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Lecture No. # 36

In last class, we have derived element equations for two d elasticity problems starting
with governing potential energy functional. And using shape function corresponding to 3
node triangular element. And also the solution procedure is illustrated through an
example, and at the end we found that, we have before that we have taken a cantilever
plate, and using two elements, two triangular two triangular elements with 3 nodes each.
We descritized, that cantilever plate and the solution that we got, when we compare it

with exact solution.

We can actually compare the stresses along the the common side for the two elements,
that is interface between the two elements. For exact solution stresses on two sides
should be equal and opposite of each other; and the solution that we obtained using two
linear triangular elements, for this cantilever plate problem. We observed that there is
large discontinuity in stresses across element boundaries, so this solution is not good this
is because, we used only two elements, the mesh is very coarse and obviously, we cannot
expect very good results, but as we increase the number of elements, it discontinuity in

stresses should reduce.

So, now in today’s class, we will look at 4 node quadrilateral element that is derivation
of finite element equations using 4 node quadrilateral elements for two d elasticity
problem. And subsequently illustration to the same cantilever plate problem now is using
only one 4 node quadrilateral element. Later introduce, let class we will be looking at 8

node isoparametric element as well.
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4 Node Quadrilateral Element

U The element equations can easily be derived using
the isoparametric mapping concept introduced earlier.

7 The trial solutions are written in terms shape functions
{7 {8r the parent element.

So, now, let us get started a 4 node quadrilateral element is shown on the left hand side,
and for isometric mapping purpose, will be using the element that is shown, the parent
element that is shown on the right hand side. The element equations can easily be
derived using isoparametric mapping concept, introduced earlier, that we are familiar

with.

The trial solutions are written in isoparametric mapping, the trial solutions are written in
terms of shape function for parent element. So, we need to know what are the shape

functions for the 4 nodes of this quadrilateral element in the parent element domain.
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4 Node Element (Continued)
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Once we have the shape functions of all 4 nodes of the parent element, we can write this
equation which interpolates displacement, using the nodal values at the 4 nodes and the
interpolation functions or the shape functions. Here, N 1, N 2, N 3 are nothing but, shape

functions corresponding to the 4 node parent element.

And once, we know these shape function expressions we can as well write expressions
for isoparametric mapping, that is how x y are related to s and t, how the axial element
coordinate are related to the parent element coordinates, this is isoparametric mapping,

written in matrix and vector form.
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4 Node Element (Continued)
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And once we have this information, we can easily find what is Jacobian matrix, and
determinant of Jacobian Jacobian matrix compresses of all partial derivative of x with
respect s, x with respect to t, y with respect s and y with respect to t. So, once we have
these two equations, we can easily find those derivatives, so Jacobian matrix is defined

like this, and from here we can find determinant of Jacobian.

There is nothing new in all this process, it is a same as for 3 node triangular element
except that the number of nodes now became 4 instead of 3, so the matrix sizes becomes
bigger. So, once we have x and y related to the nodal values like this, nodal coordinate

values we can easily find the partial derivatives.
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4 Node Element (Continued)
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Using these relations, which can be simplified further as shown there, similarly

derivative of x with respect to t.
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4 Node Element (Continued)

The derivatives of y with respect to s and t can be obtained
by using y coordinates of nodes instead of x.

The derivatives with respect to x and y can then be
computed as follows.
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And we can also find the derivatives of y with respect to s and t, using y coordinates of
node instead of x, in the previous two equations. And now, we also require knowing how
the shape function derivatives in the axial element coordinate system or related on the

parent element coordinate system that is given by this one. Derivatives with respect to x



and y can be computed as follows, which is given there for which we require to calculate
determinant of Jacobian.
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4 Node Element (Continued)

Strain-Displacement Relationship

The strains can be expressed in terms of nodal
displacements as follows.
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So, once we have all this information, we can easily write strain-displacement
relationship, strains can be expressed in terms of nodal displacements; we are familiar
with this definition of strain. So, now, substitute or this vector consisting of partial
derivative of displacements can be rearranged, as shown in the later part of the equation,
and partial derivatives of displacements with respect x and y can easily be calculated

using this relation.
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4 Node Element (Continued)

The derivative of u and v with respect to x and y are written
as
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This is derivatives of displacement component in the x direction similarly, derivatives of
displacement component in the y direction. And we can put these two equations together,
and get this one and here in the last equation, we have derivatives of displacement

components both in x and y directions with respect to x and y.
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4 Node Element (Continued)

The strains can now be expressed as
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So, now once we have that information strains, we know definition of strain and we just
found what are the derivatives of displacement components with respect x and y, so we

can plug in that and rearrange the equations and finally we get this. Where A is a matrix



which is defined like this, please note that this kind of definition of A and other
intermediate variables is choice of the teacher. Sometimes, if you refer some other books
you may see different definition, are all together they may avoid this kind of intermediate
definition or intermediate variable definition. Now, derivatives of trial solution with
respect to s and t are easy to compute, here if you see A matrix you have derivatives of
trial solution with respect to s and t sorry, the vector beside A matrix it consists of

derivatives of trial solution with respect to s and t, which can be easily calculated.

Because, trial solution is function of s and t, because the shape functions or functions of s
and t. And this can be done in this manner that is calculation of derivatives of trial
solution with respect s and t can be obtained through this equation, which can be

compactly written like this.
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4 Node Element (Continued)

The strain—displacement matrix B can now be written
as follows

=AGd=B™d

So, finally, strain-displacement matrix can be written like this, so the key thing is we
need to get the nodal coordinate information, and then we can easily follow these steps.
And finally get the required quantities to calculate strains, once we knew the nodal

values.
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4 Node Element (Continued)

Element stiffness matrix
The element stiffness matrix is

k = hJ’J’BCB'dA =h|[ [BCB' det J dsdt

where h is the element thickness and C is the appropriate
constitutive matrix.

#~d The stiffness matrix is evaluated using Gaussian
{7 gliadrature.

So, now let us look at element stiffness matrix, element stiffness matrix is defined like
this, please note here for 3 node linear triangular element B matrix is a constant whereas,
for 4 node quadrilateral element B matrix is not a constant, so we need to perform
numerical integration. So, for that purpose we need to change the limits of integration
from to minus 1 to 1, and the details of how we do that we already discussed several

times in the earlier lectures.

And here in this equation h is the element thickness; C is the appropriate constitutive
matrix depending on plane stress or plane strain. The stiffness matrix is obtained using
Gaussian quadrature can be evaluated using Gaussian quadrature, which is a numerical

integration procedure.
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4 Node Element (Continued)

0 A 2x2 integration is generally considered adequate for
this element.

O Thus

11 m n
k=h| [BCB" detJdsdt ~hY > wwB(s,t |CB (st |detJ(s.t,)

Q where s, t are locations of Gauss point and w; and w,
are corresponding weights.

m and n are number of integration point in s
and t directions respectively.

2 by 2 integration is generally considered adequate for this element, and so element
stiffness matrix can be approximated by taking two integration points along s direction
and two integration points along y direction sorry along t direction; and weight at each
integration point is weight in the s direction times weight in the t direction. And evaluate
all the quantities in the integrand, at these integration points and sum up and multiply the
integrand value at each integration point with the corresponding weight, and sum up the

contribution from all the integration points.

So, that is basically what numerical integration schemes will do, and that is here
expressed in the form of an equation. Where s and t are the locations of Gauss point and
w’s are the corresponding weights, m and n are the number of integration points in s and
t directions respectively. These integration points in s and t direction need not be same,
which we already looked at; it depends on the order of the integrand in the s direction,
and order of integrand in the t direction, so this is how element stiffness matrix can be

evaluated.
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4 Node Element (Continued)

Equivalent nodal forces
Uniformly Distributed Pressure Applied Along Element Side
O If T, and T, are the components of applied surface

pressure in the x and y directions, the equivalent nodal load
vector is given by

Q, = hJ'NTdS

O The integrations can be performed in closed form if the
specified surface tractions (T, and T,) are simple functions
-of xand y.

4

i

So, now, let us look at how to assemble or how to obtain equivalent nodal forces, and for
illustration purpose, we consider uniformly distributed pressure along element side. If T
X, Ty are the components of applied surface pressure in x and surface pressure is same
as surface traction are the components of applied surface pressure in the x and y

directions, the equivalent node nodal load vector is given by this one.

So, here we need to substitute N, N is nothing but, a shape function matrix of all non of
all the shape functions along that particular side, along which the pressure is applied.
Integrations can be performed in a in the in a closed form, if the specified surface
tractions T x, T y are simple functions of x and y. This also we discussed in the last class,
if T x, Ty are simple functions we can easily perform the integrations, in a can be we
can perform integrations in a closed form, but if T x, T y are complicated functions; then
we need to adopt numerical integration. And the simplest case that you can have is T x, T

y being constant or uniform.
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4 Node Element (Continued)

O The simplest case is when T, and T, is specified as
constant along one or more sides of an element.

U The trial solution is linear along each side and depends
upon the two end nodes.

Simplest case is when T x, T y is specified as constant along one or more sides of an
element. And also please note that, we are dealing with 4 node elements, so the trial
solution is linear along each side and depends upon the two end nodes, so we can easily
write the shape function of the nodes using Lagrange interpolation formula, which we
discussed earlier. Here, both actual element and the parent element are shown and also

the traction is applied on side 2-3.

For each side the coordinate’s capital S for actual element and the corresponding small s
for the parent element are shown the shape functions can for the shape functions, for
each side can be expressed as follows, alongside 1-2. If you take parent element along

side 1-2, shape functions of node nodes 3 and 4 are going to be 0 alongside 1-2.
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4 Node Element (Continued)

O For each side the coordinates S for actual element and
corresponding s for the parent element are as shown in
figure above.

O The shape functions for each side

can be expressed as follows.

For side 1-2:

[(1-s)/2 0 (1+s)/2
0 (1-s))2 0

So, the shape function vector, shape function sorry shape function matrix is going to be
like this, because shape function shape functions of nodes 3 and 4 alongside 1-2 are

going to be 0.
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4 Node Element (Continued)

For side 3-4:

=

0 (1-s)/2 0 (1+s)/2
0 0 (1-s)/2 0 (1+s)/2]

-1<ss1

And similarly, side 2-3, shape functions of nodes 1 and 4 are going to be 0 alongside 2-3.
Anyway we discussed all these several times in the earlier classes, but for completeness
all those are repeated here, for side 3-4, shape functions of nodes 1, 2 are going to be 0.

And the shape function matrix for evaluating the equivalent nodal vector.
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4 Node Element (Continued)

For side 4-1:

N_'n—sy,.--'z 0 0000 (1-s)/2 0
i 0 (1+s)/2 0 0 0 O 0 (1-s)/2]

-1<s<1

The shape function matrix that is required, if the traction is applied along side 1-2 looks
like this, similarly 4-1, side 4-1. So, once we obtain this shape function matrix, we can
easily evaluate equivalent nodal load vector; for illustration consider the case, when

uniform pressure is applied along side 2-3.
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4 Node Element (Continued)

So, to proceed further we need to write, what is isoparametric mapping for side 2-3 and
only non-zero shape functions are going to be shape function corresponding to node 2

and 3. Other shape functions are going to be 0 and shape functions of node 2 and 3 for



side 2-3 can easily be obtained using Lagrange interpolation formula. And finally, we
can write the relationship between x coordinate or local coordinate along that side 2-3 for
the actual element, the relationship between the local coordinate system for a side 2-3 of
actual element, and local coordinate system of side 2-3 of the parent element. How they
are related, we can write through this isoparametric mapping. So, this is how x and y are
related to S the local coordinate system of the parent element.

So, once we have this information of x and y, we can easily take partial derivative of x
with respect s partial derivative of y with respect to s, this is partial derivative of x with
respect s, which can be rearranged as the weight is shown there d x is equal to x 3 minus
x 2 divided by 2 times d s.
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4 Node Element (Continued)

dl;ys_y:
ds 2

dy - Y3 ;YZ ds

The Jacobian of the transformation from S to s is defined
as

Similarly, partial derivative of y with respect to s, and once we have this we can easily
write Jacobian transformation of local coordinate system, along side 2-3 of the actual
actual element. And local coordinate system along side 2-3 of the parent element, so the
Jacobian transformation from capital S to small s is defined as, this one and we just
calculated what is partial or derivative of x with respect to s, derivative of y with respect

tos.
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4 Node Element (Continued)
S

\ (xa,ys)

(x2y2) .
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{ ‘i}us the Jacobian for each side is equal to half the length
mprif that side.

So, using that information and with reference to this figure, which map side 2-3 of the
actual element to side 2-3 of the parent element. Differential element in the actual
element capital D capital S is from the geometry, we can easily see that, it is going to be
square root of d x square plus d y square. And substituting what is d x, d y we get this
and here, there is a small type typographical error, it should be d s instead of that d t is

typed.

So, finally, we get d capital S is equal to L 2 3 over 2 times d small s, where L 2 3 is
nothing but, length of side 2-3. So, the Jacobian is d capital S over d small s is nothing
but, length of side 2-3 over 2 half the length of that side, Jacobian for each side is equal
to half the length of that side.
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4 Node Element (Continued)

Thus Q;

side2-3
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So, we can easily now evaluate numerically by changing limits of integration, once we
got this Jacobian, once we obtained the relationship between d capital S and d small s we
can change the limits of integration; and adopt numerical integration if required, if the
tractions applied are constant, then we do not need to adopt numerical integration, we
can do integrations in a closed form. So, since here we assume T X, T y are uniform or in

other words they are constant.
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4 Node Element (Continued)

QO Carrying out the integrations gives

QY,‘M;:hLzﬁio 6L LT % oo

O Similar to the linear triangular element, this equation
says that total pressure along a side is divided equally
among the two nodes along that side.




So, we can easily obtain this Q vector in a closed form, so carrying out integrations we
get Q in this manner. Similar to linear triangular element this equations this equation
says total pressure along side along the side is divided equally among 2 nodes along that

side.
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4 Node Element (Continued)

a |If there are known forces distributed over an element
then the work done by these body forces can be
evaluated easily using two dimensional integration used
for stiffness matrix evaluation.

O All quantities needed for the potential energy

functional have now been expressed in terms of nodal
unknowns.

U From the Potential Energy functional element
equations

kd=QT

If there are known forces distributed over an element, than the work done by these body
forces can be evaluated easily using two-dimensional integration used for stiffness
matrix evaluation. All quantities needed for potential energy functional have now been
expressed in terms of nodal unknowns, so finally, from potential energy functional, we

getk dequal to Q t.

So, to illustrate all these details, let us take an example, example is same as what we used
for illustrating 3 node triangular elements, except that there we adopted two elements 2,
3 node triangular elements. Whereas, here we will be using only one 4 node quadrilateral

element for solving the same problem, cantilever plate problem.
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Example

Find displacements and stresses in a cantilever plate
using only one quadrilateral element, as shown in figure
below. Assume thickness = 0.1 in (0.254 cm), E = 30x108
psi (206.842x108 MPa) and v = 0.3. 50,000 Ibs = 222.41
kN

50,000 lbs

Again all the quantities are given both in FPS units and Sl units and since, the quantities
that are given in FPS units are round numbers, we will proceed with FPS units, but it is
not going to make much difference, because as long as we are consistent with the units
we get solution.
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Example (Continued)

The element stiffness matrix can be written by evaluating
the following guantities at the Gauss points

X,
| |

S N R |
4 X

S

1Xa)

c X
7x=1[~1ms =8 8 1-s}is
ct 4 X

Element stiffness matrix can be written by evaluating following quantities at Gauss
points, so we require to evaluate, we are now adopting 4 node quadrilateral element. So,

we need to use 4 node element, 4 node parent element shape functions and try to find



what is partial derivative of x with respect s, partial derivative of x with respect to t,
partial derivative of y with respect s, partial derivate of y with respect to t, and after that
we can easily find determinant of J.
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Example (Continued)
I fhy/f‘.t —c‘yffs 0 0
0 0 - r'x,f'.'t r-J(_,’Ii‘S
f)({,.l' cs r‘y;’l‘l r~yf¢‘5.|

And once, we have determinant of J, we can even calculate what is that intermediate
matrix A required for getting strain displacement relation, and also one more
intermediate matrix is required; and once we have these two, we can get strain
displacement matrix. And constitutive matrix for plane stress, and once we have all these

evaluate all these quantities at each integration point, and then depending on the number
of integration points.
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Example (Continued)

y
Z4 (0,20)

3(10,15)
—_—

50,000 lbs

2 (10,5)
¥50,000 Ibs
—

1(0,0)

For this example we have

X% =0,%=10,x3=10,%,=0
y1=0,¥2=5,y3=15,y,=20

Depending on the number of integration points, evaluate the integrand at each of the
integration point multiply with corresponding weight, and sum it up we are going to

entire approximate value of entire stiffness matrix.
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Example (Continued)

k=hY"3 wwB(s,t )CB(s,t,)detJ(s,t,)

[329710" 9.8910° 0
C.=| 9.8910° 3.29710° 0.
| o 0. 1.154 10

So, to proceed further, we need to make a note of all the coordinates coordinates of all

nodes, x coordinates and y coordinates.
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Example (Continued)

Gauss Point 1: s = 0.57735:t=0.57735, w=1

(q)(;’rqs = 5..1“)(,.'11_\‘ =0.,

dy/0s = -1.443,0y /2t = 6.057,

0.2 0.04766 0 0

detJ =30.28

A

0.1057
0.1057
0
0

G

)
! ..‘ : hj

And once we make a note of it, they are ready to evaluate stiffness matrix using Gauss
integration, so here we are adopting 2 by 2 integration, so there there are total in total
there are going to be 4 integration points, how to obtain coordinates and weights of the
corresponding integration points, we already discussed several times earlier. So, now let
us take 1 integration point, and see the details and similar procedure can be repeated in

the other integration points. So, Gauss point that is selected is given the details are given

coordinates and weights.
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0.02963
0.0541
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0.2 0.04766

0.1057 0 03943 O
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0 0.1057 0
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Example (Continued)

0.002337 0. 0.09766
0 0.06511 0
0.002337 0.08511

0.07383

001745

0.0496 0.2948
0.1113 0.1106
0.009875 -0.1253

0.1851
11

0.1106
0.2027

02176

0.1823
0.02263
0.05692

0.05831
0.1487

04152 0.1454

0.4234
04126 -0.6802
-0.08444
0.5548

0.7565

0.
0
03943
0.1057

0.03133
0.03713
0.1692
0.1194
0.1169
-0.1386
0.08358
0.2209




So, evaluate all the required quantities at this integration point and finally, we can
evaluate at this integration point, what is strain displacement matrix, and once we have
that we can easily evaluate what is stiffness matrix at this integration point. Performing
similar calculations for other integration points, and adding the resulting matrices, we get

the following or we get the element stiffness matrix.
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Example (Continued)

Performing similar calculations for the other three Gauss
points and adding the resulting matrices ky, K5, ky and kg
we get the following element stiffness matrix.

1.648 05357 -1.484 -004121 -0.989 -0.5357 0.8242 0.04121
1133 0.04121 -0.1854 -0535T -0.6799 -0.04121 -0.2679

2308 -0.5357 0.1648 -004121 -0989 05357

1.587 004121 -0.7212 0.5357 0.6799

2308  0.5357 1.484 004121

1.587 0.04121 0.1854

1.648 0.5357

1133

So, we obtained the element stiffness matrix, and there is not much inward as far as
assembly of equivalent load vector is concerned, because all the point loads are given, so
the all the loads that are applied are concentrated loads. So, only we need to just plug in
the the corresponding value at the appropriate location in the load vector. And if you see
this problem, there are 4 nodes and nodes 1 and 4 are fixed, so all degrees of freedom

corresponding to these nodes are going to be 0.

So, in the final global equation system, we are going to anyway eliminate the rows and
columns corresponding to degrees of freedom which are 0. So, finally, we can directly
write the reduced equation system, which consists of degrees of freedom corresponding
to nodes 2 and 3, which are u 2, v 2, u 3, v 3 because, degrees of freedom corresponding

to nodes 1 and 4 are going to be 0.
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Example (Continued)

Global equations and nodal solution

O Since there is only one element, the global stiffness
matrix is same as the element stiffness matrix.

0 The essential boundary conditions are u; =v; =u, =
vy =0.

O Imposing these boundary conditions gives the
following reduced system of equations.

Global equations and nodal solution, since there is only one element the global stiffness
matrix is same as element stiffness matrix, essential boundary conditions. These are the
essential boundary conditions; imposing these boundary conditions gives the following

reduced system of equations.
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Example (Continued)

[ 2308 -0.5357 0.1648 -0.04121][u, 0
05357 1587 0.04121 -0.7212 ||v,| |-50000]
0.1648 004121 2308 0.5357 ||u,| | 50,000 |
|-004121 -07212 05357 1587 |[|v,| | O

10°

The solution gives u, =-0.0153978, v, = 0.0537422,
u; = 0.0319981 and v; = -0.0356328

And solving this we get the displacements at nodes 2 and 3, once we obtained the
displacements at nodes 2 and 3, we can easily do post processing like calculation of

stresses.
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Example (Continued)

Calculation of stresses

O For quadrilateral elements, the strains and stresses
vary linearly over the element.

O The stresses at any point over the element can be
computed using the strain-displacement and stress-strain
relationships.

O As an illustration, the stresses at the nodes and
element centroid are computed as follows.

Vector of nodal displacements

#\d=[0 0 -0.0153978 -0.0537422 0.0319981
g 0.0356328 0 O

So, calculation of stresses for quadrilateral elements, the strains and stresses vary linearly
over the element because, if you see the derivatives or if you see the B matrix, B matrix
IS going to be linear over the element. So, for quadrilateral element strains and stresses
vary linearly over element; stresses at any point over element can be computed using
strain-displacement and stress-strain relations, as an illustrations stresses at the nodes and

element centroid are computed as follows.

First to do that, we require vector of nodal displacement since, we calculated
displacements at node nodes 2 and 3, and the other displacements are 0, we can easily
write the vector of nodal displacements. And now, we are interested in finding stresses at

nodes, so we need to know what is the corresponding s and t coordinates.
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Example (Continued)

Atnode 1:s=-1and t=-1

f0.2 -0.03228 0. 0.
A=| 0. 0. 0. 0.1118
| 0. 01118 02 -0.03228]

0. 0.
0.5 0.
0. 0.
05 0.

[05 0. 05 O 0
c_|05 0. 0 0 00
0. -05 0. 05 0. 0
|05 0. 0. o 0

£

(5 )
“'S¥rains, e = B'd = AGd =[-0.00153978 0. -0.00537422]"

So, at node 1 s is equal to minus 1, t is equal to minus 1, so A matrix, G matrix once we
have these two matrices, we can easily get what is B matrix. And once we know B
matrix we can get this strain, because strain is related to nodal displacements y of this B

matrix.
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Example (Continued)

Stresses, o = C,e =[-50,762 -15,229 -62,010]"

Principal stresses: g, = 31,510 psi, 0, = -97,500 psi,
Angle a, = -53°

Effective stress, o, = 116,497 psi

Hence, once we have these strains, we can calculate stresses and then do rest of the post
processing similar to what we did in the last class, like calculating principle stresses and

other details.
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Example (Continued)

Atnode 2:s=1,t=-1

Strains: & = [-0.00390957 0.00181095 -0.00154011]

Stresses: ¢ =[-110,976. 21,0354 -17,770.5]" psi

Principal stresses: o, = 23,386 psi, 0, = -113,327. psi,
a, =-82.5°
Effective stress, o, = 126,649. psi

Similar, calculations can be repeated at other nodes by taking appropriate s and t values,
this is at node 2, node 3 (Refer Slide Time: 33:38).
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Example (Continued)

Atnode 4:s=-1,t=1

Strains: & = [0.00319981 0. -0.00356328]"
Stresses: o = [105,488. 31,6465 41,114.7]

Principal stresses: o, = 123826., 0, = 13308.2,
a, = 24°

Effective stress: 117,738.psi

And that node 4, and please note that element centroid corresponds to s is equal to O, t is
equal to 0.
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Example (Continued)

At the element centroid: s=t=0

Strains: & = [0.000830017 0.000603648 -0.00288889]

Stresses: o =[33,333.3 28,109.5 -33,333.3]"

Principal stresses: o, =64,156.9, 0, =-2,714.12,
a, =-42.8°

Effective stress: 65556.1 psi

So, if somebody is interested in finding the stresses and strains, and the corresponding
principle stresses and equivalent stress quantities are effective stress quantities at the
centroid, we need to calculate do the perform the calculations by taking s is equal to 0, t

is equal to 0. So, strain, stresses and all those details at this point are given.
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8 Node Isoparametric Element

O Using isoparametric mapping, higher order elements
can be formulated is a manner similar to the four node
quadrilateral element presented in the previous section.

0 As an illustration an eight node element based on
serendipity shape functions is presented here.

O The element can have curved boundaries and is shown
in Figure 12.4.1.

So, the next element that we are going to look at is 8 node isoparametric element, using
isoparametric mapping higher order elements can be formulated in a manners, similar to

4 node quadrilateral element.
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8 Node Isoparametric Element

0 Using isoparametric mapping, higher order elements
can be formulated is a manner similar to the four node
quadrilateral element presented in the previous section.

O As an illustration an eight node element based on
serendipity shape functions is presented here.

(-1,-1)

(a) Actual Element (b) Parent Element

As an illustration an 8 node element based on serendipity shape functions is presented,
element can have curved boundaries, like this actual 8 node element is shown and also 8
node parent element is also shown. So, for by this time you are familiar for writing
isoparametric mapping relations, we require to know, what are the shape functions of all

the 8 nodes of 8 node parent elements.

So, first thing is we require to write or note down what are the shape functions of all the
8 nodes of 8 node serendipity element, which is shown serendipity element, parent
element which is shown on the right hand side, and the actual element in the figure is

shown on the left hand side.
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8 Node Element (Continued)

The shape functions for the parent element
are as follows.

N, =-1/4(1-s)(1-t)(1+s+t)

N, =1/2(1-t)(1-5°)

N, ==-1/4(1+s)(1-t)(1-s+1)
N, =1/2(1+s)(1-1%)

Ny ==1/4(1+s)(1+t)(1-s-t)
N, =1/2(1-8%)(1+1)

,“\% N, =-1/4(1-s)(1+t)(1+s-t)
WPTEL N, = 1/2(1-s)(1- 1)

This shape functions for the parent element are as follows, all the shape function

expressions we have seen earlier, and also we discussed how to derive this.
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8 Node Element (Continued)

Using the parent element shape functions the trial solution
can be written as follows

Using the parent element shape functions, the trial solution can be written as follows
displacement component in the x direction is given by, is can be obtained using all the 8
node shape functions, and the corresponding nodal values at the 8 nodes. So, suppose if
you if you want to displacement in the x direction, then it can be interpolated using

displacement component at all the 8 nodes in the x direction, and the corresponding



shape functions. Similarly, in the y direction, so this is how trial solution can be written
and isoparametric mapping, once we have these two relations, we can write what is
Jacobian matrix, determinant of Jacobian and also shape function derivatives an x with

respect to x and y; all this is again same as for 4 node quadrilateral element.
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8 Node Element (Continued)

The strains can be expressed as

foy/et -¢y/es 0 0 TJfeues
-cx/ct  ox/cs 0 0 cu/ct |

0 r.y ct —r‘y s ||v/és

0 -x/dt  ox/0s J ov/ét)

So, strains except the dimension of the matrices get increased, because we have 8 nodes,
so we have more degrees of freedom. And derivatives of trial solution with respect to s
and t.
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8 Node Element (Continued)

The derivatives of the trial solution with respect to s and t are
easy to compute giving

aues)  [(1-t)(2s+t) 0 4s(-1+t)
fouet| 1)(1-s)(s+2) 0 2(-1+s)(1+s) -

vies| 4 0 (1-1)(2s +t) 0
| dv/et 0 (1-s)(s+2t) 0

_": P 4




Again the dimension of G matrix increases, because there are 8 nodes, so once we have

this we can write strain displacement matrix.
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8 Node Element (Continued)

The strain-displacement matrix B can now be written as
follows

{.U/(.S
| au/et

v f"(. S

= A =AGd=B"d
| (AUI,"'r*t

The element stiffness matrix is

k = hﬁBCBTdA = hj j‘BCBTdetstdt

{ = gonstitutive matrix.

1,---§mere h is the element thickness and C is the appropriate

And also which can be written as epsilon is equal to B transpose d in compactly, so then
we can write the element stiffness matrix, again now B matrix becomes more complicate,
a B matrix is more complicated for 8 node case. So, the integrand becomes more
complicated, so better we adopt numerical integration, because it is not possible to obtain
or evaluate the integral in a closed form, where h is thickness element thickness, c is

appropriate constitutive matrix.
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8 Node Element (Continued)

QO The stiffness matrix is evaluated using Gaussian
quadrature.

O A2x2 formula is the lowest order integration that can be
used for this element.

O For better accuracy a 3x3 formula is preferred.
Q Thus

k=hY Y wwB(s,t)CB(s,t )detJ(s, )

O where s, t are locations of Gauss point and w, and
w; are corresponding weights.

’rﬁ\& m and n are number of integration point in s
B and t directions respectively.

Stiffness matrix is evaluated using Gaussian quadrature 2 by 2 formulas is the lowest
order integration that can be used for this element; you can easily guess why it is the
lowest order of integration that can be used for this element, because we are 8 node
element is the quadratic element. So, if you go back and apply the formula 2 n minus 1
criterion for deciding the number of integration points that are required to exactly

evaluate an integral that we discussed earlier.

You can easily check that, the lowest order integration that can be used for this element
is 2 by 2, for better accuracy 3 by 3 formulas, is 3 by 3 integration is preferred. So, the k
matrix stiffness matrix can be numerical evaluated like this, were rest of the details are
similar to 4 node quadrilateral element, so this is about element stiffness matrix.
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8 Node Element (Continued)

Q IfT,and T, are the components of applied surface
pressure in the x and y directions, the equivalent nodal
load vector is given by

Q, =h[NTdS

U The integral must be evaluated separately for each
side along which a pressure is specified.

U As an example consider evaluation Q;when T is
... specified along side 1-2-3.
£

...l -‘_;

So, what about equivalent load vector, if T x, T y are the components of applied surface
pressure in x and y directions, the equivalent nodal load vector is given by this one. So,
to evaluate equivalent nodal load vector again we require knowing, what is the shape
function matrix along that particular side, along which fractions are specified. Integral
must be evaluated separately for each side along which a pressure is specified, as an

example considers evaluation of Q T, when T is specified alongside 1-2-3.
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8 Node Element (Continued)

Along side 1-2-3:

(-1+5s)s/2 0 1-s¢ 0 s{1+s)/2
0 (-1+s)s/2 0 1-§ 0 s(1+8)/2 0 -

The isoparametric mapping for this side is

X =N, +N,X, +N,x, :%[—1—sasx‘ +(1-57)x, «%[hs}sx3

TE: Ny, +Nyy, +Ngy, = %[_1‘5’53‘3 +(1-87)y, “'%!1"5}55’3




So, T is specified along side 1-2-3, so we need to write shape function matrix along side
1-2-3, and then we need to write isoparametric equations and because, we need to know
what is the Jacobian, how differential element in the parent element along that particular
side is related to differential element, in the axial element along that particular side. So,
for that we require isoparametric mapping relation for this side, so that is given by the
shape functions, which are non-zero along that side 1-2-3.

And since, shape functions of other nodes alongside 1-2-3 except nodes 1, 2, 3 are 0, we
can easily obtain shape functions of nodes 1, 2, 3 along side 1-2-3 using Lagrange
interpolation formula. And then subsequently we can write the relationship between x

and local s coordinates system, and y and local s coordinate system.
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8 Node Element (Continued)

%=x11's—1;’2]—2)<:$‘"a‘s‘vz}

Ts
- o— 5
0 1

Side 1-2-3 of parent element

{,.--E{om figure above, the differential arc length is given by

‘gs = Jdx* +dy’

And once we have these two relations, we can easily calculate what is partial derivative
of x with respect s, partial derivative of y with respect s, and this schematic shows the
differential element, how the differential element in the axial how differential element in
the axial element is related to differential element in the parent element. So, differential
arc length is given by in the axial element d capital S is given by square root of d x
square plus d y square, this is similar to 4 node quadrilateral element except that now, we
need to substitute d x, d y corresponding to 8 node elements.
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8 Node Element (Continued)

Side 1-2-3 of parent element

ds Irdx ) :

E* side123 =\f £|

or dS=J_....ds

And dividing on both sides with d small s, we get this and now substituting what is d
derivative of x with respect s, derivative of y with respect s in this, we can easily find

what is the relationship between d capital S and d small s are the Jacobian.
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8 Node Element (Continued)

& The boundary integral can now be evaluated as follows
using one dimensional Gaussian quadrature.

Q,=h [ NTdS=h[NTJ,,..ds

sidel-2

~hY WN(s)T(s,) ez (S)

O Atwo point integration is usually considered adequate
for evaluating Q.

: R

Once we have that relation, we can change the limits of integration and evaluate the
integral using numerical integration, one-dimensional numerical integration; two point

integration is usually considered adequate for evaluating Q T.
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8 Node Element (Continued)

O The body force terms can be evaluated in a similar way.

O All quantities needed for the potential energy functional
have now been expressed in terms of nodal unknowns.

O From the Potential Energy functional element equations

kd = Q,.

Body force terms can be evaluated in a similar way, all quantities needed for potential
energy functional have now been expressed in terms of nodal unknowns, so finally, we

get k d equal to Q T. So, all these details will illustrate using example 8 node element.
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Example

Find displacements and stresses in a cantilever plate using
only one 8 node element, as shown in figure below. Assume
thickness = 0.1 in (0.254 cm), E = 30x10° psi (206.842x10°
MPa) and v = 0.3. Applied pressure on side 5-6-7, T, =
-10,000 Ibsfin? (6.895 x 10° kN/cm?).

Here, also we will be taking cantilever plate, all the geometrical details, material details
are given both in FPS units and SI units. And also pressure here, the difference between
the earlier examples, which we have seen, when we are looking at 3 node triangular

element and 4 node quadrilateral element is there we have concentrated forces, where we



where it is not required for us to evaluate the equivalent nodal load vector by doing
integration, we can directly obtain that from the values of the concentrated forces that are
applied. Whereas here, uniform are applied pressure is applied, so we need to perform
integration, and we will see or we will find an interesting observation when we when we
do that.

So, now let us proceed this is the problem, so we need to find displacements and stresses
in this cantilever plate using 1, 8 node element and pressure is applied on side 5-6-7, and
its applied in the y direction and the value is given both in FPS units and Sl units. This 8
node element, this entire cantilever plate is discretized using only one 8 node element
this, and 8 node element, actual element we are going to mapped on to a a parent element

which is shown on the right hand side.

And we will be using 3 by 3 Gaussian integration, so total you can guess total 9
integration points are there and | guess, you know how to obtain the corresponding
weights and coordinates for all this points, so now the calculations will be illustrated for
one integration point. So, similar process can be repeated for the other integration points,
and contribution from all integration points can be added up to get the final element

stiffness matrix.
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Example (Continued)

A 3x3 integration is used for evaluation of stiffness matrix.

Gauss point 1: s = 0.774597, t = —0.774597, weight = 25/81

So, now let us take 1 integration point, coordinates and weights are given.
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0.343649

0

-1.3746

0

1.03095

0
0.2
0

0.0436492

0

0.174597

0

0.130948

0
-0.2

0
0.343649
0
1.3746
0
1.03095
0
0.2
0
0.0436492
0
0.174597
0
0.130948
0

0.0436492
0
=0:2
0
1.03095

0

1.3746

0
0.343649

0

0.2

0
0.130948

0

0.174597

0
0.0436492
0
0.2
0
1.03095
0
1.3746
0
0.343649
0
0.2
0
-0.130948
0

02 0 0174597

And we require, at that point we require to find what is partial derivative of shape
function vector with respect to shape function derivative; shape function vector

derivative with respect to s and t those details are given here.
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Example (Continued)

-

I. l‘-\ I.‘: F'lr? 1 [ 1
e x/és @dy/és [ 10 1.93649 Det J = 55.6351
oxfét eyfet| |0 5.56351]

[5.56351 -1.93649 0 0
0 0 10

10 5.56351 -1.93649 |

" 556351

And once we have that, we can easily calculate, what are these quantities.
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0.343649
0
1.3746
0
1.03095
0
0.2
0

" | 0.0436492

0
0.174597
0
0.130948
0
0.2

0.0436492
0
0.2
0
1.03085
0
1.3746
0
0.343649
0
0.2
0
0.130948
0
0.174597
0

0
0.343649
0
1.3746
0
1.03095
0
0.2
0
0.0436492
0
0.174597
0
0.130948
0
0.2

0
0.0436492
0
0.2
0
1.03095
0
1.3746
0
0.343649
0
0.2
0
0.130948
0
0.174597

And once, we have this we can also calculate what is G, and once we have A and G we

can calculate what is B matrix, and plane stress conditions are assumed here.
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Example (Continued)

[32.967 9.8901 0
C=10°| 9.8901 32967 0

| ©

0

11.5385 |

The stiffness matrix at this Gauss point can now be written
by carrying out matrix multiplications.

Since nodes 1, 7 and 8 have no displacements, only the
10x10 matrix associated with nodes 2 through 6 is written

to sa

ve space.

So, using that information we can easily using the material property details, we can

easily write constitutive matrix for this particular problem. So, stiffness matrix at this

Gauss point can now be written by carrying out matrix multiplications; since, nodes 7 1,

7, 8 have no displacements, only the 10 by 10 matrix associated with nodes 2 through 6

IS written to save space. So, basically the nodes along which are fixed since both degrees



of freedom are constraint. So, finally, when if you go to the final reduced equation
system the equations are the the rows and columns corresponding to the degrees of
freedom of which are O are going to be eliminated, so they are eliminated at this stage
itself to save this space. So, the stiffness matrix contribution, the global reduced equation

system from integration point can be obtained by carrying out matrix multiplications.
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099 017 -089 031 003
041 039 0018 -062
1.8 0.95 1.1

23 077

1.3

Performing similar calculations for other 8 Gauss points and
_-adding the resulting matrices gives the final element
{ ssliffness matrix.

And performing similar calculations for other 8 Gauss points, and adding the resulting

matrices gives final element element stiffness matrix.
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Example (Continued)

O The pressure applied on side 5-6-7 is T, = 0 and

.y

Y

=-10,000 psi.
{ )

i




And now, since pressure lode is applied along side 5-6-7, let us discuss how to assemble
the equivalent load vector for this applied pressure, so the value of applied pressure is
given here, T x is equal to 0, T y is equal to minus 10000 psi. And also because, this
pressure load is applied on side 5-6-7, it will result in nodal loads in y direction only at
nodes 5-6-7.

A two point integration is used for evaluating the line integral and also you can see,
when we are trying to write the shape function matrix along side 5-6-7, the shape
functions of all other 5 nodes are going to be 0 along side 5-6-7. So, to simplify writing

only non-zero entries are written.
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Example (Continued)

O Atwo point integration is used for evaluating the line
integral.

O To simplify writing only the nonzero entries are written
in the following.

Gauss point 1: s = 0.57735

N =[-0.122008 0.666667 0.455342]

dN/ds = [0.0773503 -1.1547 1.07735]

So, at integrate two two point integration is used to evaluate this line integral to get the
equivalent nodal load vector. So, the first integration point shape function vector, which

comprises of shape function value of node 5, 6, 7 and the derivative of that and Jacobian.



(Refer Slide Time: 51:19)

Example (Continued)

Q,, =hwNTJ__,

0 0 Us

-0.122008 1257.63 | v,

0 0 s

=0.1x10.3078 0.6653667 _10000( = —68;1.84 zt
0.455342 -4693.56 | v,

0 | ' 0 | Ug

And finally, evaluating equivalent nodal load vector at integration point one we get this.
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Example (Continued)

Performing similar calculations at the other Gauss point and
adding the results together gives

Q;=[0 0 0 0 0 0 O 0 O -343592 0

137437 0 -343592 0 Of

Performing similar calculations at the other integration points and adding the results
together we get, and here the entire entire vector is written, entire load vector is written.
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Example (Continued)

O ltis interesting to note from a tributary area concept

(load at node based on area tributary to that node) one
Ef"';‘gould expect load at node 6 to be twice that at nodes 5
A_48nd 7.

And if you look at this one, it is interesting to note that from tributary area concept,
lower at the node based on area tributary to that node; one would expect load at node 6 to

be twice that at nodes 5 and 7.
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Example (Continued)

Q;=0 0 0 0 0 0O O 0O O -343592 0
137437 0 -343592 0 Of

O However the equivalent nodal load obtained from the
work expression is in fact smaller at the middle node than
the end nodes.

O The simple tributary area concept is valid only for
linear elements.

O For higher order elements the distribution must be
- determined by integrating appropriate work expression
~and may not be intuitively obvious.

But, that is not happening here; however, equivalent nodal load obtained from the work
expression is in fact, smaller at middle node than at the end nodes. The simple tributary

area concept is valid only for linear elements, for higher order elements the distribution



must be determined by integration integrating appropriate work expressions, may not be
intuitively obvious, so keep this in mind.

(Refer Slide Time: 53:00)

Example (Continued)

The complete equations, after the boundary conditions are
as follows.

coocoococo o

¥
w
S5
@0
a3

So, we need to perform, so the basic thing is simply by using tributary area concept, if
we do the equivalent nodal load vector is going to be different from that that we get by
performing integration of the the work expression; complete equations after applying
boundary conditions are given here, complete reduced equation system.
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Example (Continued)

The solution gives
u, = -0.00552903, v, = -0.0105799,

uy = -0.00527187, v, = -0.0252455,

us = 0.000801935, v, = -0.0249056,

us = 0.00696492, v, = -0.0265933,

ug = 0.0061096, vg = -0.0131215




So, solving this we can find solution at all the 5 nodes, and once we have the
displacements we can calculate stresses, similar to what we did for 3 node linear

triangular element, and 4 node quadrilateral elements.
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Example (Continued)

Calculation of stresses

The stresses and strains at any point can be calculated
by evaluating B matrix at that point.

By evaluating B matrix at the centroid (s = t = 0) the
following values are obtained.

Stresses and strains at any point can be calculated by evaluating B matrix at that point by
evaluating B matrix at the centroid, which corresponds to s is equal to 0, t is equal to 0,

this is only for illustration.

(Refer Slide Time: 54:22)

Example (Continued)

Strains, e = BTd = AGd
=[0.0000400968 -0.000169438 0.000469371]"

Stresses, 0 = C,e =[-353.9 -5189.3 -5415.8] psi

Principal stresses:
oy = 3159.4 psi o, = -8702.6 psi, Angle a, = -33°

Effective stress, o, = 10640 psi

¥ uf ;




So, this in essence is what plane stress, plane strain problems are or two d elasticity
problems using finite element method, so we discussed about the finite element
formulation for two d elasticity problems. And afterwards we looked at finite element
equations for triangular element, and 4 node quadrilateral element, and 8 node

isoparametric element; so in next class, we look at the case of axisymmetric problems.



