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In the last class, we were looking at this general one-dimensional boundary value
problem and also we looked at some applications like steady state heat flow problem,

and let me summarize what we have done in the last class.
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General One Dimensional Boundary

Value problem and its Application
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At x=xg:

T =T, — a specified constant (essential boundary condition)

or

(natural boundary condition)

This is an equation representing general one-dimensional boundary value problem and
the domain is also indicated there, x is going from x 0 to x L. And these are the boundary
conditions: at x is equal to x 0, where T is the field variable here; if it is a steady state
heat flow problem, then T is temperature; in the last class, we have looked at steady state

heat conduction problem.
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At x=x_:

T =T_- a specified constant

or

dT
K, a—u,‘T-—ﬂ:_ =0

Here, either the boundary conditions can be essential boundary conditions or natural
boundary conditions. These are the boundary condition at x is equal to x 0, where k
naught is k value evaluated at x is equal to x 0. The boundary condition at the other end
at x is equal to x L is given by this one, where k L is k evaluated at x is equal to L, either
the boundary conditions can be either essential boundary conditions or natural boundary
conditions. So, what we did is, we applied Rayleigh-Ritz method and we found
equivalent functional before we proceeded and substituted finite element approximations
in terms of two node linear element, finite element approximation of T and derivative of
T.

So, equivalent functional that we obtained in the last class using Rayleigh-Ritz method is
given here and then, what we did is, we substituted finite element approximations of T
and also derivative of T. We have taken a two node linear element and when we made
substitution of finite element approximations, we get | equivalent functional in terms of

the nodal values.
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So, after that what we did is, we applied stationarity condition, that is, partial derivative
of I with respect to d should be equal to 0, where d is a vector consisting of nodal values.
We obtained this equation where the contributions to the stiffness like matrix is coming
from various components k k, k p, k alpha and force like vector contribution is coming

from r Q and r beta which are given or which are shown on the slide there.

So, this is the element equations for a two node element for general one-dimensional
boundary value problem that we derived in the last class. We obtained this element
equations using Rayleigh-Ritz method, but we can also apply Galerkin method to get

similar kind of equations.
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Steady State Heat Conduction

iy, 9T )a=0
dx dx

Temperature T specified (Essential)

Heat flow q, =k, 3—: specifiedie. ork Z—I +q=0 (Natural)

So, now, later what we did in the last class is we applied whatever we developed element
equations for general one-dimensional boundary value problem using two node linear

element, we applied to steady state heat conduction problem.

The governing equation for steady state heat conduction problem is given by this
differential equation where k x x is thermal conductivity, T is the temperature, Q is the
heat generator per unit volume. These are the boundary conditions either T can be
specified or heat flow can be specified, that is, either essential boundary conditions or

natural boundary conditions can be specified.
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: 3 Corresponding variable D infi
Vaen::rlael 'fr:) rtrne‘ in heat conduction SeoneeY
g problem
¥ T Temperature
k K Thermal
‘ i |_Conductivity

P 0

Q Q Heat Source

o 0

Specified heat
P g flow

So, these are the boundary conditions and the differential equation shown there; so what
we did in the last class is we made a comparison between the corresponding quantities in
the general one-dimensional boundary value problem and the corresponding variables in
the steady state heat conduction problem. Actually, we came up with this comparative
table; so, what we can do is once we have this comparative table, we can take the
element equations that we have for one-dimensional boundary value problem and make
substitution with the corresponding variable for a specific problem, here it is heat

conduction problem.
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So, once we do that, we get the element equations for heat conduction problem, so we do
not need to repeat the entire procedure each time. So, this is an element equation that we
have for general one-dimensional boundary value problem. Now, we need to make
substitution of the corresponding variables corresponding to the steady state heat
conduction problem that we are looking at and when we do that substitution, we get

these element equations.

So, this is what we obtained in the last class and using this we also solved one example
to see the application of this whatever element equations that we developed. So, now, in
this class, we are going to continue further look at some more applications. So, in today’s

class, we will look at one-dimensional heat conduction convection problem.
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One Dimensional Heat Conduction and Convection

The governing equation for heat conduction and convection
can be derived simply by accounting for the heat loss due
to convection in the energy equation.

Considering one dimensional solution domain as shown in
figure below, the heat loss due to convection
Qh

g, =h(T-T,)

" Quedx

"“a qn
‘ "“‘gﬁere T.. is the temperature of surrounding fluid and h is

MPTiie convection coefficient.

The governing equation for heat conduction and convection can be derived simply by
accounting for the heat loss due to convection in the energy equation. Considering one-
dimensional solution domain as shown in figure, the heat loss due to convection, q h is
equal to h times T minus T infinity, where T infinity is temperature of surrounding fluid,

h is the convection coefficient.
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From conservation of energy it follows that

d (i 9T q_pcdT , hP
dt A

— K, (T-T,)
det. " dx

where P = perimeter over which convection takes place.
k,, = Thermal conductivity in x direction
kKW/(m.°C) or BTU/(hr — ft — °F)

T = Temperature in °C or °F.

S
s

Q = Heat generated (internal heat source)
per unit volume in KW/m?3 or BTU/(hr — ft3)

So using this, from conservation of energy we can write this differential equation for this

heat conduction and convection case, where the coefficients k xx, T or the way the



parameters k xx TQ, all have same meaning as what we have seen already for steady

state heat conduction problem.

In this equation P is parameter over which convection takes place and other quantities
have similar kind of meaning as what we have used for steady state heat conduction
problem, k xx is thermal conductivity in x direction because this is 1D problem, T is

temperature and Q is heat generated per unit volume.
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By setting dT/dt = 0, the steady state equation can be
written as follows.

E:kg;@T'@T +Q=0
dx!| " dx A A

So, now, in this differential equation if we set derivative of T with respect to time equal
to 0, we get in this equation by setting dT d capital T over d small T equal to 0, the

steady state equation can be obtained which is shown there.
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The boundary conditions are either one of the following.

T, specified temperature

—k,, dT/dx = q, heat flow specified.

This boundary value problem is similar to the general
boundary value problem if the variables are interpreted as
follows

A,\E
&
r

So, now, let us look at what are the boundary conditions, boundary conditions can be one
of the following either temperature specified or heat flow specified. First one is essential
boundary conditions; second one is natural boundary condition.

So, now, for this particular case of heat conduction and convection, we can obtain
element equations by making a comparative table between the corresponding quantities
in the general one-dimensional boundary value problem and the variables in this
particular case. So, this boundary value problem is similar to general boundary value

problem, if variable are interpreted as shown in the table here.
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Variable in the| Corresponding variable | Description
general form | in heat flow equation
K K Thermal
’”‘ Conductivity
p hP/A Convection
| term
Heat
Q Q'+ (hRAN generated
o 0 |
B Specified heat
g flow at ends

So, once we identify the corresponding quantities, we can make substitution or plug-in
into the element equations that we have for general one-dimensional boundary value

problem.
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The following finite element equations can be written
directly from the general equations.
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This is the element equation that we have for general one-dimensional boundary value
problem. Now, we need to make substitution of the corresponding variables for this
particular heat conduction convection problem. When we make that substitution the

following finite element equations can be written directly from general equations after



making substitution. So, this is the element equation for heat conduction convection
problem, if we adapt two node finite elements for discretization. So, now, let us look at

the application of this equation by looking at a problem, let us take an example.
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Example

Determine steady state temperature distribution in a thin
rectangular fin shown in figure below. The fin is 120 mm
long and 160 mm wide and 1.25 mm thick. The inside wall
is at a temperature of 330°C. The ambient air temperature
is 30°C. Assumek,, =0.2W/mm°Candh=2x 104 W/
mm? °C.

{125 mm

T.=30°C
3nc

Determine steady state temperature distribution in a thin rectangular fin shown in figure
below, which is shown there. The fin is 120 mm long and 160 mm wide and 1.25 mm
thick. The inside wall is at a temperature of 330 degree centigrade. The ambient air
temperature is 30 degree centigrade and other quantities like thermal conductivity,

convection coefficient are given.
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330°cC

Heat Flow Througha Thin Fin

So, now, we need to discretize this problem before we apply the element equations that
we derived for two node finite element, so this is a figure which is showing the
rectangular fin with all detail.
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The problem can be treated as a one dimensional problem
if the convection at the ends is neglected.

A one dimensional finite element model using three linear
elements is shown in figure below.

Essential boundary condition

T,=300°C T, T4 T, /

. - - > X
1 2 3

ff——— 120 MM —|

Finite Element Model

And now, before we discretize, the problem can be treated as one-dimensional problem if
convection at the ends is neglected, so this is one of the assumptions. So, once we treated
as one-dimensional problem, a one-dimensional finite element model using three linear

elements is shown. Here, T 1 is shown as 300 degree centigrade, it is a mistake it should



be 330 degree centigrade, and the other end essential boundary condition is specified T
infinity is equal to 30 degree centigrade. So, at T 1 we have 330 degree centigrade, at T 4
we have 30 degree centigrade and total length of rectangular fin is 120 millimetres. It is
discretized using three elements and each element has two nodes and length of each

element is 120 divided by 340 millimetres.

Since the material properties like thermal conductivity, convection coefficient and also
since the length of each element is same, element equations are going to be identical for

all the three elements.
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Length of each element = 40mm

-

Area of cross section, A= 160 x 1.25 = 200mm?2.

Convection from top and bottom of fin,
P = 2 x 160 x 1 (unitlength) = 320 mm?.

Since there is no heat generation, Q = 0.

ko[ 1 -11 hPL[1/3 1/6T\[T,]
=R A (176 1/3])|T,]

So, now, let us look at each of the element, length of each element 40 millimetres, area
of cross section 160 multiplied by 1.25 millimetres square. Since convection at the ends
is neglected, convection at the top and bottom of fin is going to depend on perimeter P
and here perimeter value per unit length is given or calculated. Here, there is no heat
generation, so capital Q is equal to 0. So, making substitution of all these things into the
element equations for heat conduction convection problem that we already have, we get

element equations for this particular problem.
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All elements are identical. The element equations are as
follows.

02 1 '2.-10”-_320.—40'”3 116

. 40| -1 1] 200 |1/6 1/3]

[ 0.009267 0.002867 |
| -0.002867 0.009267 |
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r_2.n10'J x320x30x40 [1/2| [0.192]

200 [1/2] 10.192]

After assembly the global equations are as follows.

[ 0009267 -0.002867 0 0 g
0002867  0.018534 0.002867 0 T, |
0 ~0.002867 0018534 -0.002867 ||T.

0 0 -0.002867  0.009267 ||T,|
0.192

10.384
~10.384/

10.192]

And as | mentioned all elements are identical, so element equations are as follows, where
k is stiffness like matrix making substitution of all the quantities, and simplifying it
further we get this k and r. Again making substitution of all quantities like convection
coefficient perimeter, ambient temperature, area of cross section, length of each element,
we get this r. Now, this k and r are going to be same for all elements because all elements
are identical, so now assembling global equations we get this. There are three elements

and each element has two nodes, element 1 contribution goes into one and two rows and



columns, element 2 contribution goes into two and three rows and columns, element 3
contribution goes into three and four rows and columns, so with that understanding after

assembling the global equations looks like this.

And now, making or imposing the essential boundary condition that is T 1 is equal to
330 degrees centigrade and T 4 is equal to 30 degree centigrade which is given.
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The essential boundary conditions require that T, = 330

and T, =30.
Substituting these values, eliminating first and fourth
equation
330
-0.002867 0.018534 -0.002867 0 ] T, |
0 -0.002867 0.018534 -0.002867 || T,
[ 30)
_[0.384]
- 0.384]

Essential boundary conditions require that T 1 is equal to 330 degree centigrade and T 4

is equal to 30 degree centigrade.
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Moving known quantities to left hand side we get

[ 0.018534 0.002867 || T, |
| -0.002867 0.018534 ||T, |

[0.384] .. |
10.384 >0

0.002867] 30/ 0 L
0 ' |-0.002867 |

Soluion:  T,=77.54°C T,=37.35°C

So, substituting these values and since the temperature value is specified at T 1 at node 1
and node 4, thatis, T 1 and T 4 are known, we can eliminate first and 4 th equations and
we can get this reduced equation system which we can manipulate by moving the known
quantities to the left hand side. We obtain this equation and by solving this equation we
can obtain what is T 2 and T3. So, solution of T 2 temperature at node 2 and temperature

at node 3 are given in the slide there.
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The complete solution is plotted in figure below

Temp
400

300 [

200

100

0 ' A x
0 40 80 120

X

Finite Solution of Heat Flow Through a Thin Fin

‘y’l:

!
"’m

41




So, now, we solve this problem and we just calculate it T2 and T 3,and T 1 T 4 are
imposed, so complete solution we can plot. Complete solution is plotted in figure below

thatis T 1, T 2, T 3and T 4 values, temperature on y axis and distance on x axis.

So, now, this is one application of general one-dimensional boundary value problem that
we are looking at. Here, if you see this problem at node 4 temperature is specified,
instead of that we can also have convection boundary condition prescribed. So, now, that
is, in the previous problem at T 4, we have essential boundary condition specified. Now,
what we will do is, we look at the case when natural boundary condition is specified at
node 4.
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Heat Flow Through Thin Fins with

Convection Boundary Condition at the Free End

U Inthe previous example, a specified temperature
(equal to the ambient temperature) was used as boundary
condition at the free end.

1 Aconvection boundary condition is perhaps more
appropriate for this end.

O This boundary condition can be represented as

el

=h(T-T_)
dx
or
o dT
£ k thT-hT. =0

So, heat flow through thin fins with convection boundary condition at free end. So, in the
previous example, a specified temperature equal to the ambient temperature was used as
boundary condition at the free end. A convection boundary condition is perhaps more
appropriate for this end. So, in this we are going to assume or this boundary condition
can be represented as - this is the convection boundary condition. So, instead of T 4
being specified as essential boundary condition, if T 4 is specified as natural boundary

condition then, the element equations are going to change a little bit.

Since, node 4 corresponds to element 3 and element..., 1 and 2 equations remain same as

what we have seen in the last example and element 3 which consists of node 4. We need



to have these boundary conditions, so element equations for that particular element;
element 3 are going to be different little bit, because we need to include these boundary

conditions.
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Comparing with general form of the natural boundary
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Comparing with general form of a natural boundary condition, we have already the
element equations for general one-dimensional boundary value problem. So, now, with
this natural boundary condition that is, convection boundary condition at node 4 or at one
of the ends what we can do is, we can make a comparison with general one-dimensional
boundary value problem and identify the corresponding variables and then, we can

develop the element equations for this particular problem.

So, the equation that we obtained for general one-dimensional boundary value problem
with k PQ alphas and betas are shown. Now, making a comparison alpha L is nothing but
alpha 2 and beta L is nothing but beta 2, so making and alpha 1 and beta 1 are going to
be 0. So, making the substitutions into the general one-dimensional boundary value
problem element equations, we notice that now element equations consists of k alpha and
r beta terms because in the previous example where we do not have this convection

boundary condition alpha 1, alpha 2 both are 0 and beta 1, beta 2 both are 0.

So, those two that matrix consisting of alphas and vector consisting of betas contribution

of those we have not seen, but for this particular problem where alpha L, which is alpha



2 and beta L, which is beta 2 are given, so these are non-zero, so element equations now

consists contain k alpha and r beta terms.
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330°C—————x

Heat Flow Through a Thin Fin

Now, with that understanding we will go back to the previous example and solve it
except that. Now, we have the convection boundary condition which is natural boundary

condition specified at one of the ends.
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A three element finite element model of the fin is shown
in figure below.

T,=330 T, T, Vs
« Natural B.C.

1 2 3

Finite Element Model with Convection at the Free End
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So, now, let us take the same discretization, three element finite element model for the
fin is shown in figure and T 1 is equal to, T 1 is given already, 330 degree centigrade and
T 4 now we need to apply this convection boundary condition which is natural boundary

condition.

And Element 1 and element 2, the element equations are going to be identical to what we
already have for the previous example and element 3, element equations are going to get

modified little bit because of contribution from k alpha and r beta.
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Equations for Elements 1 and 2 (same as those in previous
example)

0.009267 -0.002867 ||T,| [0.192]
-0.002867 0.009267 ||T,| 10.192]

Element 3 — same as elements 1 and 2 except also includes
natural boundary condition term from node 2 of element (k,,

and ry)
- 0.009267 0.002867 1T 0.192 |
#-<0.002867  0.009267+2x10” ||T,| 10.192+2x10™* x30/

>

So, element equations for element 1 and 2 just repeated here which are obtained in the
previous example. Element 3 same as element elements 1 and 2 except also includes
natural boundary condition term for node 2 of element k alpha and r beta, so making this

small change we get the element equations corresponding to element 3.
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After assembly the global equations are as follows

[ 0009267 -0.002867 0 o [T,
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Now, with the same reasoning as what we have for the previous example, element 1
contribution goes into 1 and 2 rows and columns, element 2 contribution goes into 2 and
3 rows and columns, element 3 contribution goes into 3 and 4 rows and columns, and
putting at the appropriate location the corresponding contribution we get this global

equations.

And now, only one essential boundary condition is given which is T 1 is equal to 330
degree centigrade, essential boundary condition requires or require that T 1 is equal to

330 degree centigrade.
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Solution:

T,=77.57°C T,=37.72°C

T,=3234°C

U This solution is comparable to the one obtained using
ambient temperature boundary condition at the outer end
of the fin.

O Thus the choice of boundary conditions was not crucial
for this problem.
{0)
=

So, removing the first equation we get, and rearranging it and solving we can obtain what
isT2, T3and T 4,sosolutionof T2, T3, T4is given. If you see or if you compare this
solution with what we already have for the case when T 4 at node 4 we have essential
boundary condition specified ambient temperature in the previous example, if you
compare solution of both these cases, this solution is comparable to one obtained using
ambient temperature boundary condition at the outer end of the fin both are almost equal,

thus this choice of boundary condition was not crucial for this particular problem.

So, may be in this particular case the choice of boundary condition, that is, whether you
apply convection boundary condition or ambient temperature boundary condition almost

same equation can be obtain.
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Column Buckling

Consider calculation of buckling load for a simply supported
column shown in figure below

So, now, let us look at another example or another application of what we have already
seen, that is, general one-dimensional boundary value problem and application to

structural mechanics problem.

So, in this case, what we will be doing is, will be considering a column buckling
problem. Consider calculation of buckling load for a simply supported column shown in
figure below. So, a member which is subjected to axial compressive load like this can be

classified as a column.

So, length of column is L, P i is constant and x axis is shown along centroidal axis of the
member and w is shown perpendicular to x axis and P is the load that is applied at one
end, so this is simply supported column. And if you observe the boundary conditions, w
at both ends is equal to 0 and also curvature at both ends is going to be 0. Now, if you
look at the governing differential equation for this particular problem, it is going to be
fourth order equation. So, what we will be doing is, we have the element equations
corresponding to general one-dimensional boundary value problem, we will see if the

differential equation for this particular problem.

We can put into the form similar to general one-dimensional boundary value problem
and identify the corresponding variables and then, we can develop the element equations

for this particular column buckling problem. Once we decide the discretization, how



many numbers of elements we want to use, we can get the element equation for each of
the elements and then, we can assemble the global equations and apply the boundary
conditions, we can solve for the problem.
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The governing differential equation for the problemis a
fourth order as follows.

+PS¥ o
dx?

d'w

9 [
dx’

dx’

where E = Young's modulus, | = moment of inertia of the
cross section and w is the transverse displacement. For
a column with constantEl

¥ poie

—5 ’0
dx dx

So, now, let us look at the governing differential equation for this problem which is a
fourth order differential equation, where E is young’s modulus, | is moment of inertia of
cross section, w is transverse displacement and if the column has constant E | then, we

can take EI out of the differentiation operator and this equation becomes this.
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The boundary conditions are

w(0)=w(L) =0 (Essential)
d'L[Q) = dwlL' =0 (Natural)
dx’ dx




And now, we got the differential equation, this differential equation has to be satisfied
from x going from 0 to L. The boundary conditions, if you look at the problem or the
schematic once again, we can write the boundary conditions w at x is equal to 0, w at X is
equal to L is equal to 0 and second derivative of w at X is equal to 0, second derivative of

w at x is equal to L also should be equal to 0.

The first boundary condition is essential boundary condition, second boundary condition
is natural boundary condition, you can easily recall the thumb rule that we discussed in
the first class. If a differential equation is of order 2P those boundary conditions of order
0 to P minus 1 are essential and those boundary conditions from P2, 2P minus 1 are

natural boundary conditions.

So, here, differential equation is of order 4, so 2P is equal to 4P, P is equal to 2, so those
boundary conditions of order 0 to P minus 1, which is 1 are essentially those boundary
conditions of order P which is 2 to 2P minus 1, which is 3 are natural boundary
conditions. So, they can also verify that thumb rule once again for this particular

problem.

So, now, we got the boundary conditions and we have the differential equation for this
problem, but only thing is this is a 4 th order differential equation, whereas the general
one-dimensional boundary value problem that we looked at is a second order differential
equation, so somehow we need to make some substitution here to bring this fourth order

to second order.
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The problem can be converted to a second order form if we

define , i
dx?
Then the differential equation becomes
d’y
El—+Py=0
dx- Y

with the boundary conditions as y(0) = y(L) = 0. By dividing
by El the problem can be stated as follows
dy P

F+§y70

ey /

y(0)=y(L)=0

14

The problem can be converted into second order form if we define y is equal to second
derivative w with respect to x square, so then the given differential equation or the
differential equation for this particular problem, becomes after making the substitution
becomes this one. And this is we can make a comparison of this with general one-
dimensional boundary value problem, because both are second order differential

equations.

But now, when we make the substitution boundary conditions also changes, so the
corresponding boundary conditions in terms of y are given here. We already know that
second derivative w with respect to x square at x is equal to 0, x is equal to L are 0. So,
making the substitution we get y at x is equal to 0, y at x is equal to L is equal to 0. Now,
the given differential equation we can rearrange it by dividing the given differential
equation or the differential equation with EI, we can write the problem statement in this

manner.

Second derivative of y with respect to x square plus P i, P over El times y is equal to 0,
that is, the differential equation that needs to be satisfied between x is equal to 0 and L
including x is equal to 0 and x is equal to L and the boundary conditions are y evaluated
at x is equal to 0, y evaluated at x is equal to L is equal to 0.
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Comparing this equation with the general form we see that

here
Variable in the Corresponding variable in
general form the buckling equation
k 1
P P/EI
Q 0

So, now, what we need to do is, we need to make a comparison between this and general
one-dimensional boundary value problem. Comparing this equation with general form
we see that here, we can identify the corresponding variables, variable in general form
and the corresponding variable in the buckling equation. So, once we have this
comparison, we can make substitution of the corresponding variable values or
corresponding variable quantities into the element equations that we have for general

one-dimensional boundary value problem.
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Using the general form the finite element equations for a
two node element of length { can be written as follows

[ 1 -1](y,| P£[1/3 1/6][y,]| _[0]

1 1ly,) EIl1/6 1/3]]y,[ 0]

~3ince P is not known, this is an eigenvalue problem.
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So, making this is the general one-dimensional boundary value problem element
equation. Now, making substitution of k PQ into this equation which is corresponding to
the buckling problem, we get the finite element equations for a two node element of

length L for buckling problem can be written like this.

And here, we do not know what P is, we need to determine P; since P is not known, this
is an Eigen value problem. So, this equation gives us an idea about element equations for
a two node finite element for buckling problem. So, now, the given simply supported
column of length L we can discretize using some number of finite elements and then, we

can use these element equations and get the global equations and solve for the problem.
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Example

A four element model for the problem is shown in the
figure below.

1 2 3 4 2

x=0 x=LM4 x=L/2 x=3L14 x=L

Finite Element Model

So, now, let us take an example on column buckling, a four element model for the
problem is shown in figure. So, simply supported column of length L is discretize using
four elements, four linear elements, are 5 nodes in total for this problem and each of the
elements are of same length and length of each element is L over 4.
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The element equations are

4l 1 -1][y,| _PL[1/3 1/6][y,|_]0]
LI-1  1)ly,| 4EI|176 1/3]]y,| |0

or

([1 -1 P2[2 1])[v,]_J0]
-1 1] oeEIl1 2])y,[ 10

And since length of each element is same and EIl is constant, the element equations for
all the elements are going to be identical and we already have the element equations for
column buckling problem for two node element - linear element. So, now we can make
substitution of the values into that equation, the element equations, for one element by
making substitution into the element equations that we obtained for column buckling

problem from general one-dimensional boundary value problem.
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After assembly the global equations are as follows

1 -1 0 0 0] [210 0 0])(%) (0]
42 -1 0 0| o141 00y |0
0 -1 2 -1 0|-—1[0 1 4 1 0|y, [={0!
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We get these element equations for 1 element and all elements are identical and we can
rearrange this element equation in this manner for convenience. So, this is for a 1

element and global equations after assembly the global equations looks like this.

For this particular problem we have taken four element model, element 1 contribution
goes into 1 and 2 rows and columns element 2 contribution goes into 2 and 3, element 3
contribution goes into 3 and 4, element 4 contribution goes into 4 and 5 rows and
columns with that understanding, if we assemble after assembly the global equations
looks like this.
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The boundary conditions require that y, = y; = 0. Therefore
eliminating the first and the fifth row, the reduced equations
are as follows.

F2-8r —(1+2) 0 lfy,] (0]
(1+2)  2-4Z  -(142) [{ys; =10}
‘. 0 —(1+2) (2-4Z)|1Y.) 10)

PL? .
where Z = —— for convenience.
96E]|
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And now applying the boundary conditions, boundary conditions require that y 1 is equal
to 0 and y 5 is equal to 0. Therefore, eliminating first and 5 th rows, the reduced
equations can be obtained from the global equations and here a substitution made Z is

equal to PL square over 96 EIl and this can see here is an Eigen value problem.

So, the Eigen values can be computed by setting determinant of the matrix is equal to 0,
determinant of matrix consisting of Z is equal to 0, because to have a non-trivial solution
determinant of matrix should be equal to 0, because trivial solutionisy 2,y 3,y 4 is
equal to 0.



That is not what we are looking for; we are looking for non-trivial solution, so
determinant of matrix should be equated to 0. Since this is a 3 by 3 matrix, we are going

to get 3 roots or 3 Eigen values.
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The eigenvalues are computed by setting the determinant
of the matrix to zero. Therefore

a2 —(1+2) 0
Det| —-(1+2) 2-47 (1+2) |=0
0 —(1+2Z) (2-42)|

= 4-48Z +108Z° -56Z° =0
The three roots of this cubic equation are

Z,=0.108 Z,=05 Z;=1.32

Eigen values are computed by setting determinant of matrix equal to O, therefore we get
this, when we do that we are going to get a cubic equation, so they are going to get three
roots three roots for this cubic equation and the lowest root corresponds to the first

buckling mode of the column.

So, now, Z is equal to PL square over 96 El, so what we will be doing is, we calculate
buckling load of the column. We equate the lowest Eigen value to PL square over 96 EI
by calculating what is P that is going to be the load at which column is going to buckle
first.
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The lowest root corresponds to the first buckling mode for
the column. Thus the buckling load for the column is given

Z2=0.108= e 0108= P, = OE&—;‘—%EI =10.37 L
96EI L L

The exact solution for this problem is given by the Euler
buckling formula

p = FEl_ggzEl
L. L..

The lowest root corresponds to the first buckling mode of the column. Thus buckling
load for the column is given by equating the lowest Eigen value to PL square over 96 El
and back calculating what P is, which is going to be the critical load at which column is
going to buckle first.

And if you compare this with the exact solution for this particular problem, which is
same as for which is same as Euler buckling load for pin pin conditions of a column. So,
the exact solution for this problem is given by P critical is equal to pi square EI over L

square and if you calculate what is this pi square? It is going to be 9.87 P i over L square.

So, this is the critical theoretical value, critical load or theoretical value of critical load
for this particular column with the end conditions as pin pin is given by this one and
whereas, when we apply finite element method with 4 elements 4 linear elements. We
obtained P critical as10.37 El over L squared and if you find error, error infinite element
solution that we obtained is about 5 percent.
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The error in the finite element is about 5%. The buckling
mode can be determined by finding the corresponding
eigenvector as follows.

Substituting Z=0.108 in the global equations we get

[ 1568 -1.108 0 1(yv,] [0
1.108 1568 -1.108 [{y,} =10}
| o 1108  1.568!|y,| |0]

One of the y values must be specified arbitrarily. Choose
¥»=1 and solve for y; and y, from the second and the third
7oy as follows.

Error infinite element solution is about 5 percent the buckling mode can be obtain can be
determined by finding the corresponding Eigen vectors. So, we got the Eigen values by
making substitution of each Eigen value back into the equation. We can determine what
the corresponding Eigen vectors are, substituting Z is equal to 0.108 in the global
equations we get. And again, when we are solving for Eigenvectors one of the y values
must be specified arbitrarily. So, we choose y 2 is equal to 1 and solve fory 3 and y 4

from the second and third rows.
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1108 1568 -1108]|" | [0)

| 0 -1.108 1.558}&"”0_‘

or

[ 1.568 1.108 |[y,| _[1.108]
| -1.108 1.568(|y,[ | 0O |

The solution of this system of equations is y; = 1.411 and
y, =0.997

us the lowest bucklingmodey=[0 1 1.411 0997 0]
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And when we do that we get this equation by setting y 2 is equal to 0, and eliminating or
removing first equation we can use the other two equations to solve for y 3 and y 4.

Solution of this system of equations is y 3 is equal to this and y 4 is equal to this one.

So, the lowest buckling mode by putting all the valuesy 1,y 2,y 3,y 4 and y 5 values in
a vector we get the first or the lowest buckling mode vector like this. And similar
calculations can be repeated for other Eigen values, but since we are interest in critical

load we are looking at only the lowest Eigen value and corresponding buckling mode.
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To see the convergence of the solution, the problem is
solved with 2,3 and 4 elements.

The following summary of results clearly shows that the
solution is converging fairly rapidly.

Two Elements: P =12 El/L?
Three Elements: .. = 10.8 EI/L?
Four Elements: P, =10.37 El/L?
THEORETICAL: P. = 9.87 El/L2

So, now, if we repeat this problem using 2 elements, 3 elements and 4 elements and this
is how convergence looks like. To see the convergence of the solution the problem is
solved with 2, 3 and 4 elements, the following summary of results clearly shows that

solution is converging fairly, rapidly.

And if you instead of 4 elements, if 2 elements are taken P critical are 12 El over L
square that is what we obtained using two linear finite elements for this problem. If you
adapt three linear elements, we get P critical as 10.8 EI over L square 4 elements as the
solution finite element solution gives as P critical as 10.37 El over L square, whereas a
three theoretical value is P critical is equal to pi square P i over L square which is going

to be 9.87 El over L square.



So, we can see the solution is converging fairly well and here, if you want more closer to
9.87 El over L square, we can try this problem using five linear elements or we can adopt
higher order elements; instead of linear element we can adopt quadratic elements, that is,
instead of two node elements we can go for three node elements. So, in the next class, we
will be looking at higher order elements.



