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Lecture: 12
Analysis of Continuum Systems

Let us continue from our previous lectures on this the stress state and then the equilibrium
equations and then the equation for strain within a 3-dimensional continuum. And then later
we have seen how to simplify the or how to consider simplified stress states in 2 dimensional
plane so, that we can we can speed up our analysis. And in today's class let us continue a bit
further and look at how we can describe the continuous variation of displacements within the
continuum then how we can relate them to strains and then the stresses and then how to
develop our equilibrium equations for a continuum.

(Refer Slide Time: 01:16)

Qutline of the lecture

* Brief summary of different stress states

* More on the plane strain idealization

+ Discretization of continuum into elements

+ Strain-displacement & other relations for continuous variation
* Derivation of equilibrium equations of a continuum
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So, let us go through a brief summary of the different stress states that we had seen in the

earlier classes then a bit more and the plane strain idealization and then discretization of the
continuum into smaller elements. Then strain displacement and other relations and then the
derivation of the equilibrium equations because that is the important step in our analysis.

(Refer Slide Time: 01:43)



2-d approximations

* Plane stress: Stresses in the out of plane direction are zero,
ex. thin plate loaded in its own®lane, cantilever beam

* Plane strain: Strains in the out of plane direction are zero, ex.
Long retaining wall, embankments, tunnels etc.

* Axi-symmetric: Symmetry in geometry and loading around a
vertical axis, ex, Triaxial compression test, circular footing
subjected to uniform pressure
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So, in the previous class we had seen these 3 2 dimensional approximations plane stress when

all the strain all these stresses act within a single plane and all the outer plane stresses are 0.
So, that happens in the case of a thin plate loaded in its own plane or a cantilever beam. Then
we have a plane strain state where all the outer plane strains are 0. So, previously it was plane

stress now all the outer plane stresses are 0.

In this case its plane strain where all the outer plane strains are 0 and this is a very common
situation in a geotechnical engineering where we consider the analysis of very long retaining
walls or embankments, tunnels and so on. And the other case is the axis symmetric where
there is a symmetry there is a radial symmetry around the central axis. See this radial
symmetry is there both in the geometry of the system and also the loading and then the

resulting stress states.

So, if you have a radial symmetry like this we can just consider a 2 dimensional stress state
that we had discussed earlier and then we will see a bit more in today's lecture. And this axis
symmetric case is very common for circular footings under uniform pressure or our own
triaxial compression tests geotechnical engineering or the consolidation test and so on.

(Refer Slide Time: 03:35)



Narrow trench supported by sheet piles & intermittent struts
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This prob!emfvis':usually approximated as a plane strain case by considering unit length &
proportioning the contribution of struts per unit length
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And in the previous class we had seen this example of a plane strain case where we have a

deep excavation supported by continuous sheet pile walls or diaphragm walls and then in
between we have the struts which are compression members which are placed at some
vertical spacing and horizontal spacing. And how can we model this in a plane strain case
because the sheet pile wall is not a problem because it is a continuous member but then these
struts are discrete members they are placed that some horizontal spacing and vertical spacing.

(Refer Slide Time: 04:17)

Plane strain model consideration:
»Thickness in the out of plane direction =1

»If the horizontal spacing of struts in a strutted excavation is S, and if the area of
eachstrutis A, the area to use in plane strain model is
A=A/S,
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And so, our thickness for plane strain case in the outer plane direction is 1 and if your

horizontal spacing of the ties in a structured excavation is as such these are the compression
members it should be just bar elements is assets. And if the area of the each bar is A then the

area to be used the plane strain model is A by S h. So, if the horizontal spacing of each of



these struts in a next equation is Sh and if the area of each strut is a then the area that we use

in our plane strain analysis is A by S h.

So, if S h is 0.5 meters then we are going to consider twice the area or if S h is 2 meters then
we will consider only half the area in our analysis that is what we mean by prorating per unit
length.

(Refer Slide Time: 05:22)

Various steps involved in the analysis of continuum are,
~ Imaginary lines are drawn in 2-d or surfaces in 3-d to divide a continuum into finite number of elements.

~ Elements are assumed to be connected at a discrete no. of points located at the intersection of these lines

or surfaces
» The interior zones of these linesfsurfaces are treated as elements

~ A set of functions is chosen to define uniquely the state of displacements within each element in terms of

its nodal displacements.

»The displacement functions now define the state of strain within an element in terms of the nodal
displacements. Element stresses are determined from these strains and the constitutive properties of the

material

Theoretically, continuous systems have infinite degrees of freedom
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And so, now let us move on to the continuum and what are the different steps. See we are

dealing with the displacement basin approach and we have seen the applications for discrete
systems like the the planes truss elements and then the plane frame and so on. and it is easy to
imagine the number of nodes number of elements and then and then the number of degrees of
freedom. But if you have a continuum let us say you take a plate and let us say some

dimensions and how many elements are there.

Depending on your imagination you can consider very large number and theoretically a
continuum can have infinite degrees of freedom an infinite number of elements but obviously
we cannot consider all the infinite numbers. So, what we do is we draw some imaginary lines
in the 2 dimensional case or imaginary surfaces in 3 dimensions to divide a Continuum into
finite number of elements because we cannot really handle infinite number like infinite

number of elements or number of nodes and so on.

And to divide this continuum into a certain number of manageable number we draw some

lines in the 2 dimensional problems or surfaces in 3 dimensions. And we assume that



elements are connected at discrete number of points located at the intersection of all these
lines that we draw or the surfaces that we draw and the interior of these lines are surfaces are
treated as elements. And then we choose a set of functions to describe the variation of the

displacements within each element.

Because once we define the nodal points we know we are going to solve for them but once
we get the displacements of these nodal points how do we find the displacements in the
interior of an element because now we are dealing with the continuum so, that means
wherever you see there is material. And so, we need some methodology to determine the

displacements in the interior of the elements.

And now once you choose some function say this function can define the state of strain
within an element like once you have a function for the displacements derivative of that will
give you the strain. And so, these strains will be in terms of nodal displacements then once
you get the the strains we can get the stresses.

(Refer Slide Time: 08:33)

~ A system of forces concentrated at the nodes and equilibrating the boundary stresses and any
distributed loads is determined resulting in a stiffness relationship of the form
(K]{u} = (P}
Since the equilibrium is satisfied only at a few discrete points, we get an approximate solution at the

most (weak form solution)
4 3

X Nodes

/' Elements
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And so, what we do is then we develop our equilibrium equations as internal force is equal to

external force if K is the stiffness Matrix K multiplied by a displacement Vector u should be
exactly equal to the applied force P.

[K] {u} = {P}

And in the process we are going to satisfy this equilibrium only at certain number of degrees

of freedom or number of points not everywhere. So, the type of solution that we get we call



this as a weak form solution it is the solution is not exactly valid at all the points but

approximately valid.

X

So, if you have a 2 dimensional space like this what we do is we draw some arbitrary lines
and these lines could be straight lines or curved lines or anything it depends on the
imagination of the user and the intersection of all these lines are treated as a as a node and the
area in between these intersecting lines is treated as an element. So, here I have highlighted
the nodes and then also I highlighted the elements. So, this is a continuum and theoretically it

can have infinite number of elements or infinite number of nodes.

1
But we have divided that into a certain number of nodes by drawing these lines and the more
lines that we draw the more realistic your model will be. And so, more closure your solution
will be to the real solution and these elements they could be of different shape like they can
be quadrilateral elements or triangles or some distorted shaped elements like this. And so,
these triangles they have they will have minimum 3 nodes whereas quadrilaterals they will
have four nodes and so on.

(Refer Slide Time: 10:52)



Division of 3-dimensional shapes into smaller elements

Schematic illustration of dividing a large cube into smaller cubes by
drawing horizontal and vertical surfaces
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Then if we have a 3-dimensional shape we draw the surfaces let us say; you consider a large
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Cube like this we have drawn 2 surfaces 1 is yellow surface and then the there is a green

surface and then we divide this into four cubes like 1 2 3 four.

Schematic illustration of dividing a large cube into smaller cubes by
drawing horizontal and vertical surfaces

And so then if you want you can draw more number of surfaces and divide this continuum
into smaller number of elements then once we draw once we get these elements we can
identify the nodes as the points at the intersection of all these lines or surfaces.

(Refer Slide Time: 11:40)



An element is defined in terms of no. of nodes available

+ Typical 2D element (3 or more nodes)

AVANER

4-node Quadrilateral

3-node Triangle 6-node Triangle

+ Typical 3D element (4 or more nodes)

20-node brick

4-node tetrahedron

8-node brick
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An element is defined in terms of the number of nodes within the element with number of
nodes that are available. And typically we can have either 2D elements or 3D and the 2
dimensional elements we need minimum 3 nodes to define a 3 dimensional element like this
3 node triangle or a 6 node triangle and then four node quadrilaterals and actually depending

on the on the shape that we have we can decide the number of nodes.

Then if you have more number of nodes along any line we can either can even define a
curved surface. So, if you have a circle that also can be approximated the equivalent triangles
or rectangles depending on the type of elements that you have in your program. And these are
some of the typical 3 dimensional elements we require minimum four nodes to define a 3D
shape. Here is a four node tetrahedron and the 8 node brick element or a 20 node brick
element and so on.

(Refer Slide Time: 13:05)



Let displacements at any point inside an element be

)

Y '3
Nodal displacement vector of an element is, 3'—3“

[(fT]:{uI v Uy Uy Uy V3

Displacements at any interior point of an element are,

U (xy) = Npuy + Nptip + Nyuiy

V(xy) =Ny # Ny v + Navy ft
Uy ]—‘u‘ L.“z
N O N, 0N 0 . 1 :
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N's are called as shape functions (these are basically interpolation functions)

NiGy) =1 Nx.y) =0, TN =1
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Let us say we have this x and y Cartesian coordinate system and let us define 1 triangular
element like this with the nodes 1 2 and 3 defined like this. And we define these node
numbers are the element level and the anti-clockwise direction that I will explain a bit later
and at each of these points we have the displacements or the degrees of freedom.

Let displacements at any point inside an element be

_ fu(x,y)
(u)= {v(.r.}'}

Nodal displacement vector of an element is,
lu"T} ={yy, v, u; v; u3 Vi)
And in this case we have only displacements as the degrees of freedom certain node 1 you

have 2 degrees of freedom u 1 v 1 node 2 u2 v 2 node 3 is u 3 v 3 totally 6 degrees of

freedom.



And a a e is the vector of the displacements or the element nodes. So, thisisulvliu2v2u
3 v 3 and these are the displacements or the nodal points and let us say that at any point
interior we have another displacement vector u and v which is a function of x and y and in
general we can write u interior displacement u in terms of the displacements or the nodal
points like thisN1ul+N2u2+N3u3orvisNIv1+N2v2+N3v3inhereourN 1
N 2 and N3 these are called as the shape functions.

Displacements at any interior point of an element are

u(xy) =Nuuy;+ Nou, + Nyuy
Vixy) =Npvy + Ny vy + Nyvs

Basically these are like our interpolation functions depending on the distance of the particular
point from these 3 points the value will change. And these are shape functions they will have
a value varying from O to 1 and the internal displacement u is we can write it as some shape
function Matrix N multiplied by nodal displacement Vector a e thatisuisN lul+Ntu2+
N3u3andvisN1v1+N2v2+N3v3.

U,

vy

ki

&

So, in terms of Matrix and Vector product we can write like this our shape function Matrix N

iSNION2ON3ONON10and20 and 3. And this is our nodal displacement vector and

L

1 = (N1a) = [¥] = Ny 0 N, 0 Ny ﬂl
h«‘-r I“II“ J l.lj 0 ‘l,": 0 "'I.! 0 _1.'-‘

these ends are basically interpolation functions but we call them as shape functions in the
finite element context because they depend on the shape of the element. Because they have 1
form for triangular elements and some other for rectangular elements and then depending on
the on the shape like whether you have straight edges or curved edges your shape functions

might change.

N's are called as shape functions (these are basically interpolation functions)
Ni(xp¥) =1, Ni(x,y) =0, IN; =1
And the property of these shape functions are their own nodes the shape function value is 1
and then at that nodes these are 0 and the sum total of all the shape functions is exactly equal
to 1 these are similar to our influence functions that we come across in our structural analysis.
So, if you have a moving load the reaction at different supports is expressed in terms of some

interpolation functions. And the similar things we can do for our shape functions.



And we will define or we will derive what these shape functions are later on because that is 1
of our major focus in any finite element analysis.

(Refer Slide Time: 17:21)

Example: Develop Shape functions for a 2-node bar element

U
iy A

e
Node-1 Node-2
x=0 x={

u(x) = ap + oy x
ux=0=wy=u = az=1y

U=
ux=f=q+ui=y=0q-= Cl

Uz=U. X x . okt
Lu(x) =up + %x ER (1 —;) U3 ] linear variation

=>N,(x)=1—§=1 atx=0 & N,(x}=l—%=0 at x=1
N;+N,=1
Strain is du/Cx=(u-u

::Nz(x):%:O at x=0 & Nz(x):%:l at x={
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So, let us look at the shape functions for a 2 dimensional sorry the 2 node bar element and let
us consider a bar element having a length of L with the Node 1 node 2 and displacement at
Node 1 is u 1 displacement at node 2 is u 2 right and we Define or we develop the shape
functions by different ways and 1 is called as a generalized coordinate system where we

assume some polynomial.

My u
—_—t —
- -

Node-1 Node-2
X 0 X 4

And the number of terms in the polynomial is equal to the number of nodes in the element
and then the polynomial order also we can decide based on the type of element that you have.
And so, in this case since you have 2 nodes we can have 2 terms in the polynomial you can
be Alpha naught + Alpha 1 x because actually this is similar to our Rayleigh-Ritz procedure

where we assume the solution in terms of polynomial series the similar thing applies here.

u(x) =ap + aqx

And this polynomial could be anything it could be Alpha naught + Alpha 1 x or say Alpha 2x
or Alpha 1 x Plus Alpha 2 y x square or anything because since you have 2 nodes you need to
assume only 2 terms in this polynomial series and we will discuss how we can or what is the
basis on which we can assume these polynomials. So, at say if you assume u as Alpha naught

+ Alpha 1 x at Node 1 that is at x is equal to 0 all u of x is Alpha naught and that is equal to u



ux=0)=a,=u;, = a3 =y,

Uy = Uy
?

ux==w+yuyl=u,=aq =

So, that means that our Alpha naught is equal to u 1 and the x is equal to I; u of x is Alpha
naught + alpha 11 and that is equal to u 2 at node 2. And so, our alpha 1 can be determined as
Alpha 2 minus u 1 by 1 and server u of x you can substitute the values of alpha naught and
Alpha 1 in this equation u of x isu 1 +u 2 minus u 2 minus u 1 by 1 times x. And by grouping
all the terms under the different displacements we can write u of x is u 1 times 1 minus x by |

+u 2 times x by L
sulx)=u + 5-{—“—1 = U (1 - }) + 1:;% } linear variation

=N@)=1-2=1 atx=0 & N(x)=1-3=0 atx=¢

Na(x)=%=0 at x=0 & N,(x)=%=1 at x=¢
And we see that we have a linear variation that is corresponding to the linear polynomial that
we had assumed ok. So, our N 1 is 1 minus x by I and our N 2 is x by | and at x is equal to 0
that is at node 1 your N 1 is 1 and x is equal to |l our N 1 is 0 because if you substitute x of 1
we get 0 and similarly N 2 is x by | and that is 0 at x is equal to O that is at node 1 and at node

2 our value is one x over N 1 + N 2 is exactly equal to 1 that is 1 minus x by | Plus x by I that

is equal to 1.

And if you want to determine the strain within the element we just simply take the first
derivative dou u by dou x and that comes to just simply alpha 1 and Alpha 1 isu 2 minus u 1
by L

(Refer Slide Time: 21:29)



Determination of strains (small strain definitions)

Strains are first derivatives of displacements

For plane stress & plane strain conditions,

_iu v ou  dv
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[L] - matrix of linear operators

[B] - matrix of shape function derivatives
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And so, the the determination of strains we have already seen the definition of strains in the

previous lecture and if we use the small strain definitions for plane stress and plane strain our

Epsilon xx is a dou u by dou x and our Epsilon yy is dou v by dou y and Gamma x y is dou u

by dou y + dou v by dou x.
) __ du ) __ dv __ du + dv
e ™ dx o - A ay Yxy = ay dx
d o
_ ax
}.ll. d u
{3 = I“'ﬂ'} = {.} = [L}{u} = [L][N]{a"} = [B]{a]
Yxy Y
0 ad
dy ox

So, our Epsilon the strain Vector is Epsilon xx Epsilon yy gamma xy and actually we can
write this as a product of an operator Matrix like this dou by dou x 0 0 by dou y dou by dou y
and dou by dou x multiplied by displacement Vector u and v where u and v are the the

displacements are the interior points.

And this Matrix we can write as 1 that is the Matrix of the linear operators times u and our u
is actually N times a ¢ we have already expressed that in the previous step. Here we have
seen that our internal displacement to u can be written as N times a e where N is the shape
function Matrix and a e is the vector of nodal displacements. So, our | times N we can is
written as B. And so, our Epsilon we can write as B times a ¢ where B is actually the shape

the derivatives of the shape functions that we will see in the next step.



(L]

+ matrix of linear operators

18]

» matrix of shape function derivatives

Epsilon is B times a e and our B is actually it is very important Matrix the that relates the the

displacements to the strains or the strains to the displacements I is the Matrix of linear

operators and the B is the Matrix of shape function derivatives and B is I times N.

(Refer Slide Time: 23:55)

u= Nuy + Ny + Nyuy

du _ dNy

an,
B =0 T ut

Ny
Pl + PRl ete.

aN, 0 AN, 0 N, 0

o x ]
i L

y oy oy
oM an, Ny an, 9Ny N,
dy ax dy ax Wy ax

No. of rows in [B] matrix = No. of strain components

number of d.o.f. per element is 6)

Stresses in element are:

{o} = [D){e - &} + {0}
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u= N]u1 + Nz“z + N3U1

Exy = j—: - %u, +%uz + %u, elc.
ﬂ 0
T o
[B] = By
dN, an,
ay ax

No. of columns in [B] matrix = No. of nodes x No. of d.o.f. per node (for 3-node triangle,
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AndouruisN1ul+N2u2+ N 3u3 and our Epsilon xx you can write as dou u by dou x

that is dou N 1 by dou x u 1 + dou N 2 by dou x u 2 + dou N 3 by dou x u 3. And similarly

Epsilon yy we can write as dou v by dou y thatisdou N 1 by douy v 1 +dou N 1 by dou N 2

by douyu2+v2+douN 3 bydouy v 3. So, this B Matrix that is the Matrix of the shape

function derivatives we can write like this say the first row refers to Epsilon xx the second

row refers to Epsilon yy these are the 2 normal strains.

And then the third one refers to the shear strain gamma xy. So, dou N 1 by dou x dou N 2 by

dou x dou N 3 by dou x and so on. And the second row Epsilon y dou N 1 by dou y dou N 2



by dou y dou N 3 by dou y and the third row is for the shear strength gamma xy . So, the
number of rows in the B Matrix is equal to the number of strain components see for the plane

stress and plane strain we have only 3 strain components.

So, we have 3 rows for axis symmetric we have four strain components. So, we will have
four rows and for a full 3 dimensional case we have 6 strains. So, we will have 6 rows in the
B the B Matrix then the number of columns is equal to the number of nodes in the element
multiplied by number of degrees of freedom. So, for a 3 node triangle we have totally 6

degrees of freedom 3 nodes multiplied by 2 that is 6.

And so, we have 6 columns 1 2 3 4 5 6. So, once you have the stresses now sorry the strains
we can determine the stresses as Sigma is D times Epsilon minus Epsilon naught + Sigma
naught where Epsilon naught are the initial strains and Epsilon is the is the is the strain and
our displacement vector may also consist of initial displacements. And so, we get the total
strain Epsilon minus the Epsilon naught corresponding to some initial strains multiplied by d

plus initial stresses Sigma naught.

Stresses in element are:

{a} = [Dl{e - &} + {g,}

And the sigma naught in the geotechnical constant context could be the in-situ pressures and
that depends on the geological conditions that we will see later.

(Refer Slide Time: 27:01)

B-matrix forAxisymmgtric 3-node triangular element
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So, how do we write the B Matrix for axis symmetric case? So, for the axis symmetric case
we have four strain components Epsilon rr Epsilon zz gamma rz and Epsilon Theta. Epsilon
Theta is what we had seen in the previous class circumferential strain that the change in the
circumference because of any displacements and this we have seen as u by r and our Epsilon
Theta is a radial displacement u divided by the corresponding radial distance r and that can be
written as N 1 byrul+ N 2byru 2 + N 3 by r u 3. So, the first 3 rows for the axis
symmetric case are similar to our B Matrix for plane stress and plane strain except in place of

x we have r and in place of y we have z.

o du
ar
fr-r al'q
€ =1y20= 10
Yrz ou . v
Eg oz ar U N N Ny
u where gy === =, + =, + =iy
\ . ) r r -
T

And then the fourth row e is our N 1 by r N 2 by R and N 3 by r and since there are no v

terms we have Os in these second fourth and 6th columns.

ra N, 0 dN, 0 OJN; 0 7

“

ar ar ar

0 aN, 0 dN, 0 dNy

[B] — dz ﬁz dz
dN, aN, aN, aN; dN3; AN,

dz ar dz ar dz ar

Ny 0 N> 0 N3 0

r r r
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Derivation of Finite element equilibrium equations for a continuum
Virtual work method:

Let  {g}° - vector of concentrated nodal forces

{a}* - vector of nodal displacements
{t} - traction forces (pressures) on the surface
{b} - vector of body forces per unit volume

_ {bx} _ {p-gx} _ {h]
Tl T gy Ty
{o} - stresses in element

{e} - Total strains (including pre-existing strains)
(05,8 - pre-existing stresses & strains

{o} = [D{e} = [D][B){a‘} or {g} = [D]fe - &} + {a0}
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And now let us see how we can derive the equilibrium equation for a continuum because this

is what we require so, that we can do all the computations. And we are going to follow the
virtual work method and we have seen this virtual work method earlier for the Prismatic
elements yeah that states that internal work done should be exactly equal to the external work

done for equilibrium.

And we will follow that approach that will give us an easy method for establishing the
equilibrium equations and let us say let us define some quantities. When we have a
continuum we can have different types of loads. See one is the concentrated nodal loads let us
say that that is given by vector q and with a superscript ¢ that refers to the element because
we are going to derive all these at element level and then we are going to assemble them into

some global matrix corresponding to the entire enter structure.

Let {q}* — vector of concentrated nodal forces
{a}® - vector of nodal displacements
{t} - traction forces (pressures) on the surface
{b} - vector of body forces per unit volume
N {bx} _ M;,} N rr}
“ by T -9y T Wy
{g} - stresses in element
{¢} - Total strains (including pre-existing strains)

{o,.80) - pre-existing stresses & strains

{0} = [D]{¢} = [D][B]{a®} or {o} = [D]{s — &} + {0}

And a e is the vector of nodal displacements and t is the traction forces on the surface the

traction force is nothing but the pressure. So, the external loading we can have as



concentrated loads or uniform pressure or something like the traction force and then the other
type of force that you can have is the body force vector of body forces per unit volume B is

basically because of the gravitational effect on the unit weight.

So, gamma is our body force vector and in general we can have a gamma in x direction
gamma in the y direction. And so at b is the body force vectorisa b, b x and b y rho g x and
rho g y that is gamma x and Gamma y and if our x axis is in the horizontal direction and y
axis is in the vertical direction our gamma x could be just simply 0 because we do not have
any gravitational force in the horizontal direction and then in the vertical Direction since the
weight is acting down we will have minus gamma for gamma y and the stresses in the

element and sigma.

And let us say epsilon is the total strain including the pre-existing strains and sigma naught
and Epsilon naught are the pre-existing stresses and strains. So, our stress vector d we can
calculate as d times Epsilon and Epsilon is b times a e and we can expand this the stress in
terms of initial strain and initial stresses like this d times Epsilon minus Epsilon naught +
Sigma naught right.

(Refer Slide Time: 31:49)

Let a virtual displacement of {§a®} be given to the nodes of the element
Internal virtual displacements  {du} = [N]{da®}
External work:

work done by the concentrated forces = {8a¢){g°}

work done by the body forces = [ (§u)"{b}dv = [ {Sa*}T[N]"{b}dv
= (8a’}" [ [N]"{b}dv

work done by traction forces = [ {§u}{t}ds = [ {8a°}T[N]"{t} ds

- T T
= {0a®y" [[N]"{t}ds
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Let us say we give some virtual displacement to the system that is already under equilibrium.

So, under the action of all these the body is in equilibrium and we are giving some
disturbance Delta a e right are the element nodes we are applying some virtual displacement

field Delta a e and because of that the internal displacements Delta u can be calculated as N



times Delta a e right where our N is the shape function matrix N1 0N20and300and 1 0
N 20 and 3.

Let a virtual displacement of {§a®} be given to the nodes of the element

Internal virtual displacements {u} = [N]{6a®}

The number of rows in the shape function matrix is equal to the number of degrees of
freedom then the number of columns is equal to the number of degrees of freedom in the
element. So, the external work done the work done by the concentrated forces is Delta a
transpose multiplied by q e that is the work done by the virtual displacements and then work
done by the body forces is actually our body force is acting out the entire volume.

External work:

work done by the concentrated forces = {6a®}"{q°}

work done by the body forces = jr{{m}’ {b}dv = J‘r{&:"}?‘lN]r{h} dv

So, it should be integrated over the volume and Delta e u transpose b where Delta u is our
internal displacements u x and u y transpose times b that is b x and b y and integrated over
the entire volume and our Delta u is N times Delta a e right. So, if you take transpose of this
whole thing we get Delta a e transpose and transpose b. And in here our Delta a e refer to the

nodal displacements and they are not going to vary within the element.

So, we can actually bring out this Delta a e outside the integral because these are constants
for this element. So, Delta a e transpose integral over volume and transpose b dv where N is
our shape function Matrix N 1 0 and 0 and 2 0 and so on, b is our body Force Vector b x and
b y. And similarly the work done by the traction forces these are acting on the surface of the
element. So, we need to take an integral over the surface of the element Delta u transpose t
and once again Delta u is N times Delta a e.

work done by the body forces = [ {6u}"{b}dv = [ {5a®}T[N]"{b}dv

= {8a®)" [ [N])"{b}dv
work done by traction forces - _fs{c‘)‘u}"'{t Jds = j’_‘{('iu"}”N]T[{ }ds

= {8a}" [[N])"{t}ds

So, the transpose of that is Delta a e transpose and transpose t ds and once again Delta a e is
constant because they refer to the to the displacements of the nodes. So, we can bring this

Vector out Delta a e transpose integral over the surface and transpose t ds.



(Refer Slide Time: 35:10)

Internal work:
= J,{0eY {o} dv
{0} = [B]{da’}
{8ec}" = {sa’}"(B]"
{o} = [D][B}a®} - [D}{eo} + {00}

= internal work done

. f (60t [T D)[BI{a) do - j (EaY B D)o} do + f (a8 oy} dv

v v v

The external work should be equal to the internal work for equilibrium
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And and our internal work done is corresponding to the stresses and strains that we have

inside and our internal work done is in Delta Epsilon transpose Sigma where Sigma is our
stress Vector Delta Epsilon is our strain vector and our Delta Epsilon is b times Delta a e
right. And our Delta Epsilon transpose if we take a transpose of this Delta u e transpose B
transpose. So, actually whenever we take a transpose of a product the terms get interchanged.
Internal work
= [,{6£°) {0} dv
{67} = [B]{a"}

{0} = [D][B){a"} — [D]{z} + (g0}

So, that is what we see here Delta a e transpose B transpose and our Sigma is d times b a e
this b times a e is our Epsilon right minus d times Epsilon naught + Sigma naught. And so,
our internal work done is integral Delta a e transpose times B transpose that is Delta Epsilon
transpose d b a e dx dv minus integral of our work done due to the initial strains Delta a
transpose B transpose d Epsilon naught Plus the work done due to the due to the initial

stresses Delta e transpose B transpose Sigma naught dv.

-~ internal work done

- f{&:"]T[BJT[DI[B]{a‘]dv - j{&z"}rlﬁlr[f)l{so}dv-i- f[(‘ia"}r[B]T{ao} dv



And by the virtual work principles the work done by the external forces should be exactly
equal to the internal work done.

(Refer Slide Time: 37:15)

Equating we get,
(50 )+ 60 [N 8o+ Gy [ NIt} ds

{a®} - {#a* ’j [B]7[D{eo} dv + {80} IIH] {o} av

v v

= 5y l J (81" (01181 do{

v

The term {§a})" is an arbitrary displacement field and can be cancelled on both sides
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So, equating these 2 we get this inequality this is the external work done that we have

calculated earlier and this is equal to the internal work done.
Equating we get,
(5°)7 (4} + (5a°)" [INIT(b)dv + (5a)" [INIT(e)ds

= (da°)" flai"wualdv

"

(@) — (5a°)" j [BI[D){eo} dv + (8a°)T f B {00} dv

v L3

The term {§a“)" is an arbitrary displacement field and can be cancelled on both sides

And so, this Delta a e transpose is common on both left hand side and also on the right hand
side. So, we can we can take them out we can cancel them out on both left hand side and the
right hand side. So, we get B transpose D B dv and once again our a ¢ is the vector of nodal

displacements and this we can take out of the integral we don't need to keep it in the integral.

j (BY'(D](8] dv|(a*) = (4°) + [ INT"(b) dv + ] (N (¢} ds + [ (BT (D] (eo) dv - j (B (a6 dv

v v ] v v
Farce terms

So, we have this bracket large bracket integral B transpose dv integrated of the volume
multiplied by a e that is equal to q ¢ + N transpose b dv + N transpose t ds + B transpose d
Epsilon naught minus integral of B transpose Sigma naught dv right. And on the right hand

side we recognize that it is a force Vector in fact our q e is the vector of the applied forces



and then transpose b is the vector of the force Vector due to the body weight and then
transpose T is because of the surface pressures that we applied B transpose d Epsilon naught

is the is the vector of nodal forces because of the initial strains.

And B transpose Sigma naught is the vector of forces because of the initial stresses. And so,
actually here on the left hand side we have some quantity B transpose d dv integrated over
volume and multiplied by displacement Vector a e and that is equal to the force. So, this
quantity this unknown quantity B transpose D B must be stiffness right because as we recall

the stiffness multiplied by displacement is equal to force.

K = stif fness matrix = JIHI"[DHH] dv
R

So, on the right hand side we have the force on the left hand side we have something that we
do not know what it is B transpose D B integrated or volume v multiplied by displacement.
So, that means that this quantity in the square brackets must be stiffness Matrix B transpose
D B dv and actually it is easy to easy to see the the units for this and let us see what they are

let me write the pen . So, our B is what is actually dou N by dou x and so on.

And our shape function matrix is actually it is dimensionless. So, as we have seen for the 2
node bar element N 1 is 1 minus x by 1 and N 2 is x by I. So, actually it has the units of 1 by 1.
So, our B transpose sorry we can see the units as 1 by I d is the constitute Matrix it has the
units of stress force by L Square multiplied by 1 by 1 multiplied by volume 1 Cube. So, that

has the units of force by 1 that is the force per unit displacement.

So, we see that this quantity that we have here is it has the units of this stiffness 1 by 1. And
s0, this is the equation for the stiffness Matrix of a continuum and if you are able to evaluate
this quantity then we can get our stiffness Matrix. And then we have this the vector of nodal
displacements that we need to solve for on the right hand side we have all these quantities
this is our q e is the vector of Applied forces N transpose B is the force Vector due to the

body weight.



And N transpose T is because of the surface pressures and this Epsilon naught is the body for
sorry the force Vector due to the initial strains and what is an initial strain in geotechnical
engineering is very difficult to define because our soil straight may have millions of years of
History and for defining the initial strains we need initial configurations that we do not know.
And usually we neglect this and we do not consider initial strains because we are more
interested in knowing what happens after we construct a let us say building or an

embankment or a tunnel.

Because we are more interested in what happens after you construct. Before you construct the
soil might have undergone lot of consolidation settlements or erosion or anything but we are
not really concerned what happened in the historical past but what is going to happen after we
construct. So, in general the Epsilon not is not considered I mean geotechnical engineering
so, we do not usually evaluate this quantity whereas for Structural Engineers it is a very

important quantity.

Because the Epsilon are not may be related to misfit of a member or because of some other
reasons and this Sigma naught is actually is very important it is it is the initial stress and this
could be because of our pre-existing stresses and that is a very important 1 and we can
measure this quantity. So, we can perform some pressure meter test or the dielectometer tests

and then and determine the in situ pressures.

The vertical pressure is the normally we estimate by based on the unit weight and then the
lateral pressures we estimate by doing some field test. And so, the sigma naught is very
important and Epsilon naught is normally we do not consider. And so, if you are able to
calculate all these terms we will be able to do the computations for a continuum. Because
these things we have done for prismatic elements for bar, beam and spring elements we have

done this.

And now we need to do the same thing for a Continuum if we are able to evaluate all these
quantities we should be able to solve our system of finite element equations for a continuum.

(Refer Slide Time: 45:25)



For a 3-node plane stress/plane strain element
(B] = [3x6] [B]"=[6x3]and [D] = [3x3]

Size of stiffness matrix = [6x3].[3x3].[3x6] = [6x6)

For a 3-node axisymmetric element
[B] = [4x6] [B]" = [6x4] and [D] = [4x4]

Size of stiffness matrix = [6x4].[4x4].[4x6] = [6x6]

Similarly, for a 8-node quadrilateral plane stress/strain element, size of [B]
matrix is [3x16] & stiffness matrix is [16x16]
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So, I think this may be the last slide oh sorry I think you have some more let me see let me

just. So, let us see say for the 3 node plane stress and plane strain elements our B Matrix is a
3 by 6 Matrix 3 number of rows corresponding to 3 strains and 6 columns corresponding to 6
degrees of freedom. And our B transpose is a 6 by 3 and d is 3 by 3 and our size of the
stiffness Matrix is B transpose D B.

For a 3-node plane stress/plane strain element
[B] = [3x6] [B]T = [6x3] and [D] = [3x3]

Size of stiffness matrix = [6x3].[3x3].[3x6] = [6x6]

B transpose 6 by 3 D is a 3 by 3 and B is 3 by 6 and the total product is a 6 by 6 Matrix that is
the stiffness Matrix this 6 corresponds to the number of degrees of freedom that we have in
the element and for the axis symmetric element we have four strain components.

For a 3-node axisymmetric element

[B] = [4x6} [B]' = [6x4] and [D] = [4x4]
So, B is four by 6 B transpose is a 6 by four. So, our D is four by four. So, our size of the
stiffness Matrix is once again 6 by 6. So, for say for an eight node quadrilateral will have 16

degrees of freedom our stiffness Matrix will be a 16 by 16 Matrix.
Size of stiffness matrix = [6x4].[4x4).[4x6] = [6x6)

Similarly, for a 8-node quadrilateral plane stress/strain element, size of [B]
matrix is [3x16] & stiffness matrix is [16x16)

(Refer Slide Time: 46:49)



Development of shape functions

Monotonic Convergence - as the mesh is made more and more finer (by adding more no. of

nodal points) the solutions should approach the exact solutions
CRITERIA:

1. The shape functions should not permit straining of an element to occur when the nodal

displacements are caused by a rigid body displacement.

2. Shape functions should enable prediction of constant strain within the element if the nodal

displacements correspond to constant strain.
3. Strains at the interface between elements are finite — continuity of displacement is ensured
o

4. There should not be any singularity in shape functions
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So, the next step is we need to develop our shape functions. See the shape function is the

major component that we need to develop because our shape function Matrix is dependent on
the shape functions and then our B Matrix is also dependent on the on the shape functions
that we have N 1 and 2 and 3 and so on. And what are different criteria for determining these

shape functions?

See we have to ensure that as we are making the mesh finer and finer we should be
approaching the theoretical solution the exact solution and that we call as the monotonic
convergence. As the mesh is made more and more finer by adding more number of nodal
points the solution should approach the exact solution and that is called as the monotonic
convergence. And some of the requirements are that the shape functions that we define they
should not permit the straining of an element to occur when the nodal displacements are

caused by the rigid body displacement.

Like for example if I take this pen if I apply some compression like this there is some force.
But let us say I take this pen and simply move it from 1 place to the other that we call as the
rigid body displacement that all the nodes within the element are subjected to the same
displacement. And if that is so, there should not be any forces developed in the rigid body
and in the body and the shape functions should enable prediction of constant strain within the

element.

If the nodal displacements correspond to constant strain say for example if I compress this

pen there is some strain and whatever may be the point within the pen and the strain is



constant because that is what is applied on the system and our shape function should be able
to predict this constant strain. And the strains at the interface between the elements need to be
finite and the continuity of displacements is ensured and there should not be any singularity

in the shape functions.

Say once we define the shape functions at all the points within the element they should have
some finite value they cannot have some infinite value and that is what we mean by the shape
functions not having any singularity.

(Refer Slide Time: 49:40)

Generalized coordinate method

« Apolynomial expansion is used to express the internal displacement in terms of nodal values.
« The no. of polynomial terms is equal to the no. of nodes in the element.
+ Polynomial terms are constructed from lowest order (i.e.) constant term, linear term, 2™ order etc.

+ The polynomial should be spatially isotropic so that the finite element derived can be applied directly

to any coordinate system.
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And said one of the simplest methods is the generalized coordinate method that we can use

for developing our shape functions. So, we assume a polynomial to express the internal
displacements in terms of the nodal values and the number of terms in the polynomial
equation is equal to the number of nodes in the element. And the polynomial terms are
constructed from the lowest order and as we go further we add higher order terms like first

constant term next linear term and then the quadratic term cubic term and so on.

y

|
L. L., :

And the polynomial should be spatially isotropic. So, that the finite element derived can be
applied directly to any coordinate system. So, our coordinate system is also dependent on the
user say some users may prefer this coordinate system like axis along the horizontal axis y is

along the vertical axis or you might even interchange somebody might want y to be



horizontal x to be vertical or say we might have we might flip so, that our y is a positive

downwards instead of positive upwards index is horizontal.

So, whatever may be the coordinate system that we have our result should be the same. So, if
you get 10 millimeter displacement here we should get the same 10 millimeters even with
other coordinate system. So, actually in this the value might change to minus 10 and here it
could be + 10 because our y direction displacements are changing other than that the values
themselves should not change and that is what we mean by spatial isotropic coordinate

system.

Whatever may be whatever may be the coordinate system that we have we should get the
same value.

(Refer Slide Time: 51:56)

Pascal Triangle

1 —— Constant term
X Y = Linear terms

2
X xy y o — quadratic terms
)’3 = Cubic terms
4
X xy xty Xy Y ——— quartic terms
5 =
Y©  —— quintic terms
% Py xly 2}y x%y xy ¥8 —— sorictems

yT-- septic terr
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And to help us in choosing the terms we have a Pascal triangle and this particular 1 is in 2

dimensions in terms of x and y and we need to include a constant term in the polynomial and
then the linear terms and then quadratic terms x square xy y Square and then the cubic terms
x Cube x square y xy Square y Cube and so on. The quadric terms quintic sectic septic and so
on.

(Refer Slide Time: 52:35)
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Substituting values in equation we get

)

3z | 2a? [211 1] 4x 4le
e o

~u(x) = u1[1—7+€—2 +u,

3x 22 2 x4y 4x? _
N1+N2+N3:1_T+;_z+?_}+7_;_2=1

du -3 4
T ey =l 7+_I+H2 =

1 41] 4 81]
dx {2

rab R s
rigid body displacement is when,

Uy =Uy=uU3=1u

-3 4x dx 1 4 8] _
En = u[T+F+e_f?+T}?] =0 at all values of x
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So, this and there is one example given here previously we had derived the shape functions

for a 2 node bar element and let us consider a 3 node bar element with node 1 at x is equal to
0 node 2 at x is equal to 1 and node 3 at Mid length 1 by 2 and because we have 3 nodes we
need 3 terms. And so, our displacement function u of x can be assumed as Alpha naught +

Alpha 1 x + Alpha to x square we can have up to the quadratic term x square.

1{1 By u
— o -
JNode-1 Node-3 Node-2

xr=0 ¢ x = {

So, if you substitute x is equal to 0 u of x is Alpha naught and that should be equal to u 1 and
similarly we can set x is equal to | when your u is u 2 and x is equal to 1 by 2 u is u by 3 and

SO on..

u(x) = ag + @, x + azx?

u(x =0) = a, =u ——----—1

u(x = ) = ay + a,f + a,#? = uy ———ee- 2
f ¢ e

u(r:;) =at‘+a.;+a:T=u;-~m--ﬁ3

And so, by solving we can get the 3 constants Alpha 1 Alpha naught Alpha 1 and Alpha 2
and then substituting and then grouping the terms under u 1 u 2 and u 3 we get like this our N
1 is 1 minus 3 x by I + 2 x square by I square and 2 is 2 x square by | Square minus x by L

and 3 is four x by I minus 4 x square by 1 Square.



Substituting values in equation we get

Yy = ax , 2x? 2x? «x 4x  4x?
~ulx) = Uy 1“T+r_ +I{JITHFI+“{|T-—r—:I
N,@N.+h’;=1mﬂ+$+ﬁﬁ'l+2,$El

= ) f e e 4 ¢ Iz

du -3  4x 1 4x 4 8x
ﬂT”‘-*:“’IT*EI “-'I“FF“‘*IT?E

And if you add up all the shape functions N 1 + N 2 + N 3 that should come as 1 and that is
indeed 1 like if you add up all the terms you get 1. And then our strain dou u by dou x is
Epsilon x that is if you differentiate u 1 times minus 3 by | + 4x by | square + u 2 times minus
1 by 1 + four x by 1 Square + u 3 times 4 by L minus 8 x by | square right and if you apply a
rigid body displacement for the system.

ngid body displacement is when,
Wy=uU; =ug=u

3 4 4x 1 4 BY
£y =UW|—+=+=~-=-+=--=| =0atall values of x
| f e A B I |

Let us calculate strain in this system and rigid body displacement is when u 1 is equal to u 2
and u 3 is equal to u 3 and let us say that that is equal to u bar. And so, if you calculate
Epsilon xx and because u 1 u 2 u 3 are constant at u Bar we can take it out and then if we see
the sum total of all these bracketed terms is equal to 0. So, that means that our strain is 0
within the element if we subject the body to some rigid body displacements that is what we
require as one of the conditions for monotonic convergence.

(Refer Slide Time: 55:57)



Constant strain condition in element:
u
Sayu; =0,uy =u,u3 = :

4x 1 url Bxl

w0tz

u .
=u [ﬁ ¥ Fl = constant in the element

.". The shape functions satisfy the convergence requirements

If the polynomial is assumed as

u(x) = ayx + % + agx’

or
°

u(x) = ag + 012 + 03%3
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And similarly we can examine whether we can predict a constant strain state within the

element. Let us say our u 1 is 0 that is the left side node is fixed and the right side node is
deformed by u and the central node should defined by u 2 u by 2 right. So, our Epsilon xx is 0
+ u times 4x by | Square minus 1 by | + u by 2 times 4 by | minus 8x by |1 Square these are the
terms that we derived earlier. So, our Epsilon xx is if you take the total of this it is just simply

ubyl.
Constant strain condition in element:

Sayu, =0,u; =u,uy = :

0 4x ll+u 4 Bx
x =0F ? = 72
‘ Hle T zle T
4 1 2 4 "
=u [Z-+7-7| =7, = constant in the element

And that is constant in the element it is not a function of x so that means that if you are
applied displacements are corresponding to a constant strain state we should be able to
predict a constant strain within the element that is u by 1. And so, the the shape functions that
we derived they correspond to monotonically convergence monotonically convergent

solution. So, we can say that our polynomial that we assumed is will ensure our convergence.



If the polynomial is assumed as

u(x) = ayx + a;x? + azx*
or
-

u(x) = ag + ax® + azx?’

So, if you assume a polynomial like this Alpha 1 x Plus Alpha to x square + Alpha 3 x Cube
or Alpha naught + Alpha to x square + Alpha 3 x Cube it is possible these are also admissible
but then we may not be able to satisfy our monotonic convergence requirements and because
of that our solution may not be accurate. So, that we are going to see more in the in the next
lectures.
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SUMMARY

»Division of continuum into finite number of elements
»Continuous variation of displacements within the elements
»Shape function matrix [N] for interpolation of displacements

»Strains from displacements & matrix of shape function
derivatives [B]

»Development of equilibrium equations of a continuum from
virtual work principles
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So, just to summarize we have seen how to divide a Continuum into some finite number of

elements and we have seen continuous variation of the displacements within the element by
developing our shape functions and the shape function Matrix N for interpolation of
displacements and the strains from displacements in terms of Epsilon is B times u but B times

a and our we have seen the equilibrium equations for a continuum.

So, this we will do a bit more in the next lecture. So, that we understand how we can do the

analysis ok. So, thank you very much.



