of not considering infinite number of degrees of freedom is
slightly compensated, okay?
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Is it possible to map any arbitrary shape into a regular shape?

TLARCH Locturs-13
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And the next question comes is, so we have derived our solution in the space of -1 to

+1 and so, and we have seen how to map the space of Cartesian space x 1 to x 2 to
this. And so, we can actually can we come out with a procedure so that any arbitrary
shape can be converted into some regular shape, say square region for 2d or a cube in

the three dimensional problems, can we do this?

And if we can do this, then all our problems are solved, because we can directly apply
the numerical method that we had developed just now, okay? So that will be our
approach in the next few classes, okay? So if you, I think this is the last slide. So if

you have any questions, please write to this email and then I will respond back.

So just summarize, in this class, we had seen the different methods of a numerical
integration and we have developed the Gauss quadrature method of numerical

integration. And the main advantage is, depending on the order of polynomial that



you have, you can choose the number of sampling points. So if you have a fifth order

polynomial, we can use number of sampling points is 5 plus 1 by 2 that is 3 okay?

And if you have seventh order polynomial you can use four points and so on okay? So

thank you very much. We will meet in the next class.



