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We are looking at axisymmetric elasticity problems, in the last class we looked at
axisymmetric linear triangular element. Basically, three-dimensional elasticity problems
involving axisymmetric geometry, and loading can be treated as two-dimensional
problems. And in the last class we looked at the governing equations, differential
equations, and also we looked at how to derive finite element equations for a linear
triangular element. We will continue with that before we do that, let us look back what

we have done in the last class.
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Axisymmetric Elasticity Problems

U Three dimensional elasticity problems involving
axisymmetric geometry and loading can be treated as
essentially two dimensional problems.

D _1'_

So, basically three-dimensional elasticity problems involving axisymmetric geometry,
and loading as shown in the figure, here here a typical situation with z axis as axis of



revolution is illustrated in the figure, for this kind of typical situation, three-dimensional
elasticity problems can be modeled as two-dimensional problems.
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Governing Equations

O For axisymmetric problems the structure, loading and
material properties must be symmetric about the axis of
revolution.

And one more important thing is for axisymmetric problems, the structure loading and
material properties must be symmetric about axis of revolution. Here, in this particular
situation that we are looking at z axis is axis of revolution. So, we can model this three
dimensional problem as Axisymmetric problem, only if structure loading and material
properties are all symmetric with respect to the axis of revolution. Even if geometry is
symmetric about the axis of revolution or the structure is symmetric about the axis of
revolution, if loading and material properties are not symmetric, then we cannot use this

axisymmetric model.
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Governing Equations (Continued)

O An axisymmetric stress analysis problem can be
formulated in terms of two displacement components, u
(in the radial direction, r) and w (in the axis direction, z).

0 Because of symmetry all stress components are
independent of 8.

O The stresses and strains components of interest as
follows.
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An Axisymmetric stress analysis problem can be formulated in terms of two
displacement components u and w. u is displacement component in the radial direction
or w is the displacement component in axial direction is z. These two are similar to u and
v, u for displacement component in the x direction; v for displacement component in the
y direction, that we used for plane stress plane strain problems. And here for
axisymmetric problems because of symmetry all these stress components are

independent of theta. Stresses and strain components of interest are as follows.

Four components of stresses sigma r, sigma z, sigma theta, tau r z all these components
are put together in a vector denoted with letter sigma. Similarly, strains epsilon r, epsilon
z, epsilon theta, gamma r z put together in a vector denoted with epsilon. So, four
components of stresses, four components of strains under small displacements and strain

assumptions, strain displacement relation can be written as follows.
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Governing Equations (Continued)

O Assuming small displacements and strains, the strain-
displacements are written as follows

W " u
cz r
U Note the singularity in g5 as r goes to zero.

O Numerical implementation of axisymmetric finite elements
must take this singularity into consideration.

And here please note that, epsilon theta is having r in the denominator that is epsilon
theta is going to go to infinity as r tends to zero. So, note the singularity in epsilon theta
as r goes to zero and we need to take care of this during numerical implementation of
axisymmetric finite elements. Numerical implementation of axisymmetric finite elements
must take this singularity into consideration.
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Governing Equations (Continued)

O Assuming linear elastic material behavior, the stresses
and strains are related as follows.




Next, we need to know the constitutive matrix, assuming linear elastic material behavior,
stresses and strains are related via this equation sigma is equal to ¢ times epsilon, where ¢
is the constitute matrix which is going to be function of two material parameters. Youngs
modules and Poissons ratio for axisymmetric problem constitutive the matrix is going to
be four by four in dimension. Because, there are four stress components and four strain

components.

And comparing these equations that we just looked at for axisymmetric problem with
plane stress plane strain with the equations corresponding to plane stress plane strain
conditions, it can be seen that problems are very similar. And only thing is primary
unknowns of Axisymmetric problem are u and w whereas, for plane stress plane strain
problems the primary unknowns are displacements in the x direction and displacements

in the y directions u and v.
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Governing Equations (Continued)

0 Comparing these equations with the corresponding

plane stress/strain equations, it can be seen that the two
problems are very similar.

O The primary unknowns of the axisymmetric problems
are u and w which take the place of u and v in plane
elasticity problems.

So, before we derived axisymmetric derived finite element equations for axisymmetric

linear triangular element in the last class, we also looked at potential energy functional.
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Governing Equations (Continued)

O The potential energy functional for axisymmetric
problems can be written as follows

Potential energy functional: [,(uw) =U-W

where U = strain energy and
W = work done by applied forces

So, potential energy functional can be written similar to that, what we have written for
plane stress plane strain problems. Because, both problems are looking similar except the
displacement components are different. So, potential energy functional for axisymmetric
problems can be written as follows. Potential energy functional pi is function of u and w,
where u is displacement component in r direction, w is displacement component in z
direction. So, potential energy functional pi is u minus w, the definition of u and w are
similar to that for plane stress plane strain problems. u is strain energy; w is work done
by the applied forces. So, now we need to look in detail, how to calculate strain energy
for axisymmetric problems in work done, by the applied forces are axisymmetric

problems.
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Governing Equations (Continued)

Strain energy
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So, strain energy is given by this half volume integral epsilon transpose sigma and this is
since, we are dealing with axisymmetric problems. We can integrate this with respect to
theta going from minus pi to pi and when we do that this strain energy becomes an area
integral or surface integral. So, work done by the next quantity that we require is work

done by the applied surface forces.
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Governing Equations (Continued)

Work done by distributed surface forces

If T, and T, are the components of applied forces in the r
and z directions, then the work done by these forces is
given by

W =j I (Tu+T,w)rdo dS = I{TrU—T:Wl2rrrdS

S 8= S

If specified concentrated forces or body forces (forces
distributed over the volume) are present, work done by
f.-:’;}gese forces can be computed in a similar manner.
L7~ &




Work done is given by displacement component in r direction times, traction and r
direction displacement component in z direction times, traction component in z
directions. So, if t r t z is the components of applied forces in r and z directions work
done by the forces is given by this. Again, since this is an Axisymmetric problem we can
integrate with respect to theta going from minus pi to pi and then this integral of work
done by the distributed surface forces reduces to a line integral. So, potential energy
functional is given by strain energy minus work done by the applied forces strain energy

is basically area integral.

We need to integrate over the surface area of axisymmetric model and work done by the
distributed forces, we need to evaluate at line integral along the side or edge, along
which surface forces are prescribed. If specified concentrated forces or body forces are
present work done by this force can be computed in a similar manner. So, basically this
entire portion we covered in the last class just for brief review, | went through this once
again. So, now let us look at derivation of finite element equations for a quadrilateral

element.
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Axisymmetric Four Node Isoparametric Element

O Afour node quadrilateral element is shown in figure
below.




Axisymmetric four node Isoparametric element: A four node quadrilateral element is
shown in the figure. All the displacement components, at all nodes are shown and each
element each of this quadrilateral element is actually a ring with quadrilateral
representing its cross section. Because we are dealing with problem, which is obtained
by revolution about z axis; so, the element equations can be derived using Isoparametric
mapping concepts, that we looked at every year and for that we require a parent element.
So, on the right hand side a parent element is shown in the figure. That parent element is
looking similar to what we used for plane stress plane strain problems. Four node parent
element with nodes with all the four nodes at four vertices of square the coordinates of
each of the nodes are also indicated in the figure.
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Four Node Isoparametric Element (Continued)
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O Note that each element is actually a ring with the
quadrilateral representing its cross section.

,-H The element equations can be derived using the

3 1‘§oparametric mapping concept.

o
PTEI

Note that each element is actually ring with quadrilateral representing its cross section
element equations can be derived using Isoparametric mapping concept. So, the trial
solutions can be expressed in terms of shape functions of the parent element and

displacement components at each of the four nodes in r and z directions.
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Four Node Isoparametric Element (Continued)
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So, this is how we can calculate displacement component in r and z directions at any
point. Once we know the displacement components at all the four nodes using parent
element shape functions, where parent element shape functions are similar to that. We
already looked at for plane stress plane strain problems. Basically these shape functions

can be obtained using Lagrange interpolation formula in s and t directions.
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Four Node Isoparametric Element (Continued)

Isoparametric mapping
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Now, Isoparametric mapping using Isoparametric mapping concept, we can write the
coordinate r at any point, in terms of coordinates of all the four nodes radial coordinates
of all the four nodes and also if you know the parent element shape functions. Similarly,
z coordinate can be written in this manner and these two equations, we require for
calculating Jacobian and determinant of Jacobian. Basically, Jacobian consists of partial
derivative of r with respect to s and t partial derivative of z with respect to s and t. So,
once we have these two equations, we need to take partial derivatives of these two
equations with respect to s and t and then we can calculate what is Jacobian matrix j and

also determinant of J.
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Four Node Isoparametric Element (Continued)
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So, Jacobian matrix consists of components, partial derivative of r with respect s, partial
derivative of z with respect s, partial derivative of r with respect to t, partial derivative of
z with respect to t and determinant of J is given by this and for this we require partial
derivative of r with respect to s, which can easily be obtained from the previous

equations by taking partial derivative of shape functions N 1 to N 4 with respect to s.

Similarly, by taking derivatives of shape functions n 1 to n 4 with respect to t, we can
easily write partial derivative of r with respect to t. So, similar expressions that are partial
derivative of z with respect to s partial derivative of z with respect to t can also be easily
written. Finally, we can calculate once we have these two equations or two expressions,

we can easily calculate what is Jacobian matrix and determinant of Jacobian.
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Four Node Isoparametric Element (Continued)

Similar expressions can be written for derivatives of z with
respect to s and t.

Strain-Displacement Relationship

The strains can be expressed in terms of nodal displacements
as follows.
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So, now we need to look at strain displacement relation, how to express strain
displacement relation in terms of finite element shape functions? Strains can be
expressed in terms of nodal displacements for axisymmetric problem the four
components of strains are defined like this. We have seen this relation earlier; only thing
is now we are putting them in a vector form all the components of strain and the strain
vector, in terms of displacements can be rearranged and can be written as can be
expressed in terms of matrix and vector form which is shown on the right hand side of

the question.

So, to calculate strain vector epsilon, we need to know, what is partial derivative of u
with respect r, partial derivative of u with respect to z, partial derivative of w with
respect to r, partial derivative of w with respect to z. We know that since, we already
have the trial solution in terms of nodal displacements and in terms of finite element
shape functions. We know it is easy to calculate, partial derivative of u with respect to s
and t, w with respect to s and t. So, we need to find a relation how to calculate partial
derivative of u with respect to r and z in terms of partial in terms of partial derivative of u
with respect to s and t. Similarly, we need to find the relation between partial derivative
of w with respect to r and z and partial derivative of w with respect to s and t.
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Four Node Isoparametric Element (Continued)

The derivatives of u and w with respect to r and z are
written as
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This can be obtained using these relations, which for we require to know what is
determinant of J. So, using these two relations the partial displacement derivatives
displacement component derivatives with respect to r and z can be replaced with respect
to s and t. So, writing these two equations together, we get this equation we can
substitute back into the equations that, we have seen for strains where we can replace
partial derivatives of displacements with respect to r and z. In terms of partial derivative

of displacement with respect to s and t and rearrange it.
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Four Node Isoparametric Element (Continued)

The strains can now be expressed as
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In this manner and we can define some intermediate quantities A 1 and A 2, where A1 A
2 can easily be figured out by comparing the two equations.
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Four Node Isoparametric Element (Continued)
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M

1 |0

I fZ/t-t —(.Zfi-S 0
| —fl’flft Frfa‘s 0 0

o

B 1

' detJ|0 of o 0 dz/ot -¢dz/os
OI

gO 0 0 ﬂ'r,f:’l f‘\l'/(aS J

A 1is defined like this; A 2 is defined in this manner. If you see the previous equation, it
involves partial derivative of you with respect to s and t, partial derivative of w with
respect to s and t.
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Four Node Isoparametric Element (Continued)

The derivatives of the trial solution with respect to s and t are
easy to compute.
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So, we need to make a note of how to calculate that, since we already know parent
element shape functions, we can easily find how this equation look like and defining
intermediate quantity g, which consists of partial derivative of shape functions with
respect to s and t and d is nothing but, displacement component the vector of

displacements consisting of all components of displacements at all nodes.
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Four Node Isoparametric Element (Continued)

Using these and the trial solution, the strain-displacement
matrix B can now be written as follows

du/ds
B
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where B =AG+AN’

So, with this definitions strain displacement matrix can now be written like this. So, b
transpose is equal to A 1 times G plus A 2 times N transpose. So, we already defined
what is A1 A 2 G and N transpose is nothing but, a vector consisting of finite element
shape functions or matrix consisting of finite element shape functions. So, with this

definition of strain, we can easily assemble what is element stiffness matrix.
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Four Node Isoparametric Element (Continued)

Element stiffness matrix

The element stiffness matrix is

k = 2.-:HBCBTrdA =2x| | BCB'rdet Jdsdt

A

The stiffness matrix is evaluated using Gaussian quadrature
using a 2x2 or higher order formula.

Element stiffness matrix is defined like this and since, b the strain displacement plane
displacement matrix for the four node Isoparametric element. Four node Axisymmetric
Isoparametric element that, we are looking at the strain displacement matrix p is not a
constant. So, we need to adopt some kind of numerical integration scheme to evaluate
this or to approximate this integral to get element stiffness matrix. So, we can use gauss
Quadrature element stiffness matrix is evaluated using gauss Quadrature and using two

by two or higher order formula if require.
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Four Node Isoparametric Element (Continued)

Thus
11
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where s;, t are locations of Gauss point and w, and w; are
corresponding weights.
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So, this integral for element stiffness matrix, once we decide how many integration
points, we choose along s direction and along t direction we can approximate element
stiffness matrix like this, which involves contribution from different integration points to
the element stiffness matrix, where s i t j are locations of gauss points w i w j are
corresponding weights. So, this is how we can assemble element stiffness matrix for four
node Axisymmetric Isoparametric element. So, now we need to look at how to get
equivalent nodal value vector, because finally if you want to solve the problem. We need
to know, what is stiffness matrix? What is force vector equivalent nodal force? How to

evaluate equivalent nodal forces?
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Four Node Isoparametric Element (Continued)

Equivalent nodal forces

QO Consider the case when uniform pressure is applied
along side 1-2, as shown in figure below.

3
Ty

So, for that considers the case, when uniform pressure is applied along one of the sides.
Let us say side 1 2 that is side connecting nodes 1 2 as shown in figure below. Here,
there is a small typing mistake in the figure, x instead of r it is typed as x instead of z, it
is typed as y. So read x and y as r and z. Similarly, T x is nothing but, Tr Ty is T z. So,
now assuming uniform pressure is applied alongside 1 2 and also we should note that
along side 1 2 shape functions of nodes 3 and 4 are 0 alongside 1 2. So, along this side 1
2 shape functions N 1 N 2 are only the shape functions, which are non zero and N 3 N 4
are 0 and also along side 1 2 since, there are only two nodes along side 1 2. The shape
functions of nodes N 1 shape functions of nodes one and two that are N 1 and 2 are going

to be linear functions.



So, this information is required because, we need to know what is the shape function

matrix of all the four nodes along side 1 2 to assemble equivalent nodal force vector.
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Four Node Isoparametric Element (Continued)

O Along this side the shape functions N, and N, are linear
functions and N, and N, are 0.

O Thus the situation is identical to that of the triangular
element.

O Therefore the equivalent nodal load vector for uniform
load on side 1-2 as follows.

Whatever, we discussed now about the shape function matrix that is, not new that is
similar to or that is identical to that, we already looked at when we are dealing with
triangular elements. So, equivalent nodal force vector for uniform load along side 1 2 is
given by this Q is the equivalent nodal vector load vector, Q T is for traction along side 1
2. So, it is written as Q T Q subscript t side 1 2, it is given by line integral shape function
matrix or matrix consisting of shape functions along side 1 2. All the four shape
functions alongside 1 2 times traction components along radial direction and axial

direction.
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Four Node Isoparametric Element (Continued)
3

Ty

L.

(2r+15,)T, |
(2t +8 ) E
[(r+2r)T, |
by, |(r+20)T, |
=—la) : L

0
0
0 |

And by substituting all the quantities, please note that in the previous equation, we have
2 pi r can also the expressed in terms of finite element shape functions and the radial
coordinates of all the four nodes. So, by doing that substitution and simplifying the
previous integral, we get this equivalent nodal vector load vector. You can easily see that
equivalent nodal vector load vector the components corresponding to nodes three and
four are zero, because uniform pressure load is applied along side 1 2.

So, similar load vectors equivalent load a vectors can be assembled even if load is
specified on the other sides 2 3 or 3 4 or 4 1. So, far we discussed how to assemble or
how to get the elements stiffness matrix and also equivalent nodal force vector for four
node Axisymmetric Isoparametric element. So, now we are ready to solve a problem so,
what we will do is we will take the problem that we already looked at in the last class,
where we used two axisymmetric linear triangular elements to solve the problem. So,
here we are going to solve the same problem using only one four node Axisymmetric

Isoparametric element using the equations that we just derived.



(Refer Slide Time: 29:30)

Example

Find displacements and stresses in a long
thick-walled cylinder under an internal

z
pressure of 5,000 Ibs/in? (3.4475 x 108
kN/cm?). The internal diameter is 1 in (2.54

cm) and the outside diameter is 2 inches

(5.08 cm). Assume E = 30x10° psi
(206.842x10° MPa) and v = 0.3.

So, problems statement is as follows, find displacements and stresses in a long thick
cylinder and under an internal pressure, internal diameter value is given and also outside
diameter value is given material properties are specified. All the quantities are given both
in Sl units and FPS units. Since the figures corresponding to FPS units are round
numbers, we will proceed and solve this problem with respect to the figures for FPS
units. Since, this cylinder is long cylinder we can neglect the end effects and also since
this problem, the structure is or geometry is Axisymmetric. It is satisfying Axisymmetric

conditions and also loading is satisfying Axisymmetric conditions.

So, we can easily use axisymmetric model to solve this problem and also material
properties are constant. So, they also satisfy axisymmetric conditions or symmetric all
this that is, structure, geometry, material properties and also loading are symmetric with
respect to axis of revolution. So, we can use axisymmetric model and we will be using

one four node Axisymmetric Isoparametric elements element to solve this problem.
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Example (Continued)

Since the cylinder is long, the end effects can be
neglected. A horizontal slice 0.5 in (1.27 cm) high is

modeled using only one quadrilateral element.
Z

Since, this cylinder is long and f x can be neglected a horizontal slice of point one inch
that is, 1.27 centimeters height is modeled using one quadrilateral element, that we
discussed and this element the nodal numbers is also indicated and also since this
problem is Axisymmetric problems and the nodes are constrained to have displacement
only in radial direction. So, displacement component at all the four nodes in the axial
direction is zero, also the traction is applied along side joining nodes three and one.
Please note, that for the node numbering that is shown in the figure on the right hand
side, local node one is same as global node one, local node two is same as global node
two and local node three is global node four and local node four is global node three. So,
we need to keep that in mind, when we are assembling the equations. So, moving in the

counter clockwise directions element nodes are 1 2 4 3.
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Example (Continued)

[0.7 03 03 0]
03 07 03 0
03 03 07 0
lo o o 02

=5.76923x 10’

Accordingly, we can we need to note what are what are the a radial coordinates and also
what are the axial coordinates of all the four nodes, before that constitutive matrix which
is required for solving this problem is given by this e and Poissons ratio values are given
Youngs modulus Poissons ratio values are given in the problem statements. So, using

those values we can simplify and we get this constitutive matrix, the element node
numbersare 12 4 3.
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Example (Continued)
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Moving counter clockwise, the element nodes are 1, 2, 4
and 3.
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So, corresponding vector consisting of all radial coordinates in the radial direction and
coordinates in the axial directions are given by these two vectors. Since, we are using
only one element and we adopt two by two, if you adopt two by two Gaussian
Quadrature. We know how to get the coordinates and weights of each of the integration
points. So, here the calculation details corresponding to one integration points, we look
at and similar operation can be repeated at other integration points and contribution from
all integration points can be taken, to get the final element equation, final element

stiffness.
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Example (Continued)

Gauss Point 1: s = 0.57735; t=0.57735, w=1

r=Nr, +N.r, +N,r, +N,r, =0.894338

z=N;z, +N,z, +N,z, +N,z, =0.105662

(TF/I‘S = (.25, :?l'/t?t = O

(.Z‘fr-S =0 r-Zf.”(-t =0.25

detJ =0.0625

So, at integration point one s and t coordinates weights are shown there and using
Isoparametric relationrisequal to N 1r 1 plus N 2r 2 plus N 3r 3 plus N 4 r 4. We can
easily find, what is the r value at this integration points is by substituting s and t values
since, r 1 r 2 r 3 r 4 are already known for this particular element. Similarly, z coordinate
for this integration point is given by this and these are required to calculate rest of the
quantities, partial derivative of r with respect to s, partial derivative of r with respect to t,

similarly, partial derivative of z with respect to s, partial derivative of z with respect to t.

Once, we know all these quantities we can easily calculate what a 1 a 2 and g matrix
matrices and also shape function a matrix consisting of all the four node shape functions,
which are required for calculating strain displacement matrix, which in turn is used for

getting the element stiffness matrix.
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Example (Continued)
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So, with these partial derivatives we can get derivative of Jacobian determinant of
Jacobian. A 1 matrix, g matrix consisting of all the four shape function values of all four

nodes a 2 matrix.
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Example (Continued)

0 0.3943 0 0.1057 0 -0.1057 0

0 -0.3943 0 0.3943 0 0.1057 0
0.3943 0 0.3943 0 0.1057 0 0.1057
0.1057 0 0.3943 0 0.3943 0 0.1057

0.1667 0 0.6220 0 0.1667 0 0.04468 0
0 0 0.6220 0 0.1667 0 0.04466 |

0 0

0 0
“11.11815 0
0 0]
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Example (Continued)

1.577 0 1.577 0 0.4227 0 04227 0
3 0 -0.4227 0 -1.577 0 1.577 0 0.4227
| 0.1864 0 0.6955 0 0.1864 0 0.04993 0
[-0.4227 1577 1577 1577 1577 04227 0427 -04227|

Once, we have all this we can substitute into this equation to find what strain

displacement matrix b.
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Example (Continued)

k, - 2nrdetJ BCB'

(329 0628 -356 106 -13 -141 0791 -0.285]
126 0424 00627 116 -122 0174 00168

656 -319 0479 191 13 0854

454 0424 -326 0628 122

141 0.854 -0.00505 -0.114

36 -0285 0873

0304 -0.168

0.326 |

Performing similar calculations for the other three Gauss
points and adding the resulting matrices k;, k;, k; and k, we
7%t the following element stiffness matrix.

Once, we have this b matrix we can find the contribution to the elements stiffness matrix
from this integration point by substituting into this equation. Here, k subscript one is
used to denote contribution from first integration point to the element stiffness matrix.

So, by plugging in all the values and simplifying us get this matrix, performing similar



calculations for the other three integration points and adding the resultant matrices k 1 k
2 k 3 k 4, we get elements stiffness matrix which is shown here.
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Example (Continued)

718 211 -495 0604 383 -302 132 0302
71 -0755 136 -378 -408 0302 -4.38
111 -468 237 166 -383 378

921 -166 -649 302 -408

111 468 -495 0755

921 -0604 136

7.18 -2.11

ri) |

So, we got element stiffness matrix for one element that, we are adopting to solve this
problem. Now, our job is to get equivalent nodal force vector.
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Example (Continued)
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Applied load vector: The load is applied on side 4-1 (side 4)
of the element.

Radial component, T, = 5,000 psi,




Before, we do that we need to note that traction is applied along only one side joining
nodes global nodes three and one and global node three corresponds to local node four
and global node one corresponds to global node one corresponds to local node one. So,
applied load vector load is applied along side 4 1 here, when a when it is written as 4 1
that is with respect to the local node numbering and that corresponds that is corresponds
to side four. So, load is applied only along side 4 1 or side four on the radial component
and axial component of tractions are given here and also we need to note what is the

length of this side, length of side four is 0.5.
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Example (Continued)

(2r, +r, )T,

(2 R

So, substituting all these quantities into the equivalent nodal load vector. Equivalent
nodal vector formula, we get this. We already discussed how to derive equivalent nodal
load vector. So, substituting the coordinates corresponding to all the four nodes for this
particular element and traction components in the radial direction and axial direction. We
get finally, this equivalent nodal load vector, please note here the non zero components
of this equivalent nodal load vector. Since, t z there is no traction applied along axial
direction. The component corresponding to axial direction are all zero at all the four
nodes and since load is applied in the radial direction at local node one and local node
four, the corresponding except those value those locations the other quantities are zero.



The radial directions components at nodes three and two and three are zero only non zero
are the radial component at nodes one and four. So, now we got equivalent nodal load

vector and we got elements stiffness matrix.
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Example (Continued)

Global equations and nodal solution

Since there is only one element, the global stiffness matrix
is same as the element stiffness matrix, except for
rearrangement of rows and columns because of the way
the global nodes are numbered.

Element degrees of freedom =1 2 3 4 5 6 7 8

Global degrees of freedom =1 2 3 4 7 8 5 6

So, we are ready to assemble global equations, and get the nodal solution. Since, there is
only one element global stiffness matrix is same as element stiffness matrix, except
rearrangements rearrangement of rows and columns, because the way global nodes are
numbered, because global node four corresponds to local node three, and global node
three corresponds to global node four. So, we need to rearrange rows, and columns
corresponding to the element stiffness matrix that, we derive and also equivalent nodal

load vector that we derive.

We need to rearrange those two that is element stiffness matrix and equivalent nodal load
vector for that, we need to make a note of what are the corresponding degrees of freedom
in the local coordinate or local system and what are the corresponding quantities in the
global system. So, element degree of freedom corresponds to local degrees of freedom
and a global degrees of freedom corresponds to global. So, here with this understanding
we need to rearrange the rows and columns and then we need to impose essential

boundary conditions.
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Essential boundary conditions are the displacement components and all the four nodes in
the axial direction are zero. So, these are the essential boundary conditionsv1v2v3v
4 are zero. So, after rearranging based on global degrees of freedom and local degrees of
freedom and imposing the essential boundary condition. Since essential boundary
conditions here are zero, we can eliminate the rows and columns corresponding to that
location and we get the reduced equation system. So, rearranging element equations and

imposing essential boundary conditions gives following reduced system of equations.
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Example (Continued)

The essential boundary conditions are v; = v, = vy =v, =0.

Rearranging element equations and imposing these
boundary conditions gives the following reduced system of
egualions

Example (Continued)

495 132 -383](u,] [1250x
111 -383 237 [|u,| | 0 |
383 718 -495||u,

"~ 1250z

|-3.83 237 -495 111 |[u] | O |

The solution gives u, =0.0001418, u, = 0.00009254,
u; =0.0001418 and u, = 0.00009254




And this is a four by four equation system, because only four degrees of freedom are
unknown. So, we can solve this four by four equation system for u 1 u 2 u 3 u 4, which
are nothing but, radial displacement components at all the four nodes. So, since we know
the displacement components, all the displacement components at all the four nodes we
are ready to calculate stresses and before that, we need to calculate strains and then using
constitutive matrix we calculate stresses. Similar to that we already did for plane stress
plane strain problems and here calculations corresponding to one integration point will
be shown. If you require to calculate stresses and strains at any other point other than
integration point we need to know, what are the corresponding values of s and t at that

point corresponding to r and z coordinates.

So, once we know s and t values corresponding to the point that you are interested you
can easily calculate strains and stresses at that point. Once, we find what the strain
displacement matrix. So, calculations of stresses for quadrilateral elements strains and
stresses vary linearly over element stresses at any point over element can be computed
using strain displacement and stress strain relations. Since, the strain displacement matrix
b is available with us because, we already assembled the element stiffness matrix since b
matrix is available at the integration points stresses at this points can be easily evaluated.
At any other point, stress evaluation requires evaluation of mu b matrix at that point for
which we require to know, what is s and t coordinates corresponding to r and z

coordinates of that particular point.
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Example (Continued)

Vector of nodal displacements (in terms of element
degrees of freedom)

d=107[0.1418 0 0.09254 0 0.09254 0
0.1418 0]




So, now to calculate strains we need to know nodal displacements. Nodal displacements
in terms of element degrees of freedom that, these displacement components are
arranged with respect to the local node numbering, displacement vectors at integral this
is a displacement vector which consists of the components of displacement at all the four

nodes.
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Example (Continued)

At Gauss point 1 s =0.57735; t = 0.57735:
r=0.894338 z=0.105662

Strains, ¢ = B'd =[-0.0000984181 0. 0.000115104 0]

Stresses, c = Cc =[-1982.4 288.8 2945.0 0]'psi

Similarly the stress can be computed at any other point
over the element.

A
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And we are interested in finding, what are the strains and stresses at integration points.
So, the first integration point is taken and the corresponding r and z values s and t values
are given. So, we can easily find what are r and z values by substituting into the
Isoparametric mapping relation. But, sometimes we require knowing what is r and z in
that case we need to back calculate what is s and t to calculate strains and stresses. So,
once we have this information we can easily plugging into the strain displacement matrix
s and t values and we can calculate strains or strain matrix strain vector consisting of all
components of strain at this integration point and multiplying the strain vector with

constitutive matrix we get a stress vector consisting of all components of stress.

So, similar stress calculations can be made at other integration points or at any point
where it is require. So, basically as a part of this axisymmetric elasticity problems, we
looked at the governing equations for axisymmetric problems, and also we looked at
derivation of element stiffness matrix, and equivalent nodal load vector for linear

triangular element, and also four node quadrilateral element.



So, similar equations - similar element stiffness matrix equations, and also equivalent
nodal load vector equations can be derived for higher order elements, such as eight node
serendipity element, following similar steps. So, in the next class, we will continue with

3D elasticity problems.



