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In the last few classes, we have seen how to solve three-dimensional elasticity problems
taking advantage of geometry and loading, and treating them as plane stress plane strain
problems which are essentially two-dimensional problems, but some cases we can also
depending on whether the problem is involving axisymmetric geometry, and loading. We
can treat them as essentially two-dimensional problems treating them as axisymmetric

problems.

So, in today’s class or in the next two classes we will be discussing about axisymmetric
elastic elasticity problems. So, basically as we did in plane stress plane strain problems
will be looking at governing differential equation, and finite element equations for
axisymmetric problems using triangular, and quadrilateral elements. So, three-
dimensional elasticity problems involving axisymmetric geometry, and loading can be
treated as essentially two-dimensional problems. For axisymmetric problems, the

structure loading and material properties must be symmetric about axis of revolution.
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Axisymmetric Elasticity Problems

O Three dimensional elasticity problems involving
axisymmetric geometry and loading can be treated as
essentially two dimensional problems.
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For illustration purpose, a typical situation is shown here with z axis as axis of
revolution. So, for three-dimensional elasticity elasticity problem to be modeled as
axisymmetric problem. The structure geometry loading, and material properties must be
symmetric about axis of revolution. An an Axisymmetric stress analysis problem can be
formulated in terms of two displacement components - one in the radial direction r, and
the other one is in the axial direction z. So, the displacement component in the radial
direction that is in the r direction is denoted in the rest of this lecture, it is denoted using
u, and the displacement component in the axial direction or in the z direction is denoted

with w.

This is similar to u and v that we used for denoting the displacements in x and y

directions for plane stress plane strain problems.
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Governing Equations (Continued)

O An axisymmetric stress analysis problem can be
formulated in terms of two displacement components, u
(in the radial direction, r) and w (in the axis direction, z).

0 Because of symmetry all stress components are
independent of 6.

O The stresses and strains components of interest as
follows.

Stresses: c=[o, o, oz 1

Strains: e=[g, & & Yl

And because of symmetry, all stress components are independent of theta. The stress and
strain components of interest are as follows sigma r sigma z sigma theta tau r z and the
corresponding strain components are epsilon r epsilon z epsilon theta gamma r z.
Assuming small displacements and strains the strain displacement relations, similar to
that of plane stress plane strain problems. We require first to identify, what are the non
zero stress components and non zero strain components and then we need to also know,
what is the relationship between strains and displacements and also how the various

stress components are related to various strain components.

So, we require all these equations for us to develop the finite element equations based on

potential energy functional similar to what we did for plane stress plane strain problems.
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Governing Equations (Continued)

O Assuming small displacements and strains, the strain-
displacements are written as follows
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U Note the singularity in g5 as r goes to zero.

O Numerical implementation of axisymmetric finite elements
must take this singularity into consideration.
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So, assuming small displacements and strains are related to or displacements are related
to strains via these equations and if you observe these equations singularity, there is
singularity in epsilon theta. That is as r goes to zero epsilon theta tends to infinity
numerical simulation numerical implementation of axisymmetric finite elements must
take this singularity into consideration. So, these four equations give us relation between
strains and displacements and similar to that, what we did for plane stress plane strain

problems assuming linear elastic material behavior.
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Governing Equations (Continued)

O Assuming linear elastic material behavior, the stresses
and strains are related as follows.
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The strains and stresses or stresses and strains can be related via this equation, sigma is
equal to constitutive matrix denoted with capital ¢ times epsilon, where constitutive
matrix is defined like this which depends on two material constants, Youngs modulus
and Poissons ratio and if you compare these equations with corresponding plane stress
plane strain equations. It can be seen that the two problems are very similar, only
difference is the primary unknowns of Axisymmetric problems are u and w, whereas if
you recall it is u and v in case of plane stress plane strain problem for the discussion that

we had.

If somebody is interested they can use different notation but, we used u and v for
displacement components in x and y directions for plane stress plane strain problems. So,
now to develop finite element equations, we require potential energy functional for

axisymmetric problems can be written like this.
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Governing Equations (Continued)

O The potential energy functional for axisymmetric
problems can be written as follows

Potential energy functional: [,(uw) =U-W

where U = strain energy and

W = work done by applied forces

Similar to plane stress plane strain problems except that potential energy functional. Now
is going to be function of u and w displacement in the r direction and displacement in the
z direction that axial direction so, potential energy functional is defined like this u minus
w. | guess by this time you can easily understand, what u stands for and what w stands
for but, for completeness it is given here u is strain energy, w is work done by the
applied forces. So, now we need to see how to calculate this strain energy and worked
done by the applied forces for axisymmetric problems.
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Governing Equations (Continued)

Strain energy

aread=-n

a1 J'j £'Ce 2nr dzdr

area

So strain energy, we are dealing with Axisymmetric problem typical problem is shown in
the figure and u is defined as integral volume integral epsilon transpose sigma. Since the
problem is Axisymmetric, we can integrate between theta going from minus pi to pi and
simplify this as shown in the slide. So, finally strain energy is given by half area integral

of epsilon transpose ¢ times epsilon times 2 pi r.
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Governing Equations (Continued)

Work done by distributed surface forces

If T, and T, are the components of applied forces in the r
and z directions, then the work done by these forces is
given by

W =j' J (Tu+T,w)rdd dS = I{T,u—T:w}2;rrds

If specified concentrated forces or body forces (forces

distributed over the volume) are present, work done by
7 .I,Tgese forces can be computed in a similar manner.

F




Now, work done by the distributed surface forces if t r t z are the components of applied
forces in r and z directions, then work done by these forces is given by this. Evaluation
of this strain energy and work done by the applied forces is very much similar to that of
plane stress plane strain problem except that, we need to take care of geometry that is
why it should pay little bitter attention to that. Here we are integrating between theta
minus pi to pi because; this axisymmetric problem and we can by doing this we can

actually eliminate theta in expression for work done by the distributed forces.

So, w finally is integral over this the line along which or the side along which the
traction is applied or distributed force is apply we need to evaluate the integral that is
given in this equation, which is integral displacement in the r direction times traction in
the r direction plus displacement in the z direction times traction in the z direction and
entire thing times 2 pi r over, we need to evaluate this over the line or edge over which
distributed force is applied.

If specified concentrated forces or body forces are present work done by these forces can
be calculated in a similar manner. So, with these definitions let us develop equations for

a triangular element axisymmetric linear triangular element.
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Axisymmetric Linear Triangqular Element

U The element is actually a circular ring with a triangular
cross section.

_-3 The differential equation involves u(r,z) and w(r.z) which
&a“g the displacements in the r and z directions.

A typical triangular element is shown here, the element is actually a circular ring with
triangular cross section and the differential equation involves displacements in the r

direction and displacement in the z direction and similar to that of plane stress plane



strain problems, two different trial solutions are required, one for displacement

component in the r direction and another for displacement component in the z direction.
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Linear Triangular Element (Continued)

d Two different trial solutions are therefore required, one
for u and the other for w.

O With three nodes a linear solution for displacement in
each direction can be used.

U There are two unknown displacements at each node.

Linear trial solutions

u(r.z)=o,+or+a,z  W(r.z)=p,+p,r+p,z

;’f_}b‘,&vgere q; and B, are unknown solution parameters.
iy |

With three nodes, a linear solution for displacement in each direction can be used this is
similar to what we did for plane stress plane strain problems. Because we are trying to
develop element equations for three node triangular element. So, a linear solution for
displacement in each direction can be used, because there are three nodes we need to
start with a polynomial having three coefficients and since we are dealing with two
dimensional problems. So, the trial solution will be something like u is equal to alpha

one plus alpha two times r plus alpha three times z something like that.

So, since there are also keep in mind there are two unknown displacements at each node.
The trial solutions for the displacement component in the r direction and displacement
component in the z direction looks like this and both these displacement components are
going to be a functions of are they are going to be function of r and z. Here alphas and

betas are unknown solution parameters the solution the trial solution.
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Linear Triangular Element (Continued)

These solutions can be expressed in terms of shape
functions as follows

[Uy |
u(rz)=[N, N, NJ{u,}  and

lu, |
3 WI|

w(rz)=[N, N, N3}w:i-
w

-1 |

N, N, and N, are following linear shape functions.

L[f‘-rbl—-zg; N~=L(f.—rbﬁ—zc.]
2A < s haae &

1 .
N; = ﬁ{g +rb; +2c,)

This two trial solutions can be expressed in terms of shape functions like this u and w.
This is similar to what we did for plane stress plane strain problems and where N 1, N 2,
N 3 are the shape functions or linear shape functions for triangular three node triangular
element, where N 1, N 2, N 3 depends on the geometrical coordinates of the three node
triangular element. So, once the coordinates of three node triangular element are given
then, we can easily figure out what are this N 1, N 2 and N 3. So, N 1, N 2, N 3 are
defined like this as you can see, N 1 is linear in with linear or N 1, N 2, N 3 are all three
are linear with respect to r and z f 1 fs bs cs are some coefficients, which are functions of

special coordinates of triangular element.
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Linear Triangular Element (Continued)

where A = Area of the triangle and

fy = rz3—ryz; bi=2z-2, Cy=r3—r3

fo =1z —rzy b, = z; - z, Ca=M—1T;

fa=rz;—rzy by=2z,-2 C3=r—T

Special coordinates of nodes of triangular element so, if the coordinate information of all
three nodes is given. We can easily find what is area of triangle fs and bs fs bs and cs f 1
f2f3b1b2b3clc2c3. Areaof triangle can also be easily computed, using the
relation that area is half times determinant of matrix consisting of one ones in the first
row and the coordinates of r in the second row and coordinates of z in the third row of all
the three nodes. This formula is already there with you, which we used for calculating
area of triangles when we are dealing with plane stress plane strain problems. So, far we
have seen how to express trial solutions for axisymmetric linear triangle triangular
element trial solutions, in terms of finite element shape functions. So, now we are ready
to actually derive the element stiffness matrix and these two trial solutions, which we just

seen.
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Linear Trianqular Element (Continued)

Element Stiffness Matrix

The two trial solutions can be written together in a matrix
form as follows
[u, |

W,

fu] [N, O N, 0 Ny 07fu,|

Y(rz)= or

w [0N O N 0 NJ|w,
U | ¥=N'd
(Ws)
In order to use the potential energy functional, the strain
_energy and the work done by the applied forces must be
£ ‘Expressed in terms of nodal unknowns.

They can be written together in matrix form as follows, which can be compactly written
as psi is equal to n transpose d and psi is a vector consisting of the displacement
components in the r direction and displacement component in the z direction. In order to
use potential energy functional strain energy and work done by the applied forces must
be expressed, in terms of nodal unknowns or nodal parameters thatisu l,v1,wl,ul, u
2,u3,wl w2, w 3. Strain energy, in terms of nodal unknowns can be expressed once
we know the relationship between strains and displacements, because you know potential
energy functional is function of strain and stress. So, or finally we have seen potential

energy or expressed potential energy as a function of strain.

So, we need to know what is the relationship when the trial solutions that we just
obtained and the strains so, that we can plug in this information into the definition of

strain energy.
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Linear Triangular Element (Continued)

The strain energy in terms of nodal unknowns can be
expressed as follows

b, 0 b 0 b, 0

1 0 g, 0 c 0 c,
2A 2AN,/r 0 2AN,/r 0 2AN,/r 0
b, ¢, b, c b, |

Strain energy, in terms of nodal unknowns can be expressed as follows. First we need to
write what is strain vector strain? Vector consists of three four components here and the
four components are defined and now we know, u in terms of finite element shape
functions of the three nodes and the nodal parameters and also we know w in terms of
three finite element shape functions and nodal parameters w 1, w 2, w 3. So, using that
information we can further write this vector of strains likes what is shown there and if
you carefully see the last part of equation. You can realize that epsilon r is constant over

the entire element.
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Linear Triangular Element (Continued)

The strain energy in terms of nodal unknowns can be
expressed as follows

b 0 b 0
0 C, 0 c

0

¢,

0 2AN,/r 0 2AN,/r 0O
b C; b, C, b, |




Because, bs all are functions of special coordinates, which are going to be constant for a
particular element. So, epsilon r is going to be constant; similarly, epsilon z is constant
and gamma r z is also constant. Only quantity which is variable is epsilon r, which is
function of r as shown the last part of equation. So, epsilon this vector or this relation can
be compactly written as epsilon is equal to b transpose d and we need to plug in this

information into the strain energy definition.
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Linear Triangular Element (Continued)

U= % H ¢'Ce 2nr dzdr = %dTgBCB*znr dzdr d = %did

area

O where k = element stiffness matrix.

O Unlike plane stress/strain case all terms in the B matrix
are not constant and therefore some type of integration is
necessary to evaluate the stiffness matrix.

This is by definition strain energy for axisymmetric problem and substituting epsilon is b
transpose d substituting epsilon is equal to be b transpose d. As we can further simplify
this like the way it is shown there, where k is element stiffness matrix. As, | just
mentioned unlike plane stress plane strain case all terms in b matrix are not constant and

therefore, some type of numerical integration is necessary to evaluate stiffness matrix k.

One of the simplest integration that you can adopt is one point integration that is,
evaluating all the quantities which are functions of x of u, which are functions of special
coordinates r and z at the centroid of triangle where, the coordinates of centroid are given
by this r bar and z bar, r bar is nothing but, average of all the r coordinates and z bar is

nothing but, average of all z coordinates.
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Linear Triangular Element (Continued)

A simple one point numerical integration formula yields the
following stiffness matrix for the element.

k = 2xrABCB’

where B=B(rz) r=1"2"0 ang 7= 272275

3 3
That is, k is evaluated by using the matrix B at the
centroid of the element.

=
TiER

So, instead of evaluating k at every point one can evaluate k at the centroid, if we use
this one point integration formula that is k is evaluated by using matrix b at the element
centroid or centroid of the element or if somebody is interested in evaluating this more
accurately, then we they can adopt the numerical integrations can that, we already looked
at by selecting the points and weights from the table that is already supplied to you. So,
now let us look at the other quantity that is work done by the applied forces or how to

evaluate equivalent nodal load vector?
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Linear Triangular Element (Continued)

Equivalent Nodal Loads

O The equivalent nodal loads are obtained from work
done by the applied forces.
z

] :E.I Let T, and T, be the components of T (Applied surface
mrretorce) in the r and z directions.




Equivalent nodal loads are obtained from work done by the applied forces. For
Illustration purpose, considered uniformly distributed forces which are applied along
element edges. Let t r t z be the components of applied traction or applied surface force

in r and z directions, then work done by the applied forces is given by this.
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Linear Triangular Element (Continued)

Work done

T
£ p2ndS

WT:!:'I'ru*T:wlzrrdS:J‘[u v]l
S S
T |T T
-d jN,T L27rdS =d'Q;

where Q; is the equivalent nodal load vector.

12nrdS

Q, = [N/
<[]

-

One traction in the r direction times displacement in the r direction plus traction in the z
direction times displacement in the z direction, whole thing multiplied by 2 pi r and
integrated over the element edge along which this traction is applied, where t r t z are the
components of t applied surface traction in r and z directions. So, w t are work done by
work done by the applied traction can be compactly written as d transpose Q ,T where Q
T is equivalent nodal load vector and Q T is defined like this. So, to evaluate Q T we
require to know, what is n is nothing but, a matrix consisting of shape functions, along
the side or element edge over, which tractions are specified or along the side or edge
over, which we require to or we are interested in evaluated assembling this equivalent

nodal load vector.

And this integration can be performed in closed form, if the specified surface tractions or
simple functions of r and z. Similar to that we discussed earlier the simplest case is when
r and z are specified r and z are constant or uniform traction is specified along one or

more sides of an element.
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Linear Triangular Element (Continued)

O The integrations can be performed in closed form if the
specified surface tractions (T, and T,) are simple functions
of rand z.

QO The simplest case is when T, and T, are specified as
constant along one or more sides of an element.

4

As an illustration, consider uniform pressure applied along side 1 2, that istr t z are
constant integrations can be performed easily by defining local coordinate system as
shown in figure along side 1 2 and along this side, the shape function matrix are to get
the shape function matrix, we require to know what are the shape functions of N 1, N 2
and N 3 and the shape functions of N 1, N 2 can easily be written using Lagrange
interpolation formula. Once we define local coordinate system as shown in the figure,
along side 1 2 shape functions N 1, N 2 are linear functions of s. Because, alongside 1 2
we have only two nodes so, N 1 N 2 are going to be linear functions of local coordinate
system s, which is defined along side 1 2 and N 3 is going to be zero along element edge
12.

So, writing the shape function, shape functions of N 1, N 2 using Lagrange interpolation
formula and also with respect to the local coordinate system defined alongside 1 2. We
can finally, get these to N 1, N 2, where | 1 2 is length of side 1 2 so, with this we can

write shape function matrix consisting of N1, N 2, N 3.
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Linear Triangular Element (Continued)

The complete shape function matrix for side 1-2 is

Which is required for evaluating or which is required for computing equivalent nodal
load vector? So, this is the shape function matrix along side 1 2.
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Linear Triangular Element (Continued)

LT by
Q _,._—JNT 2:rd572:_|

And then we need to substitute this into the definition of equivalent nodal load vector
and if you see the last the final part of the equation. We have r, please note that r can also
be interpolated using finite element shape functions or the similar that is what
Isoparametric mapping that we discussed earlier. So, r can also be expressed as a
function of N 1, N 2 along side 1 2, before we simplify this equation further.
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Linear Triangular Element (Continued)

Since ris also a linear function of s along 1-2, it can be
written in terms of shape functions as

r(s)=N,(s)r, +N,(s)r, =

So, since r is also a linear function of s along side 1 2, it can be written in terms of shape
functions like this. So, now substituting r into the previous into the previous equation of
Q T and by integrating each of the terms here, integration of one of the terms is shown,

the details of integration of one of the terms is shown.
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Linear Triangular Element (Continued)

Therefore the terms in the Q; vector can be integrated
as follows

s, 0, iT, L

j‘fTr—dLﬁ_s S=|“ — _SdS=L—‘:|2r1—rq]
0 L, o\ Lo Ly © L 6 )
Similarly the other terms can be integrated easily giving

the equivalent nodal load vector for uniform load on side

1-2 as follows (2r, +1,)T. |
(2r+1,)T,
b, |(r+25)T, |

QT side1-2 — T

Similarly, other terms can be integrated to get the complete equivalent nodal load vector
for uniform load along side 1 2. And once we carry out integration for the other terms

also, Q T looks like this for side 1 2. Please note that is only applicable in case in the



case of uniform load r t or t z are constant along the applied side or edge. And similar
expressions for equivalent load can be written if pressure is applied along sides two three

and three one.
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Linear Triangular Element (Continued)

Similar expressions for the equivalent load vectors can be
written if the pressure is applied on sides 2-3 or 3-1.

Z

If the components of tractions t r t z are not constant, then we need to take care of that
while doing integration or we need to use numerical integration scheme to simplify the
integrate, once T r T z becomes complicate. So, far we discussed element stiffness matrix
and how to assemble equivalent nodal load vector and rest of the things like assembly
and solution procedure are standard, which are similar to that of plane stress plane strain

problems, that we already discussed or the earlier problems that we already seen.

So, assuming that the solution is obtained once the nodal displacements are known the
strains and stresses for each element can be obtained similar to that we did for plane

stress plane strain problem.
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Linear Triangular Element (Continued)

Calculation of strains and stresses

O The assembly and solution procedure remains
standard.

O Once the nodal displacements are known the strains
and stresses for each element can be obtained from the
following equations.

Element strains e=B™d
Element stresses o =Ce¢

O Note that ¢, £, and y,, are constant over an element
but &g varies with r.

; \? The corresponding stresses have the same
-Pehavior.

But, for completeness it is again repeated here, calculations of strains and stresses
assembly procedure assembly and solution procedure remains standard. Once the nodal
displacements are known strains and stresses for each element can be obtained, except
that there are four components of strain. There are four components of stresses and the
constitutive matrix is of dimension four by four and b matrix strain displacement matrix
is of dimension four by six, except that these equations are similar to that of plane stress
plane strain problems and note that epsilon r epsilon z gamma r z are constant over

element but, epsilon theta varies with r.

This is what, | discussed when we are looking at the b matrix strain displacement matrix
for axisymmetric problems and similarly, the corresponding stresses will have the same
behavior. The corresponding stresses have the same behavior that is, sigma r sigma z tau
r z is going to be constant, whereas sigma theta is going to be function of r that is, it is
going to vary with r. So, to illustrate all the things that we discussed, so far related to
axisymmetric problems. Let us take an example and go through all the steps to
understand this well and again in this example tractions are assumed to be uniform for

simplicity.
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Example

Find displacements and stresses in a long
thick-walled cylinder under an internal

z
pressure of 5,000 Ibs/in? (3.4475 x 108
kN/cm?). The internal diameter is 1 in (2.54

cm) and the outside diameter is 2 inches

(5.08 cm). Assume E = 30x10° psi
(206.842x10¢ MPa) and v = 0.3.

So, this is the problem statement. Find displacements and stresses in a long thick
cylinder under an internal pressure value is given, internal diameter, outer diameter
outside diameter and also material property details are given both in FPS units and Sl
units. Since, FPS units the values of given in FPS units are appearing to be a round
figures will be looking at the details of work out in FPS units. But, as | repeatedly
mentioned earlier as long as we use consistent units, the procedure wise it is not much
different. So, this is the thick cylinder that, we are going to solve for displacements and
stresses and as you can easily see, it satisfies all the condition that the structure geometry

loading and also material properties are symmetric with respect to the axis of revolution.

So, we can take symmetry axisymmetric into advantage and we can solve this as a two
dimensional problem. But, before we do that since this is a long thick cylinder, we need
to also decide how many or how we are going to model the end effects or how we are

going to model this long cylinder.
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Example (Continued)

Since the cylinder is long, the end effects can be
neglected. A horizontal slice 0.5 in (1.27 cm) high is

modeled using two triangular elements.
&

?

0.5

|
|
I

I
L

Since, the cylinder is long the end effects are neglected can be neglected and this is how
it can be model? A horizontal slice of 0.5 inch or 1.27 centimeters height is modeled
using two triangular elements. So, this is how this thick long thick walled cylinder is
modeled, since the length is long, the end effects can be neglected in the entire cylinder
analysis is reduce to solving this model, which consists of two triangular elements. And
the model is shown with two triangular elements and also the boundary conditions at
each of the nodes are shown. Since, the pressure is applied from inside internal pressure
is applied, the cylinder is going to expand in the radial direction and since the cylinder is

long the displacement in the z direction is going to be neglected.

So, the boundary conditions at the four nodes are as shown, the displacement in the z
direction is constrained, whereas each of these nodes is allowed to have displacement
component in the radial direction. And element one consists of or comprises of nodes
one four three and element two constrains comprises of nodes one two four. At each
node there are two degrees of freedom one in the r direction another one is in the z
direction. So, element one contribution goes into the rows and columns, corresponding to
node one four three into the global equation system. Similarly, element two contribution
goes into one two four are the rows and columns, corresponding to nodes one two four in

the global equation system.



And global equation system is going to be of dimension eight by eight. So, the
contribution from element one goes into one five six seven eight rows and columns,
element two contribution goes into one two three dour seven eight rows and columns of
the final global equation system. So, with this understanding and also one more thing, we
need to assemble the equivalent nodal load vector only along side three one or one three.
Because, only along that element edge traction is specified and traction value that is
specified with respect to the coordinate system that is defined is acting in the positive

direction. So, it is going to be t r and its value is going to be 5000 psi.

(Refer Slide Time: 41:04)

Example (Continued)

=

[1=v

i 0

[0 0.3 03 O]

-5.76923 10702 07 03 0
03 03 07 0

[0 0 0 02]

So, with these understanding let us gets started and this is constitutive matrix definition
and substituting Youngs modulus, Poissons ratio values that are given for this problem

we get ¢ to be this one.
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Example (Continued)

Element 1: nodes 1,4,3

rn=05 =0 =10 z,=05
r,=0.5 z;=05

fy = rp23— 132, = 0.25 fy=rzy - rz; =-0.25

fy=rz,-rz,=0.25

by=2,-2z3=0 by=2z;—2,=0.5

b3 =L -4 = -0.5

ﬁ%=r3—r2=-0.5 C;=r—ry;=0

c;=r,—-r, =05

And looking at the geometry of these two triangular elements, we can easily figure out
what are the coordinates of all the nodes. So, element one comprises of nodes one four

three and the corresponding coordinates geometry coordinates are noted and all the
coefficients are calculated.
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Example (Continued)

1 N
A = Area of the Triangle = % Z, Z, 2,|=0.125
1

and

2:%:0‘3333

2AN,(r.z) (f,+m,+zc,)

=0.125

r

Once we have this information, one more thing that we require is we need to find what is
the area of element one, this can also be obtained from the nodal coordinate information

and the centroid coordinates and to evaluate epsilon theta we require this quantity.
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Example (Continued)

2AN, (r,z) 2AN, (r,z)
—1-0125 — =

r r

0.125

Similarly, these two quantities are required to evaluate epsilon theta are to get the third
row of the strain displacement matrix of Axisymmetric problem, when we are using

linear triangular elements.
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Example (Continued)

2AN, (r,z) 2AN, (r,2)
= 1-0125 = =0.125
r r

[ 0. 0 0.5 0 -05 0 ]

B . 1 0 -05 0 0. 0 0.5
~2x0.125/0125 0 0125 0 0125 0
0. 0. 05 05 -05]

So, b matrix finally, b matrix evaluated at the centroid is given is obtained like this. So,

using this we can easily get the element stiffness matrix.



(Refer Slide Time: 43:01)

Example (Continued)

Element stiffness matrix

[ 2.95 0906 143 242 279 3.32]
0.906 846 453 O 272 -846
143 453 108 0. -793 453
242 0. 0. 242 242 242
279 272 -793 242 959 -5.14
3.32 846 453 -242 -514 109 |

k = 27rABCB' =10

So this we did because, the traction applied is uniform traction and also if you want more
accurate evaluation of the stiffness matrix. As | mentioned earlier, one can use numerical
integration scheme that we discussed earlier instead of using one point rule, where we
evaluated the stiffness matrix only at the centroid. So, now if you see the model load is

applied along the edge three one or one three, which actually is a part of element one.

(Refer Slide Time: 43:57)

Example (Continued)

Applied load vector: The load is applied on side 1-3 of the
element.

Radial component, T, = 5,000 psi
-"/-@ial component, T, =0
»7EL, = length of side 31 = 0.5 in




So, applied load vector or equivalent nodal load vector, we need to assemble for side one
three or three one and to do that, we need to note down what are the various traction

components t r t z and also length of side three one.

(Refer Slide Time: 44:25)

Example (Continued)

[(2r,+r)T, 1250n

(h+2n)T | |1250m
[(r+2r5)T, | 0.

So, once we have this information, we can plug in into the formula that we already
derive for uniform traction components, equivalent nodal load vector for three nodes
axisymmetric linear triangular element, and we please note that we do not need to
assemble this equivalent nodal load vector for the other edges or sides because, no
traction is specified over the rest of the model.
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Example (Continued)

Element 2: Nodes 1, 2 and 4

rn=05 z=0 rn=10 2z=0 r=10 2z=05

fi=rzz—rnz;=05 fy=rz-nz; =-025

f3 B2y = iy = 0.

by=2,-23=-05 by=2z3-2,=05 by=z-2,=0

C=n-r3=-05 c3=r-rn=05

Now, let us go to element to and assemble the element stiffness matrix, noting down the

special coordinates of all the three nodes. We can calculate the coefficients fs bs and cs.

(Refer Slide Time: 45:24)

Example (Continued)

r=08333 z=0.16667

05 0 0 0

a7 _ 0 05 0 05
"2x0125/01 0 01 0 01 0
05 -05 05 05 O

Also, we can calculate what is the area of element two and the centroid of element two
with respect to the coordinate system that is, defined and then strain displacement matrix
evaluated at centroid of element. Once we have this we can get element stiffness matrix

for element two.
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Example (Continued)

Element stiffness matrix

9.18 0. -101 362 -0.483
0. 3.02 302 -302 -3.02
101 3.02 158 -846 -1.69

362 -302 -846 136 211

0483 -3.02 -169 211 3.44

| -3.62 0. 544 -106 0.906

k - 2xrABCB - 107

So, we obtained element stiffness matrix for element one and two, we need to before we
assemble the global equation system. We need to know where the contribution from
element one goes in, where the contribution from element two goes a into the global

equation system that, information is noted here for clarity.

(Refer Slide Time: 46:15)

Example (Continued)

Assembly of element equations:

Global locations for coefficients in element matrices

Element 1=

So, element one contribution goes into one two seven eight five six rows and columns

and the locations are given in the matrix.
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Example (Continued)

[l
21
3,1
41
Fa

|81

Element 2 =

Element two contributions go into one two three four seven eight rows and columns and

the corresponding global locations are also given in the matrix.

(Refer Slide Time: 47:07)

Example (Continued)

After assembly the complete global equations are as
follows.

[121 -0906 -10.1 362 -279 332 0952 -6.04]
115 302 -302 272 -846 -755 O

158 846 0 0 169 544
136 0 0 211 -1086
969 -514 -793 242
109 453 -242
142 0.906
13

ELFEFEFECE

So, with this information we can easily assemble the final global equation system or if
somebody is smart enough, they can directly write the reduced equation system, because
w1, w2, w3 w4 are all 0. We can eliminate those rows and columns and write the

reduced equation system directly. So, this is full complete global equation and the



boundaries conditions are essential boundary conditions are w 1 is equal to 0, w 2 is
equal to 0, w3 and w 4 are 0.

(Refer Slide Time: 47:50)

Example (Continued)

Essential boundary conditions:
Wy =W, =Wy =w,; =0

Imposing these boundary conditions, the resulting system
of equations is as follows.

[12.1 =101 -2.79 0.952 u, | ‘1250,1'
-10.1 15.8 0 -169(|u,| 0 |
279 0 959 -793||u, '
10952 -1.69 -7.93 14.2 ||y,

10’

‘1250,1
0

The solution is
u; =0.1528x103, u, = 0.1079x10°3,

u; = 0.1623x10°3, u, = 0.09299x102

So, eliminating the rows and columns corresponding to these degrees of freedom, it is w
1 to w 4. We get the reduced equation system, which we can solve for u 1 to u 4 radial
displacement components at all the four nodes. So, once we have this nodal solution, we

can calculate we can do post processing like calculating stresses and strains.
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Example (Continued)

Calculation of strains and stresses:

O The strains and stresses at the element centroids can
be computed by using the element B matrices.

U For any other point new B matrices can be calculated
for the point where stresses are desired.

- =T

e=Bd c=0C¢

Strains and stresses at element centroid can be computed using the element b bar matrix
that, we already have because we evaluated strain displacement matrix at the element
centroid. But if somebody is interested at some other point mu b matrix needs to be
evaluated first before we calculate stresses and strains. So, for illustration purpose
calculations of stresses and strains at the element centroid are shown here. So, strain at
the element centroid is given by b bar transpose times d and stress at element centroid is

given by a sigma bar is equal to c times epsilon bar.

(Refer Slide Time: 49:21)

Example (Continued)

Element 1:
0.0001528

0. 0 05 0 05 0] 0
1 0 05 0 0 0 05000009299
2x0125/0125 0 0125 0 0125 O 0 ‘

105 O 0. 05 05 -05/|0.0001623
' 0

(~0.0001387)
| o |
|

~ 1 0.0002041 |
0.00001910




So, for element one strain is given by this and using

because, for element one and

element two, centroid is different. We need to calculate this separately for element one

and element two.

(Refer Slide Time: 49:37)

Example (Continued)

- \
o =5.76923 10’ Lot |
03 03 07 0

Lo o

0.7 03 03 0 ][-0.0001387]
0. '
0.0002041

0 0.2]/0.00001910

(-2069.6|
|tz
" | 5840.2

| 2204

Strain, once we know the strain for element one, we can calculate stress for element one

all the stress components for element one.

(Refer Slide Time: 49:48)

Example (Continued)

Element 2:

05
1 0
2x0.125| 0.1

0
0
0

0.5
0
0.1

U= ar o

E=

0 01 ©

05 0 05

| 0 05 05 05 05 0

[ 0.0001528
———
i 0.0001079 |
il
‘ 0.00009299 ‘
0 J

-0.00008976)
A
0.0001415 |
-0.00002984

Similar exercise, we can repeat for element two and also we can calculate stresses for

element two.
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Example (Continued)

(0.7 0.3 0.3 0 ][-0.00008976

* 1oz 0703 of] o |
= 5.76923 10 ' !
o=3769231071 0+ 03 07 0 || 00001415

[0 0 0 02]/-0.00002984
-1176.3
| 8951 |

=4 tpsi
4159.8 B

[ -344.3 |

So, in this lecture we have seen the governing differential equation for axisymmetric
problems, and also finite element equations for three node linear triangular element. In

the next class, we will see quadrilateral element for solving axisymmetric problems.



