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Lecture No. # 27

In the last class, we have seen element equations development for two-dimensional
general boundary value problem using 4 node elements. We started with governing
differential equation applied Galerkin criteria, and then applied Green’s theorem, and
then later we substituted approximation of trial solution and derivative of trial solution in
terms of finite element shape functions, and we obtained complete element equations for

two-dimensional general boundary value problem for 4 node quadrilateral element.
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4 NODE QUADRILATERAL ELEMENT (Continued)

The complete element equations can be written in standard
form by defining the following matrices.

k,+k,+kp+k,]d=r,+r, or kd=r
Y Q |

where

k, =JAJk_BBTdA

ﬂThe integrals involved in the element equations are quite
{ j@;@mplicated and usually require numerical integration.

| just briefly summarize what we have done in the last class. The complete element
equations can be written in standard form by defining following matrices in which, each
of these quantities k x, k y, k p, k alpha, r g, r beta are defined here. And this equation
can also be compactly written as k d equal to r, where contribution to k comes from k X,

ky, k p, k alpha and contribution to r comes from r q and r beta. If you see each of these



components k x, k y, k p, k alpha, r beta, and r g, some of these are area integrals, and

some of these are boundary integrals.

Let us discuss in today’s class, how to evaluate each of these integrals. First let us look at
evaluation of area integrals, and later let us look at evaluation of boundary integrals for
given a 4 node quadrilateral element. And these integrals can be quite complicated and
usually require numerical integration, because once we start using a bilinear element or
quadratic element, these integrals are no longer going to be constant unlike in three node
triangular element which is linear, so we need to adopt numerical integration. So, all
those details will be illustrated in the numerical examples that we are going to see in

today’s class.
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Evaluation of Area Integrals

O The area integrals (k,, k, kp and ry ) can be evaluated
by using the following relationship from calculus relating a
differential area dA in x, y domain to its equivalent in the
mapped domain s, t.

dA=dx dy=det Jdsdt

O where det J is the determinant of the Jacobian matrix
for the transformation.

Let us start with discussing how to evaluate area integrals. Area integrals k x, Ky, kp, rq
can be evaluated by using following relationship from calculus relating differential area
in X y domain to it’s equivalent in the mapped domain s and t, so we are working for the
actual element we are working in x y domain and that actual element we are going to
map it on to a parent element which is in s and t domain. We need to know what is the
relationship between differential area in x y domain to it is equivalent or differential area
in mapped domain s and t, so this is how it is related differential area in X y domain is
related to its equivalent in mapped domain s and t via this relation that is d x times d y is
equal to determinant of J times ds dt where determinant of J is determinant of jacobian



matrix that we get from partial derivatives of x with respect to s, X with respect to d, y

with respect to s, and y with respect to t.
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Evaluation of Area Integrals (Continued)

O Far example consider evaluation of matrix k, using
Gaussian guadrature as follows

. =JiJ'k-B‘BTdA = I Jﬁ,k B,B] det Jdsdt

A

Y YwwkB, (st )B] (st )detd(s,t)

O where s, { are locations of Gauss point and w and w,
are corresponding weights.

O For example for a 2 x 2 integration the Gauss points
are located at + 0.57735 and all weights are = 1.

:DgThe integrand needs to be evaluated at 4 points and the
_réSulting matrices needs to be summed .

Once we have this relation of differential area from x y domain to s and t, it is equivalent
in s and t domain we can evaluate the matrix k x. For example, consider evaluation of
matrix k using Gaussian quadrature, so this is how k x matrix is defined integral over
area k x times B X, B x transpose. We need to evaluate B x, B x transpose times k x over
this area this limits of integration can be changed to minus 1 to 1 in the parent domain or
using the relation that d A is equal to determinant of jacobian times dsdt. We can change
the limits of integration as given in the question which can be further approximated by
taking certain number of integration points along s direction and t direction and the
formula is written for the case, where m number of points are taken along s direction and

n number of points are taken along t direction.

If you see the formula s and t, s i, t j are locations of gauss point W i, W j are
corresponding weights. For example, for 2 by 2 integration gauss points are located at
plus or minus 0.57735 and weights that all plus or minus 0.57735 that means we need to
use all kind of combinations to get the coordinate of all the four integration points and
weights at each of these integration points is going to be 1, because weight in the s
direction is one and weight in the t direction is one. If we decide to use 2 by 2 integration

we need to evaluate or the integrant needs to be evaluated at four points and the resulting



matrices needs to be summed up, and whatever this formula that is shown in that k x is
not assumed to be function of spatial coordinates x y or s and t, if coefficient is not
constant unlike what is shown here. First we need to express k x in terms of s and t
before we go ahead with numerical integration. How to express k x as a function of s and

t, for that, we need to use isoparametric mapping, which relates x y to s and t.
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Evaluation of Area Integrals (Continued)

kB B’ det Jdsdt

k, = [[k,B,B]dA =j |

A
=

=Y Y wwkB, (s.t B (st )detd(s,t )

O The coefficient k,, if not constant, must first be expressed
in terms of s and t using the isoparametric mapping before
proceeding with the numerical integration.

O |
‘,:_,é'

Let us take a problem and try to understand various steps in the evaluation of the area
integrals. The coefficient k x, if not constant, it must be first expressed in terms of s and t

using isoparametric mapping before proceeding with numerical integration.
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Example

Evaluate matrix k, for the 4 node quadrilateral element
shown below. Assume k, = 1. Use 2 x 2 integration.

2(5.24.3)

i

3(5.04.2) 1(5.3.4.2)

Now let us take an example evaluate matrix k x for the 4 node quadrilateral element as
shown. Assume coefficient k x is equal to 1 use 2 by 2 integration coefficient k x is taken
as a constant which is equal to 1 and the 4 node quadrilateral element is shown in the
figure nodal coordinates of all nodes are indicated in the figure we can easily find what
are the nodal coordinates and we can put all the x coordinates of all nodes in one vector

and y coordinates of all nodes in another vector.
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Example (Continued)

Nodal coordinates:

52 50 54T

43 42 40

k, = [[k,B,BIdA = [ [k,B,B] detJdsdt

=Y Y wwk,B,(s.t)B; (st )detJ(s.t,)

50)

=
el




Nodal coordinates can be written in this manner and we need to evaluate this integral
using 2 by 2 integration that means two points in the s direction and two points in the t

direction, so we need to know what are the points.
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Example (Continued)

2 x 2 integration

¢ s, = + 0.5773502692

X3 X2 w =1
?} =+ 05773502692
X4 X1 wl =1

If you recall earlier, I gave this information 2 by 2 integration four points the locations of
four points are as shown in the figure the corresponding coordinates can be obtained by
all kinds of combinations of s i and t j which are equal plus or minus 0.57735 and
weights at each of these integration points is obtained by weight in the s direction times
weight in the t direction which is going to be equal to be 1 at all the four points. With
this, we can easily figure out what are the locations of all the four integration points, now
our job is to evaluate integrant using these weights and coordinates at each of the four

integration points.
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Example (Continued)

Point 1: s=0.57735 t=-0.57735

N
cs

%|'-u-.5?735| 1+ 57735 1-57735 —(1-.57735)]

=[-0.39434 0.39434 0.10566 —0.10566].

N 1-

- =a[-(1-57735) —(1+.57735) 1+.57735 1- 57735]'

,-'_,,:‘aéz[—DJOSGB -0.39434 0.39434 0.10566]

So now let us see the first point that we shows is s is equal to 0.57735 and t is equal to
minus 0.57735. At this location we need to evaluate B x vector to get that we need to
calculate what is partial derivative or derivative of shape function with respect to s,
which is given by substituting all the values of s and t. Similarly, we can get derivative of
shape function vector with respect to t and simplification of that gives us this. (Refer
Slide Time: 11:00).
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Example (Continued)

N

Y, =0.060566 - , =—0.060566

- n - - - |




Once we have this two vectors we can easily calculate what is partial derivative of x with
respect to s which is given by the formula and by substituting both the vectors and
calculating the value it turns out to be that is minus 0.05. Similarly, other quantities
partial derivative of x with respect to t, partial derivative of y with respect to s, and
partial derivative of y with respect to t can be calculated, once we have all these
quantities we can easily calculate what is determinant of jacobian and once we have

determinant of jacobian, we can easily calculate what is B matrix B x vector.
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Example (Continued)

-0.39434 -0.10566

1 0.39434 -0.39434
B, ~0.0090849 | ~hUGE5051 010886 ~2 9N o aneae

-0.10566 0.10566 | |
3.3333

So, once we have this B x vector, we are ready to evaluate integrant value at the
integration point that | have chosen that is s is equal to 0.57735 and t is equal to minus
0.57735.
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Example (Continued)

k., =k,B,BI detJ

3.3333

0.
=1_33333 [3.3333 0. -3.3333 0.]0.009085

0.

[ 0.10094 0. -0.10094 0.]
d B = 0. o
~|-0.10094 0. 0.10094 O.

0. 0. 0]

Substituting B x vector k x is constant which is equal to 1 and determinant of J we can
evaluate what is contribution that comes from first integration point to the matrix k x. So

carrying out vector multiplication we get this matrix, so this is contribution to k x matrix
from first integration point that we have chosen.
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Example (Continued)

Point 2: s=057735 t=057735

éN/s=[-0.10566 0.10566 0.39434 -0.39434]

FNth:[—O‘10566 -0.39434 0.39434 0.10566]"

Similar procedure we need to follow for the other three integration points details are

given. Let us go through those quickly this is a second integration point that is chosen



and shape function vector derivative with respect to s, shape function vector derivative
with respect to t.

(Refer Slide Time: 14:10)

Example (Continued)

ox/cs=-0.05 oxfot=-0.1

2y/és =0.089434 2y /ét = -0.060566

det J =0.011972

[ 0.020983 0.038218 -0.07831 0.019109 |
_| 0.038218 0.069609 -0.14263 0.034804 |
~| -0.07831 -0.14263 0.29226 -0.071315

| 0.019109 0.034804 -0071315 0.017402

Once we have that information, we can easily calculate what is derivative of x with
respect to s, derivative of x with respect to t, derivative of y with respect s, and derivative
of y with respect to t, determinant of jacobian B x vector and then once we get B x vector
we can easily calculate what is k x times B x, B x transpose times determinant of
jacobian once we do all of that we get contribution to k x matrix from second integration

point that we have chosen as this one.
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Example (Continued)

Point3: s=-0.57735 t=0.57735

r‘N/r‘s=[-O,‘10566 0.10566 0.39434 -0 394»3-‘-1]T

,"N/Fl=[—0.39434 -0.10566 0.10566 0.394?#?»]T

x/ds = -0.05 x/t=-01  oy/és=0.089434
dy/ét =-0.089434

det J =0.013415

Similar thing we need to repeat for 0.3 and 0.4 details are given. 0.3 is chosen as s is
equal to minus 0.57735 and t is equal to 0.57735 five derivative of shape function vector
with respect to s, derivative of shape function vector with respect to t, derivative of x
with respect to s, x with respect to t, y with respect to s, and y with respect to t
determinant of J.
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Example (Continued)

Point4: s=-0.57735 t=-0.57735

:‘N/.‘s:[-0,39434 0.39434 0.10566 —0,10566]*

FN/Ft:[-O.39434 -0.10566 0.10566 0.39434]

ox/és = -0.05 x/it=-01  ¢y/és=0.060566
2y/ét =-0.089434

. detJ=0.010528

B x vector, we can calculate B x vector from that information and once we get B x vector

we can calculate what is contribution from this third integration point to the matrix k x



operation can be repeated for the fourth integration point. Derivative of shape function
vector with respect to s with respect to t, derivative of s with respect to x, x with respect

to s, x with respect to t, y with respect to s and y with respect to t, determinant of J.
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Example (Continued)

[ 033232 -0.16218 -0.089046 -0.081092]
_|-0.16218 0.079152  0.043457 0.039576
- Ai -0.089046 0.043457 0.02386 0.021729
[-0.081092 0.039576  0.021729 0.019788 |

k

4
The matrix k_ for the element Ek,

[ 060331 -012397 -041736 -0.061983]
|-012397 014876 -0.099173  0.07438
“|-041736 -0099173 056612 -0.049587

|-0.061983  0.07438  -0.049587  0.03719 |

Then B x vector, once we get B x vector we can do k x times B X, B x transpose and
once we do that k x times B x, B x transposed in determinant of J. Once we do that we
get contribution from fourth integration point to the stiffness matrix as this and now we
need to sum up all the contribution from four integration points and we get k x matrix as
this, so this is how we can use Gaussian quadrature to evaluate this k x matrix, so this

how we can evaluate area integrals.
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Evaluation of Boundary Integrals

k, = juNN'ds r =—jﬁN ds

O The term k, and r;; require integration over the boundary
of the element.

O Since the boundary consists of four line segments four
separate cases must be considered depending upon the
side along which a natural boundary condition is specified.

O For each side the coordinates S for actual element and

corresponding s for the parent element are as shown in

';@ re below.
g

NPTEI

So now Let us discuss how to evaluate boundary integrals. Before doing that, please
recall these are the two boundary integrals which we need to evaluate k alpha and r beta.
The terms k alpha and r beta require integration along boundary of the element. Since we
are dealing with 4 node quadrilateral element. Since the boundary consists of four line
segments four separate cases must be considered depending upon the side along which
natural boundary condition specified. Please note that we need to evaluate these
boundary integrals only along this side on which natural condition is specified. For each
side, the coordinates S for actual element and corresponding coordinates s for the parent
element are shown. The coordinates for the actual element along each side is denoted
with S.
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Evaluation of Boundary Integrals (Continued)

#& The trial solution is linear along each side and depends
7figdon the two end nodes.

And for parent element it is denoted by s and it is shown in the figure. The actual
element the figure on the left hand side is actual element, the figure on the right hand
side is parent element. We can see S goes along each edge S goes from zero to length of
that edge or length of that side whereas s along each of the sides goes from minus 1 to 1.
And Shape function for each side of the parent element can be written by substituting
constant coordinate into the shape function expressions you already know what are the
shape functions of 4 node quadrilateral element in the parent element domain s and t. We
already know the shape function expression in that shape functions for each side can be
written by substituting constant coordinate value into the shape function expression.
Since there is only one variable for each side, all shape functions are expressed in terms
of s with positive directions of s for each side as shown in figure. You can also notice
that the trial solution is going to be linear along each side and depends on only the two

end values.
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Evaluation of Boundary Integrals (Continued)

O Along each side either s or tis constant.

O The shape functions for each side can be written by
substituting constant coordinate value into the shape
function expressions.

O Since there is only one variable for each side, all shape
functions are expressed in terms of s with positive directions
of s for each side shown in figure.

i\

This is what | mentioned. Along each side either s or t is constant, shape functions for
each side can be written by substituting out of these s or s and t whichever is constant by
substituting that constant coordinate value into the shape function expressions. Since
there is only one variable for each side either s or t all shape functions expressions are

expressed in terms of s with positive directions of s for each side shown in figure.

(Refer Slide Time: 20:50)

Evaluation of Boundary Integrals (Continued)

For side 1-2 (by setting t = -1):

-
IPTE

N=[(1-s)/2 (1+s)/2 0 0] -1ss<1

Now let us write the shape function vector along the each of the sides. For side 1-2, you

can easily see from the parent element along side 1-2 t is going to be minus 1, so you



know the shape function expression of all the 4 nodes for 4 node quadrilateral element in
the parent domain. In those expression we substitute t is equal to minus 1 and put all the
shape functions in a vector form this is how shape function vector is going to look for

side 1-2 whereas goes from minus 1 to 1.
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Evaluation of Boundary Integrals (Continued)

For side 2-3 (by setting s =1and t = s):

N=[0 (1-s)/2 (1+s)/2 0] -1ss<1

For side 3-4 (by setting t =1 and s = -s):
N=[0 0 (1-s)/2 (1+s)2] -1ss<1

For side 4-1 (by setting s =-1 and t = -s):

N=[(1+s)/2 0 0 (1-s)/2] -1<s<1
€5

Similarly, for other sides, side 2-3, 3-4, and 4-1 we can write shape function vector by

substituting the corresponding values of s and t.
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Evaluation of Boundary Integrals (Continued)

Consider evaluation of r, with p given along side 1-2

=
£ Y
5

r,=—|BNdS=- | PNdS

S side1-2




So we need to evaluate this consider evaluation of r beta with beta given alongside 1-2,
so beta value assume that is given. We need to evaluate r beta along each of these
boundaries, r beta is integral beta and D s. Here we will illustrate the procedure by taking
side 1-2 that is why it is written side 1-2 there. So proceed to further we require what is
the relationship between a differential element in the actual small differential element
taken along each of the sides in the actual element domain and small differential element
taken along each side in the parent element domain, so we need to find what is the
relationship between d S and D s for that we require to find isoparametric mapping along

each of these edges or sides.
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Evaluation of Boundary Integrals (Continued)

The isoparametric mapping for this side gives

X =N, +N,x, =1{1—s}x.—1[1—s)x‘
%255 2 2

1 1
=Ny, +N,y, ==(1-s)y, +=(1+s)Y,
¥ y hY2 > )Y 2{ Y2

Fy
Sy
L

The isoparametric mapping for side 1-2 is x is equal to N 1, x 1 plus N 1, x 2 because N
3 and N 4 are going to be 0 alongside 1-2 and this gives us relation of X in terms of s.
And from there, we can find what is derivative of X with respect to s. Similarly, y is
equal to N 1, y 1 plus N 2, y 2 because N 3 and N 4 are 0 alongside 1-2. Once we
simplify and take derivative that is derivative of y with respect to s, we get this (Refer
Slide Time: 23:35). Finally, we are doing all this, please note that we are doing all this
because we require to find what is relationship between a differential element in the
actual domain relationship between differential element taken along a side in the actual
element domain and what is it is relation with a differential element taken in each of the

sides in the parent element.
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Evaluation of Boundary Integrals (Continued)

The Jacobian of the transformation from S to s is defined
as
E B Js-f‘e'—'
ds el
With reference to figure below it can be developed as
follows.
S

The jacobian of transformation from S to small s is defined as d S divided by d s that is
what jacobian J side 1-2 and to get that let us closely look at the figure, which shows
only side 1-2 in the actual element and also side 1-2 of the parent element. The actual
element is shown in figure on the left hand side and the parent element side 1-2 is shown
on the right hand side d S small differential element alongside 1-2 in the actual element
is indicated there actually it should be d S in the figure it is printed as d s, please make
that correction, d S can be resolved as d x and d y along x and y and it can be easily
noted that the relation is t S is equal to square root of d x square plus d y square from
pythagoras theorem. And now we just found what is d derivative of x with respect to s,
derivative of y with respect to s, so now we have this relation that is d S is equal to

square root of d x square plus d y square from the geometry of the actual element.
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Evaluation of Boundary Integrals (Continued)

Dividing by ds

ds  [dxT [dxT  [x,

ds \lds| [ds] !

where L,, = length of side 1-2. Thus

-

If we divide both sides of this equation with d s, we get this relation where we can
substitute whatever we obtained from isoparametric mapping that is derivative of x with
respect to s and derivative of y with respect to s. Here there is a mistake it should be d x
over d s square plus d y over d s square, so instead of y, x is printed. This is the relation
so L 1 to over 2 that is what is j for side 1-2. This L 12 length of side 1-2 can easily we
obtained from the coordinates of the nodes and the relation is this one d S over d s is
equal to L 12 over 2, which can be rearranged in this manner we can replace in the
integral wherever we see d S that we can replace with L over 2 d s where s goes from
minus 1 to 1, so the limits of integration also gets changed.
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Evaluation of Boundary Integrals (Continued)

O The boundary integral can now be evaluated as follows
using one dimensional Gaussian quadrature (refer table
given earlier for weights and locations of Gauss points).

[ BNdS =~ [ BNJ,, ds

side1-2

—11' PNL,.ds = _lTw‘ﬁle |
2 = 25 =

The boundary integral can now be evaluated as follows using one dimensional Gaussian
quadrature and to get the points and weights we need to refer the tables that we already
have from the earlier lectures. The previous integrals now take this form. Integral on side
1-2 is replaced with integral from minus 1 to 1 because d S is replaced with J times d s
and now substituting the shape function vector alongside 1-2 we can evaluate this
integral once beta is known. In this manner, using one dimensional Gaussian quadrature.
Similarly, since k alpha is also a line integral or boundary integral we can evaluate k

alpha also in a similar manner.
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Evaluation of Boundary Integrals (Continued)

d The integral k,can be evaluated using the same shape
function and Gaussian quadrature.

1
k, = J' uNN_dS:1]'c,:.NN"L.ﬁds:1\—WuNIS=JN{S‘I o=
27 T 2 :

side1-2

O The procedure is the same if the natural boundary
condition is specified along any other side.

4 The only difference is that different shape functions are
_zero along different sides.

.

*k\E

NPTEI

The integral k alpha can be evaluated using the same shape function and Gaussian
quadrature. The procedure is same if natural boundary condition is specified along any
other edges or sides the only difference is that different shape functions are zero along
different sides, | think you agree with me on that that is a different shape functions are
going to be zero along different edges, so we need to take care of that when we are
evaluating these integrals and we need to be careful along which side we want to
evaluate we need to substitute corresponding shape function vector. All these concepts
will be made clear once we solve a numerical example. The procedure is same if natural
boundary condition is specified along any other edges or sides with only difference shape

functions are zero along different sides.
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Example

Evaluate matrices r for a 4 node quadrilateral element with
the nodal coordinates given below if B = -1 is specified on
side 1-2. Use two point integration.

X,=[63 52 50 51 Y,=[4.2 43 42 40

1 1
r=— j [iNdS:—ifuNL.:ds . _Eiw’ﬁms L,

side1-2

N=[(1-s)/2 (1+s)/2 0 o

."—"7

L f 5 3
i \‘."{5.2—5.31'—[4.3—4.21' =0.14142
b b

Now, let us take an example evaluate r beta for a 4 node quadrilateral element and beta is
given as minus 1 and the coordinates of all nodes for this 4 node quadrilateral element
are given and use two point integration. So this vectors of nodal coordinates are required
for us because we require to find what is the isoparametric mapping and to find the
relationship between d S and d s for that we require all this information. R beta is
evaluated using this formula for which we require shape function vector alongside 1-2 as
we already discussed shape function vector alongside 1-2 is given by this and length of
side 1-2 is also required because jacobian is length of side 1-2 divided by 2. So we can
get that or we can calculate L 12 from the information of the nodal coordinates using the

formula.
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Example (Continued)

Gauss point 1: s =0.57735

= -lw.ﬁLpN{s_}
| 2 2

=—%--1--1-0.14742-[0.21132 0.78868 0. 0,}-

=[0.014943 0.055768 0. O]
Gauss point 2: s =-0.57735

ri = [0.055768 0.014943 0. OJ

./ o

&

MPTEL NUS Iy = Fyy + 1> =[0.070711  0.070711 0. O

Now we need use two point integrations. This is the first point and weight at this point is
equal to 1, so evaluate all the quantities that is integrant at this integration point by
substituting s is equal to 0.57735 simplification of that gives us this. This is contribution
from the first integration point to the vector r beta similar operation we need to repeat at
the second integration point and we get the contribution from the second integration
point to the vector or to the integral r beta and finally when we sum we get r beta vector,

so this is how we can evaluate boundary integrals whether it is k alpha or r beta.

So let us look at similar kind of equations for 8 node serendipity element that is 8 node
serendipity element for two dimensional boundary value problem. Before that why this 8
node serendipity element is required it is a higher order element and also curved

boundaries can be model using this element.
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8 NODE SERENDIPITY ELEMENT FOR 2D BVP

1
(-1, 1)

(a) Actual Element (b) Parent Element

O The nodal coordinates are identified as (x;, y;) for node
72N (%2, ¥2) for node 2 and so on.
4y

So, 8 node element actual element is shown and the parent element in s and t domain is
also shown here, so consider an 8 node element shown here and also parent element is
also shown on the right hand side as figure b. And let the nodal coordinates of actual
element be x 1, y 1 of node 1, x 2, y 2 of node 2 and we can put all these nodal
coordinates in two vectors all the x coordinates in one vector and all the y coordinates in

another vector.
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8 NODE SERENDIPITY ELEMENT (Continued)

O Vectors of x and y nodal coordinates are defined as

K= X . Xl Yo=lyr Y2 - yal
o §




We can define two vectors X n and Y n in this manner because if it is advantages to put
the X nodal coordinates and Y nodal coordinates in this manner because we can easily
evaluate by vector operations what is partial derivative of x with respect to s, x with

respect to t, y with respect to s, and y with respect to t calculate determinant of jacobian.
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8 NODE SERENDIPITY ELEMENT (Continued)

t
(1.1
5

4

—5

2 3
(-1.-1)
The shape functions for the parent element are as follows

N, =-1/4(1-s)(1-t)(1+s+t) N, =1/2(1-t)(1-5%)

=

KN, =-1a(1+s)(1-t)(1-s+t) N, =12(1+s)(1-£)

HP

We also require shape functions of 8 node serendipity element in the parent domain. We
already discussed how to get the serendipity element shape function earlier. The same
shape function expressions are reproduced shape functions for parent element are as
follows N 1 to N 4 are shown similarly, N 5 to N 8 are given.
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8 NODE SERENDIPITY ELEMENT (Continued)
t

(1,1)

(-1.-1)

N, =-1/4(1+s)(1+t)(1-s -t) N, =1/2(1-8%)(1+1)

N, =-1/4(1-s)(1+t)(1+s-t) Ny =12(1-s)(1-t)

%}ector of shape functions, N=[N; N, ... Ng]"

These shape function expressions are required for isoparametric mapping and all these

shape functions, we can put them in a vector N.
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8 NODE SERENDIPITY ELEMENT (Continued)

[—(-1+t)(2s+1)/4 -(-1+s)(s+2t)/4
s(-1+t) (-1+57)/2
g-1¢t)(—2s—!:;’4 ~(1+5s)(s-2t)/4
N | =(=1+t)(1+t)/2 | N ~(1+8)t
a (1+s)(s+2t)/4

s | (1+t)(2s+t)/4
-s(1+t) -(-1+s)(1+s)/2
-(1+1)(-2s +1)/4 (~1+s)(s-2t)/4

| (-1+17)/2 (-1+s)t

Since we have all the shape functions expressions we can easily calculate what is
derivative of shape function vector with respect to s, derivative of shape function with
respect to t, shape function vector with respect to t, because these two vectors are

required for finding determinant of jacobian.
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8 NODE SERENDIPITY ELEMENT (Continued)

Isoparametric Mapping

x=NTX, y =NTY,

_[oxjes  ayjos]

3 ‘_r“X/'f‘t (-y/(\t _\

Now, let us see what is isoparametric mapping for 8 node serendipity element this is how
isoparametric mapping can be performed and which is similar to 4 node quadrilateral
element except that the shape function vector is now involves eight shape functions N 1
to N 8, X ninvolves X coordinates of all 8 nodes. Similarly y n involves y coordinates of
all 8 nodes. So once we have this we can easily calculate what is J and determinant of J
and from there we can calculate for getting J and determinant of J we require derivative
of x with respect to s with respect to t, y with respect to s, y with respect to t that can be

calculated using this expressions which are given.
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8 NODE SERENDIPITY ELEMENT (Continued)

The x and y derivatives of the entire shape function vector

Also we require x y derivatives of entire shape function vector whatever we calculated
those are shape function vector derivatives with respect to s and t what we also require
with respect to x and y we can obtained that using chain rule or through this relation B x
that is shape function vector derivative with respect to x similarly, shape function vector
derivative with respect to y.
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8 NODE SERENDIPITY ELEMENT (Continued)

Using the parent element shape functions the trial solution
and its derivatives can symbolically be written as follows

T=N'd

where the vector of nodal unknowns is
a=[T, Ty .. HKf

'*T 1dEBTd
ey oy

Using the parent element shape functions the trial solution and it is derivative can

symbolically be written as follows. T is the field variable T value at any point is given by



N transpose d, d consists of all the nodal unknowns T 1 to T 8 and then we can also

calculate derivative of T with respect to x with respect y through this formulas.

Once we have all this information, substituting the trial solution in the Galerkin criteria,
which we already have when we are looking at 4 node quadrilateral element. We looked
it in detail Galerkin criteria Greens theorem and all that stuff. Substituting trial solution
and it’s derivative into the Galerkin criteria and writing all eight equations together in a
matrix form, we get earlier when we are dealing with4 node quadrilateral element we got

four equations , now since we are dealing with 8 node serendipity we get eight equations.
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8 NODE SERENDIPITY ELEMENT (Continued)

Substituting the trial solution into the Galerkin criteria and
writing all eight equations together in a matrix form we get

[J‘(k,B,de-k’B_.BTd-PNNTd-OdeA

+ [ aNN'ddS + [ BNdS =0

Writing all equation together in a matrix form we get this.
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8 NODE SERENDIPITY ELEMENT (Continued)

The complete element equations can be written in standard
form by defining the following matrices.

k. +k +ko+k ]Jd=r,+r, orkd=r
X ¥y P q p

where

k,=[[kBBdA k, =[[kBB/dA k
A

[aNNTds = - [ pNdS

So complete element equations can be written in a standard form by defining the
following matrices. This equation look similar to what we obtained for 4 node
quadrilateral element, except that a dimension is more here all these matrices are going
to be 8 by 8 and vectors are going to be 8 by 1 whereas, earlier we have 4 by 4 and
vectors of dimension 4 by 1 and the details of each of this is similar to that of 4 node
quadrilateral element, so this is how element equation looks for a general two

dimensional boundary value problem with adopting 8 node serendipity elements.

Let us to discuss how to evaluate each of these area integrals and boundary integrals and

also illustrate by looking at some examples (Refer Slide Time: 39:28).
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Evaluation of Area Integrals

The area integrals can be evaluated using Gaussian
quadrature as before. For example k, is evaluated as

K, = [[k,B,B]dA = [ [k,B,B] detJdsdt

=Y > wwkB,(s.t)B] (st )detd(s.t,)

where s, t are locations of Gauss point and w; and w, are
_,xqgrresponding weights.

The evaluation of area integrals. The area integrals can be evaluated using Gaussian
quadrature as we did for4 node quadrilateral element and k x matrix can be evaluated
using this, (Refer Slide Time: 40:45) it is exactly same as what we did for 4 node
quadrilateral element and s i, t j are the locations W i, W j are the corresponding weights
and rest of the details are similar to that 4 node quadrilateral element.
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Example

O Evaluate matrix k, for an 8 node element if the nodal
coordinates are

X,=[4 3696 2828 1768 0.707 0924 1 2.5

Y,=[0 1531 2828 2268 1707 1383 1 05

O Assume k, = 1. Show calculations for one Gauss point
assuming a 3 x 3 Gaussian guadrature.

£
=

Now let us take an example. Evaluate matrix k y for an 8 nodded element if the nodal

coordinates are as given here. An assume coefficient k y is equal to constant is a constant



equal to 1 and show calculations for one gauss point and adopt 3 by 3 Gaussian
quadrature. We need to know what are the weights and coordinates when we use 3 by 3

quadrature.
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Example (Continued)

3 x 3 integration
t

: s, =+ 0.7745966692 w, = 5/9
5x s=0 w=8/9
6x8 t = +0.7745966692 w, = 5/9

T X []:0 wj:g/g
8

O For 3 x 3 integration (9 points total) one of the Gauss
point is located at s = 0.7745966692 and t = 0.

O Calculations are shown for this Gauss point.

+J The complete integral will involve performing similar
‘%.éc_glculations at the other 8 points and adding results
upsiggether.

Already we discussed this earlier these are the coordinates and weights in the s direction
and t direction. Using Cartesian product of these coordinates we get coordinates of all the
nine integration points, please note that here we are going to get total nine integration
points because we are using 3 by 3 integration and similar to 2 by 2 integration weight in
the s direction times weight in the t direction if we find that gives us total weight at a
particular point, but weight is not going to be constant is equal to 1 as in 2 by 2
integration it is going to be different for different points depending on the location of

points it is going to be different.

For 3 by 3 integration nine points in total one of the gauss point is located at this and
calculations details are going to be demonstrated or illustrated for this particular point.
Calculations are shown for this point. Complete integral involve performing similar
calculations at other eight points adding results together. Let us take the point and for
this particular point weight in the s direction is going to be 5 by 9 and weight in the t
direction is going to be 8 by 9 so, total weight is going to be 5 by 9 times 8 by 9.
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Example (Continued)

Gauss Point: s = 0.7745966692 and t = 0.

w = (5/9)(8/9) = 40/81

iﬂ—[0,3873 -0.7746 0.3873 0.5 0.3873

s
-0.7746 0.3873 -05]

=[0.043649 -0.2 -0.34365 0. 0.34365 0.2
-0.043649 0]

This is the point and this is what | mentioned about weight. Rest of the details are similar
to that 4 node quadrilateral element, except that dimensions of vectors are going to be
now 8 by 1 or 1 by 8 depending on how you put that vector. This is derivative of shape
function with respect to s, shape function derivative with respect to t and once we have
this information we can easily calculate what is derivative of x with respect to s,

derivative of x with respect to t, y with respect to s, y with respect to t.
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Example (Continued)

=-0.63905

¥ _Ny _0.77052

‘s C

det J = 1.1809

B, =[0.35431 -0.64764 0.5639 048791 0.19197
A -0.8641 0.40155 -0.48791]"




Then determinant of J, then b y vector all these follows mechanically once we get the
information about point and weight. Once we get this vector multiply coefficient k y with

By, B y transpose determinant of jacobian times weight.
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Example (Continued)

K,, =wk B B’ detJ

0.073208 -0.13381 0.1165

0.044952 -0.054619
23 0.24586
0.11425

0.13882

After doing vector multiplication we get this matrix this at one integration point similar
operation we need to repeat at remaining eight integration points and sum them up to get
the total value or the value of matrix k y from contribution from all the nine integration

points, so this is how we can evaluate area integrals for 8 node serendipity elements.
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Evaluation of Boundary Integrals

k,=[aNN'dS  r,=—[PBNdS
s S

O The boundary terms k, and ry must be evaluated
separately depending upon the side along which a natural

boundary condition is specified.

U For each side the coordinates S for actual element and
corresponding s for the parent element are as shown in
figure below.




Now, let us discuss about boundary integrals. Once again these are the two boundary
integrals if you look back the element equations, these are the two boundary integrals.
Boundary terms k alpha r beta must be evaluated separately depending on the side along
which natural boundary condition is specified this we already discussed when we are
looking at 4 node quadrilateral element and also for each side, the coordinates S for

actual element and the corresponding s for parent element.
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Evaluation of Boundary Integrals (Continued)

(a) Actual Element (b) Parent Element

= The trial solution is quadratic along each side and
{ Jfdpends upon the three nodes on that side.

We need to find also the relation and they are shown actual element and parent element.
If you see, there are three nodes along each side trial solution now it is going to be
quadratic along each side and depends up on three nodes on that side. Let us take this
parent element and for any of the edges let us say one side containing 1-2-3 nodes. The
shape functions of rest of the nodes other than 1-2-3 shape functions of those nodes are
going to be zero along the side 1-2-3. Similarly, alongside 3-4-5 except 3-4-5 other nodal

shape functions are going to be zero along that edge 3-4-5 similarly for other edges.
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Evaluation of Boundary Integrals (Continued)

Fos
For side 1-2-3 (by setting t =-1)
For side 3-4-5 (by settings=1and t=s)

. For side 5-6-7 (by settingt=1 and s = -s)

;'_ #For side 7-8-1 (by setting s =-1and t =-s)

For side 1-2-3 we already have shape function expressions for 8 node serendipity
element in the parent element domain in those expressions substituting t is equal to
minus 1 for side 1-2-3. Similarly substituting s is equal to 1 t is equal to s, for side 3-4-5
and for sides 5-6-7 setting t is equal to 1, s is equal to minus 1 and for side 7-8-1 setting s
is equal to minus 1, t is equal to minus s we get expressions or shape function vector

along each of the four sides.

(Refer Slide Time: 49:00)

Evaluation of Boundary Integrals (Continued)

S

o1

2 3
.

For side 3-4-5 (by setting s =1 and t=s):

N=[0 0 (-1+s)s/2 1-s* (1+s)s/2 0 0 O]

-1<s<1




Those are given here where s goes from minus 1 to 1, This is the shape function vector

alongside 1-2-3, similarly for side 3-4-5 side.
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Evaluation of Boundary Integrals (Continued)

—

—

For side 5-6-7 (by setting t =1 and s = -s):
— ; -T
N=/0 0 0 0 (-1+s)s/2 1-s* (1+s)s/2 O

-1<s<1
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Evaluation of Boundary Integrals (Continued)

—
For side 7-8-1 (by sefting s =-1 and t = -s):

N=[(1+s)s/2 0 0 0 0 0 (-1+s)s/2 1-&°]

-1<s<1

For side 5-6-7 and for side 7-8-1 we got shape function vector along each of these sides.
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Evaluation of Boundary Integrals (Continued)

Consider evaluation of r; with B given along side 1-2-3

r=-[BNdS=- [ PBNdS

sidel-2

For side 1-2-3

(EIN=[(-1+5)s/2 1-s* (1+s)s/2 0 0 0 0 0]

Now we can evaluate boundary integral r beta or k alpha. R beta with beta given
alongside 1-2-3 is illustrated for that evaluation, we require shape function vector
alongside 1-2-3 and also we require the information of how the differential element taken
alongside 1-2-3 in the parent element is related to differential element along the same
side in the actual element, so we require to find what is the relationship between d S and

d s, for that we require to do isoparametric mapping along this edge.
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Evaluation of Boundary Integrals (Continued)

The isoparametric mapping gives
1 > 1
X =N, +N,x, +N;x, =§i—1—s}sx.—|1—5']x:—§|1—s)sx_:

1 > 1
y =Ny, +N,y, +N;y, =§|_1'5|'5y"|1‘5-]}’: '5”‘5}55/3

d—x:x,:s—1/2!—2x..s—x-_ts*1/2)
ds = ’

dy
L=y (s-12)-2y,s+V.(s+1/2
= yi(s-12)-2y,s+y,(s+1/2)




Isoparametric mapping gives us this x is equal to N 1, x 1 plus N 2, x 2 plus N 3, x 3
because shape functions of other nodes along the side 1-2-3 are going to be zero similar
is the case for y. Once we have this relations x in terms of s, y in terms of s, we can take
derivative of x with respect s and y with respect s similar to the way we did for 4 node

quadrilateral element.
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Evaluation of Boundary Integrals (Continued)

From figure below, the differential arc length is given by

Once we get this two quantities and here side 1-2-3 for the actual element and parent
element are shown. And similar to 4 node quadrilateral element d S is given by square
root of d x square plus d y square when we divide that equation on both sides with d s ,

we get the equation or we get the relation for jacobian alongside 1-2-3.
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Evaluation of Boundary Integrals (Continued)

The boundary integral can now be evaluated as follows
using one dimensional Gaussian quadrature

side123

I == _l BNdS = fj. BNJ, 1008 = - WBN(s )J

side1-2-3

Once we have this, we can change the limits of integration and use one dimensional

Gaussian quadrature this is for integral r beta.
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Evaluation of Boundary Integrals (Continued)

The integral k, can be evaluated using the same shape
functions and Gaussian quadrature.

= | aNN'dS = j.i.-'NNYJ

side1-2-3

d

side123

=S waN(s N(s,) Jygras

The procedure is the same if the natural boundary condition
f_ls specified along any other side only difference is that
:@iﬁ}ferent functions are zero along different sides.

-

Similarly, we can evaluate k alpha using the same shape functions and using this
formula. The procedure is same if natural boundary condition is specified along any
other edge or side the only difference is that different shape functions are zero along

different sides.



(Refer Slide Time: 52:54)

Example

Evaluate matrix k, for an 8 node element if the nodal
coordinates are

X,=[4 3696 2828 1.768 0.707 0924 1 2.5]

=[0 1.531 2.828 2268 1.707 1.383 1 0.5]T

Y

Assume a = 1 is specified on side 1-2-3. Use 3 point
Gaussian quadrature.
k,= [ aNN'dS=[aNN'J .ds

side1-2

= > waN(s ]N[SI]TJ

side123

Now let us quickly take an example. Evaluate k alpha for 8 node element if nodal
coordinates are x coordinates and y coordinates of all 8 nodes are given and assume
alpha is equal to 1 alongside 1-2-3 and use three point gauss quadrature, so we require to

evaluate this integral for that we require shape function vector alongside 1-2-3.
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Example (Continued)

For side 1-2-3
N=[(-1+s)s/2 1-¢* (1+s)s/2 0 0 0 0 0]

dx/ds =-0.586 - 0.564s dy/ds=1.414-0.234s

sseizs = V/2.342792-0.000744s + 0.372852s

The shape function vector alongside 1-2-3 is given, and also derivative of x with respect

to s with derivative of y with respect to s is given by this from, there we can find

jacobian.
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Example (Continued)

Gauss point 1: s = 0.7745966692, w, = 5/9

N=[—0.087298 04 06873 0. 0. 0. 0. 0.]7

k., =w.aN(s,)N(s,)’ ez (57 )

[0.0067821 -0.031075 -0.053395
0.14239 0.24466
0.42038

OO0 0O0COO0OO0oO

Now taking each of the integration point; this is first integration point details are given.
The shape function vector and substituting shape function vector and jacobian alongside
1-2-3 at this integration point we can get the contribution of the first integration point to

k alpha matrix.
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Example (Continued)

Gauss point 2: s =0, w=8/9

0 0
1.3605 0

0
0
0
0
0
0
0
0

Similarly, second integration point contribution, by taking shape function vector at this

point.
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Example (Continued)

Gauss point 3: s =-0.7745966692, w = 5/9

[0.42047 0.24471 -0.053407
0.14242 -0.031082
0.0067836

OocoOo0OO0O0O0OOoO

The third integration point contribution.
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Example (Continued)

Thus

k, =k, +k,, <k

[0.42725 0.21364 -0.1068

1.6454 0.21357
0.42716

OO0 O0OO0CcCOoOO0OoO

And summing all the contributions, we get k alpha matrix, so this is how we can evaluate
area integrals and boundary integrals for both 4 node quadrilateral element and 8 node

serendipity element.



